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O Overarching themes 


The following three overarching themes have been fully integrated throughout the Pearson Edexcel 
AS and A level Mathematics series, so they can be applied alongside your learning and practice. 

1. Mathematical argument, language and proof 

e Rigorous and consistent approach throughout 

e Notation boxes explain key mathematical language and symbols 

¢ Dedicated sections on mathematical proof explain key principles and strategies 

¢ Opportunities to critique arguments and justify methods 


2. Mathematical problem solving The Mathematical Problem-solving cycle 
e Hundreds of problem-solving questions, fully integrated specify the problem 
into the main exercises 


e Problem-solving boxes provide tips and strategies interpret results 
collect information 


e Structured and unstructured questions to build confidence 

e Challenge boxes provide extra stretch process and j 
. : represent information 

3. Mathematical modelling 

¢ Dedicated modelling sections in relevant topics provide plenty of practice where you need it 


e Examples and exercises include qualitative questions that allow you to interpret answers in the 
context of the model 
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Algebraic methods 


After completing this chapter you should be able to: 


e Use proof by contradiction to prove true statements — pages 2-5 
@ Multiply and divide two or more algebraic fractions — pages 5-7 
e@ Add or subtract two or more algebraic fractions — pages 7-8 
@ Convert an expression with linear factors in the 

denominator into partial fractions — pages 9-11 
@ Convert an expression with repeated linear factors 

in the denominator into partial fractions — pages 12-13 

Divide algebraic expressions — pages 14-17 


Convert an improper fraction into partial fraction form -— pages 17-18 


Prior knowledge check 


as 1 Factorise each polynomial: 


a x*-6x+5 b x*- 16 
c 9x2-25 € Year 1, Section 1.3 
2 Simplify fully the following algebraic 
fractions. 
x? -9 b 2x2 + 5x — 12 
x?+9x +18 6x? - 7x -3 
AA = FO 
eee BU < Year 1, Section 7.1 
—x*+3x+18 
3 For any integers n and m, decide whether 


the following will always be odd, always be 
even, or could be either. 


You can use proof by contradiction to 
prove that there is an infinite number 
of prime numbers. Very large prime a 81 bn-m 
numbers are used to encode chip and pin c 3m d 2n-5 
transactions. — Example 4, page 3 € Year 1, Section 7.6 


Chapter 1 


1.1) Proof by contradiction 


A contradiction is a disagreement between two statements, which means that both cannot be true. 
Proof by contradiction is a powerful technique. 


= To prove a statement by contradiction you start by assuming Notation ] heen 


it is not true. You then use logical steps to show that this thatasserts the faleehood 


assumption leads to something impossible (either a Df onatherertenente 
contradiction of the assumption, or a contradiction of a called the negation of 
fact you know to be true). You can conclude that your that statement. 


assumption was incorrect, and the original statement was true. 


Example 


Prove by contradiction that there is no greatest odd integer. 


Assumption: there is a greatest odd 


integer, n. 


n + 2 is also an integer andn+2>n 


n+ 2 = odd + even = odd 


So there exists an odd integer greater than n. 
This contradicts the assumption that the 


— 


greatest Odd integer is n. 


Therefore, there is no greatest odd integer 


Prove by contradiction that if n’ is even, then n must be even. 


Assumption: there exists a number n such -— 
that n? is even but n is odd. 


nis odd so writen = 2k +1 + 
n®? = (2k +1)? =4k?2 + 4k +1 

= 2(2k* + 2k) +1 
So n? is odd. 


This contradicts the assumption that n? is 


T 


even. 


Therefore, if n@ is even then n must be even. — 


= Arational number can be written as “ , where a and D are integers. Notation ] Qis the 


b 
re set of all rational 
® An irrational number cannot be expressed in the form b’ where a numbers. 


and 5 are integers. 


Prove by contradiction that V2 is an irrational number. 


Assumption: V2 is a rational number. 
a 
Then V2 = a for some integers, a and b. —F 1] 


Also assume that this fraction cannot be 
reduced further: there are no common factors 1 


between a and b. 


az 
S02 = or a? = 2b2 


be 
This means that a* must be even, so a is also = 
even. I 
If a is even, then it can be expressed in the 
form a = 2n, where n is an integer 
So a® = 2b? becomes (2n)* = 2b? which 
means 4n® = 2b* or 2n? = b*. 
This means that b* must be even, so b is also ~—__ 
even. 
If a and b are both even, they will have a 
common factor of 2. + 


This contradicts the statement that a and b 
have no common factors. 


Therefore V2 is an irrational number. 


Algebraic methods 


Begin by assuming the original statement is false. 
This is the definition of a rational number. 


If aand b did have a common factor you could just 
cancel until this fraction was in its simplest form. 


Square both sides and make a? the subject. 


We proved this result in Example 2. 


Again using the result from Example 2. 


All even numbers are divisible by 2. 


Finish your proof by concluding that the original 
statement must be true. 


Prove by contradiction that there are infinitely many prime numbers. 


Assumption: there is a finite number of prime 
numbers. 

List all the prime numbers that exist: 

Pr» P2s P3s ++ Pa 
Consider the number 
N= Pp, X Po X p3X ... 
When you divide N by any of the prime 


numbers Pj, Po, Pz -- 
of 1. So none of the prime numbers p,, Po, Ps; 


- 


x Pn at | 
-s Dn YOU get a remainder 


vss) Dy is a factor of N. 

So N must either be prime or have a prime 
factor which is not in the list of all possible 
prime numbers. 


This is a contradiction. + 
Therefore, there is an infinite number of prime -——— 
numbers. 


Begin by assuming the original statement is false. 


This is a list of all possible prime numbers. 


This new number is one more than the product of 
the existing prime numbers. 


This contradicts the assumption that the list 
Pu Px P3y +++ Py Contains all the prime numbers. 


Conclude your proof by stating that the original 
statement must be true. 


Chapter 1 


Exercise 1A) 


@) 1 


Select the statement that is the negation of ‘All multiples of three are even’. 
A All multiples of three are odd. 

B Atleast one multiple of three is odd. 

C No multiples of three are even. 


Write down the negation of each statement. 

a All rich people are happy. 

b There are no prime numbers between 10 million and 11 million. 

c If p and gq are prime numbers then (pq + 1) is a prime number. 

d All numbers of the form 2” — | are either prime numbers or multiples of 3. 
e At least one of the above four statements is true. 


Statement: If n? is odd then n is odd. 
a Write down the negation of this statement. 
b Prove the original statement by contradiction. 


Prove the following statements by contradiction. 
There is no greatest even integer. 


If 13 is even then v is even. 


a & 


c If pq is even then at least one of p and q is even. 


(—* 


If p + q is odd then at least one of p and q is odd. 


a Prove that if ab is an irrational number then at least one of a and b is an irrational number. 
(3 marks) 


b Prove that if a + 5 is an irrational number then at least one of a and 5 is an irrational 
number. (3 marks) 


c A student makes the following statement: 
If a+ bisa rational number then at least one of a and 4 is a rational number. 
Show by means of a counterexample that this statement is not true. (1 mark) 


Use proof by contradiction to show that there exist Hint ) Resume creenecsreraque 
no integers a and b for which 21a + 14) = 1. aiid thendivideiboth sides by Ae 


highest common factor of 21 and 14. 


a Prove by contradiction that if n? is a multiple of 3, Hint ) Goan munibernncwetors 
nis a multiple of 3. (3 marks) She 1 andar 2 


b Hence prove by contradiction that V3 is an 
irrational number. (3 marks) 


() 8 


9 


Use proof by contradiction to prove the statement: 
‘There are no integer solutions to the equation 
x2-y2=2’ 


Prove by contradiction that V2 is irrational. 


Algebraic methods 


Hint ) You can assume that x and y 


are positive, since (—x)? = x2. 


(5 marks) 


10 This student has attempted to use proof by contradiction to show that there is no least positive 


rational number: 


Assumption: There is a least positive rational number. 
Let this least positive rational number be n. 


a 
As nis rational, n = b where a and b are integers. 


peje aft 2 


b b 


Since a and b are integers, q_? is a rational number that is less than n. 


b 


This contradicts the statement that n is the least positive rational number. 


Therefore, there is no least positive rational number. 


a Identify the error in the student’s proof. 


b Prove by contradiction that there is no least positive rational number. 


1.2) Algebraic fractions 


Algebraic fractions work in the same way as numeric fractions. You can simplify them by cancelling 
common factors and finding common denominators. 


Problem-solving 


You might have to 
analyse student 
working like this 

in your exam. The 
question says, ‘the 
error’, So there should 
only be one error in 
the proof. 


(1 mark) 
(5 marks) 


= To multiply fractions, cancel any common factors, then multiply the numerators and 
multiply the denominators. 


Example 


Simplify the following products: 


oe box £ ge 2 hs a 
5 9 boa 2 x= 1 
fe a ae 

2 2s 122° 3 
p 2 e_ixe_c¢ 

b g, bx’ b 

x+1 3 _x 

2 x2-1 


uw 


= >.  — | 


= To divide two fractions, multiply the first fraction by the reciprocal of the second fraction. 


Simplify: 
aia x+2 3x+6 
a-t— b + 
b'¢ x+4° x?-16 
a,a_Wic, 

wh @¢ 8 & 

_1xe 

“bx 

-£ 

b 
ee eS 


X+2 (e+ Alle - 4) 
x+4 S06 42) 
Lee! eatiie - 4) 
~ eA Be 2} 
Be a) 

~ 3 


Exercise 1B) 


1 Simplify: 
aya box 2% q3-6 cae: poe. 4 
a ae c%a ey A x7 x © x Pp a Ee 
2 Simplify: 
1 a-9 = 3x pel 
AEE A re Pee 2 7 pry * x 
Ye x o 2 = 6? pas ees 
yt3 y?+4y+3 3° x?-3x 4x-10° 8 
x43 x24 5x ee ae 9 See 
B24 10x +25 ~ x2 43x i 15 y) (x — yp 
x*-64 , 64-x? 
3 Show that 367 42-3677! (4 marks) 


2x2 -11x-40 0 x74+8x+16 | 8x7+20x-48 a 
4 Show that x2 24x 32 Sea aea 45° 10x? — 45x 445 7p 2nd find the values 


of the constants a and b, where a and b are integers. (4 marks) 


Algebraic methods 


2 = eo 
5 a Simplify za ga an (3 marks) Hint ) Simplify and then solve the 


full 
we Ox2 + 10x x2 + 3x — 18 logarithmic equation. 


€ Year 1, Section 14.6 
b Given that 


In((x? + 2x — 24)(x? — 3x)) = 2 + In((2x? + 10x\(x? + 3x — 18)) find x in terms of e. (4 marks) 


Div a3 _ 
6 f(x) = zea Rast + a Hint ) Differentiate each term 
6x — 8 3x? + 14x - 24 separately. 
2 € Year 1, Section 12.5 
a Show that f(x) = ar tiett (4 marks) 
b Hence differentiate f(x) and find f"(4). (3 marks) 


= To add or subtract two fractions, find a common denominator. 


Simplify the following: 


2x +1) 1(x + 3) 
“(x + 3x41) (x + 3)(x +1) 


2(x + 1) — 1(x + 3) + 
(xo + 3) + 1) 


ex+2-1x-3- 
(x + 3)(x + 1) 


x-1-. 
(x + 3)(x + 1) 


“I 


_ ee 


3 Ax 
Ot aes 
= 7 Ax 
+1 CDH 
= ee Ax 
“Oc + Ix — 1) (x + 1)00 - 1) 
_ 3x - 1) - Ax 
~ O64 GE =) 
ee 
~ (Oe 4 1)(0 - 1) 


Exercise & 


1 Write as a single fraction: 


etet p32 
3. 4 4 5 
2 Write as a single fraction: 


can 2 
x x41 


i| 1 
d ax + 2)— ar +3) 


3 Write as a single fraction: 


. 2 1 
x?+2x+1 x41 
2 n a 
yore Jer 


6x +1 


4 ; ee ee ee 
@) 4 Express 1s es as a Single fraction in its simplest form. 


5 Express each of the following as a fraction in its simplest form. 


a 3 2 1 
x xt1l x4+2 
4(2x - 1) 7 


© 6 Express 36x22 1 +@ 7 asa single fraction in its simplest form. 


6 36 
a Bat a aoe 


e—-1 #22 
3x _ 1 
(x+4)2 x+4 


730 
x2-4 x+2 


3 1 


x243x4+2 x24+4x44 


4 2 m 1 
3x x-2 2x+1 


»xER,x4#-2,x 44 


x3—2x2?-2x+12 


a Show that g(x) = 


b Using algebraic long division, or otherwise, further show that g(x) = 


(x + 2)(x — 4) 


oe! p23 
x2 Xx 5b 2b 
ee 2 
2x+1 x-1 

5 4 


5643) '3G-D 


2 S) 


: x246x4+9 x244x43 


x+2 _ xt+1 
x2—-x-12 x24+5x+6 


(4 marks) 
2 2 ‘ 4 
x-1l x4+1 x-3 
(4 marks) 
(4 marks) 
2 
arene (4 marks) 


Algebraic methods 


as. Partial fractions 


= Asingle fraction with two distinct linear factors in the denominator can be split into two 
separate fractions with linear denominators. This is called splitting it into partial fractions. 


[| A and B are constants to be found. 
2) A B 


+ ee 
(x+I(x-4)  xt+1 x—4 The expression is rewritten Partial fractions are used for 
| — 


as the sum of two partial binomial expansions -> Chapter 3 
The denominator contains two fractions. and integration. — Chapter 11 


linear factors: (x + 1) and (x — 4). 


There are two methods to find the constants A and B: by substitution and by equating coefficients. 


6x 


. -2 
arate ae 1) 


into partial fractions by: a substitution b equating coefficients. 


a 6x-2 _ A ‘ i 
(x- 3)(x+1) x-3 x+1 


_ Ax + 1) + Bx - 3) 

(x — 3)(x + 1) 
6x - 2 = A(x + 1) + B(x - 3) 
6x3-2=A3 +1) + BS - 3) 


1G =4A 
A=4 
6 x (-1)- 2= A(-1 + 1) + BCI - 3) 
-8=-4B 
B=2 
__6x-2 _ 4 . 2 
“*G=3a6) x2=5 244 
6i=2 _ A B 


a ae ee ea ee aa 


_ A(x + 1) + BX - 3) 
(x — 3)(x + 1) 
6x —-2 = A(x + 1) + B(x - 3) 
= Ax+A+Bx- 3B 
= (A + B)x + (A - 3B) 


Equate coefficients of x: 


6=A+B (1) 
Equate constant terms: 
-2=A-3B (2) 
(1) — (2): 
6=4B 
=> B=2 


Substitute B= 2in (1) > 6=A4+2 
A=4 


Chapter 1 


= The method of partial fractions can also be 
used when there are more than two distinct 
linear factors in the denominator. 
7 
(x — 2)(x + 6)(x + 3) 
— A B C 
can be split into-"S +7; x43 


The constants A, B and C can again be found by 
either substitution or by equating coefficients. 


For example, the expression 


; 6x7+5x-2 _A B C 
ON et) ee eo ee 
2 = 
Let Ox + S¥ 2—-A,_8 Cc 


Me OC44o, x eel” Bee 


A(x - 1)(2x + 1) + Bx(2x + 1) + Cx(x - 1) : 


a x(x — 1)(2x + 1) 


“. 6x? + 5x - 2 = A(x - 1)(2x + 1) 


Let = 1s 
64+5-2=0+8Bx1x3+0 
2 = S65 
B= 3 
Let. x= 0; 
O+0-2=Ax(-1)x1+0+0 
ae | 
A=2 
Let x =—4: 


§_-3-2=0+0+Cx (-2) x (-3) 


-3 =5C 
C=-4 
6x? +5x-2 _ 2 3 4 
So + 


xe = exe) ~ x" x=1 °° Ox e4 


50 A= 2, B=3 and C=-4.> 


t Watch out ) This method cannot be used for a 


repeated linear factor in the denominator. 


For example, the expression Feouneene 


A tens 
x+4 x-1 x-1 
because (x — 1) is a repeated factor. There is 
more on this in the next section. 


cannot be rewritten as 


find the values of the constants A, B and C. 


Algebraic methods 


Exercise 1D) 


1 Express the following as partial fractions: 


; 6x — 2 2x +11 ¢ -7x — 12 
(x — 2)(x + 3) (x + 1)(x + 4) 2x(x — 4) 
as e ote Hint ) First factorise the denominator. 
7 -—3x 8-x 2x — 14 
x*-3x-4 Be 44x x? 4+2x-15 
—2x -—5 : : A B 
© 2 Show that (44+ 9Q-x) can be written in the form Aen Dag where A and B are 
constants to be found. (3 marks) 
@) 3 The epee can be written in partial fractions as == + = 
(x — 4)(x + 8) x-4 x+8 
Find the values of the constants A and B. 
2x? — 12x — 26 
4 h(x) = oe 
© 4 be) (x + I — 2) + 5)" 
Given that h(x) can be expressed in the form A + 2 + é , find the values of 
x+1l ox-2 x+5 
A, Band C. (4 marks) 
: -10x7-8x+2 _D E F 
© 5 Given that, for x < -1, x(x + 13x — 2) => + axa] + 3x2? where D, E and Fare 


constants. Find the values of D, E and F. (4 marks) 


6 Express the following as partial fractions: 


4 2x? — 12x — 26 —10x?- 8x +2 P —5x? — 19x — 32 
(x + 1)(x — 2)(x + 5) x(2x + 1)(3x - 2) (x + 1)(x + 2)(x - 5) 


@) 7 Express the following as partial fractions: 


2 = 
a ec wee) eee Hint } First factorise the denominator. 
we- x 10x? + 3x -4 
Challenge 
ae = 
Express akc as a sum of fractions with linear denominators. 


x? - 4x7 +x+4+6 
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Chapter 1 


1.4 | Repeated factors 


= A single fraction with a repeated linear factor in the denominator can be split into two or 
more separate fractions. 


In this case, there is a special method for dealing with the repeated linear factor. 


2x+9 


Aand Band Care 


A B C constants to be found. 


(x — 5)(x + 3) 


The denominator contains three linear 
factors: (x — 5), (x + 3) and (x + 3). 
(x + 3) is a repeated linear factor. 


11x?4+ 14x45 
(x + 1)?(2x + 1) 
are constants to be found. 


Show that 


Let 
Wx? +14x+5  #4A " B C 


(+ {xe @+) @+ie xt) 


— A(x + 1)(2x + 1) + B(2x + 1) + C(x + 1)? 


x—-5 x43 (x43) 


The expression is rewritten 
as the sum of three partial 
fractions. Notice that 

(x — 5), (x + 3) and (x + 3)¢ 
are the denominators. 


B c 


can be written in the form A + + , where A, Band C 
x+1 (x41)? 2x41 


— (x + 1)2(2x + 1) 


Hence 11x? + 14x +5 
= A(x + 1)(2x + 1) + B(2x + 1) + C(x + 1) (1) 


Let x = —1: 
11-14+5=AxO+Bx-1+CxO 
2=-1B 
B=-2 
Let x =-4: 
G-74+5=Ax0+Bx0+Cx¥ 
3.34 
a=ac 
C=3 
11=2A+C- 
11=2A+3 = 
2A=86 
A=4 


Vx? + 14x45 

(x + 1)2(2x + 1) 

$i ei 
~(x+1) (x+1)2 (2x + 1) 


Hence 


50 A=4, B=-2 and C= 3. 
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Online ) Check your answer using the 


simultaneous equations function on your 
calculator. 


Algebraic methods 


Exercise @ 


© ! 


© 2 


3x7+x4+1 
i) = -l 
(x) eed ,x#0,x# 
; : A B C 
Given that f(x) can be expressed in the form ~~ Moet ae) find the values of 
A, Band C. - (4 marks) 


—x?- 10x -5 


0 ia Te a 1x41 


D E F 


Find the values of the constants D, E and F such that g(x) = 17 G+ 12 +o] (4 marks) 
Given that, for x <0 eeu = z + 2 + us where P, Q and R are constants 
: > x(x — 3) x x-3 (x-3)” : 
find the values of P, QO and R. (4 marks) 
eis ae 
Show that clea can be written in the form < + 2 + where C, D and E 
x3 — x? x x* x-1 
are constants to be found. (4 marks) 
2x 
= ——__ x #-2., 
P= Eee 
: A B 
Find the values of the constants A and B such that p(x) = oso Ga 22 (4 marks) 
10 = 10e4 TT A : B i C goa 
(2x + 1)(x-3)?~ 2x+1 x-3 > (x-3)?’ 
Find the values of the constants A, B and C. (4 marks) 
2 
Show that a ce : 5 can be written in the form 4 5+ x ld ( << TY where 
A, Band C are constants to be found. (4 marks) 


Express the following as partial fractions: 


5 4x +1 6x2 -x+2 
x2 + 10x +25 4x3 — 4x2 4+ x 
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[1.5 ) Algebraic division 


= An improper algebraic fraction is one whose numerator has a degree equal to or larger than 
the denominator. An improper fraction must be converted to a mixed fraction before you can 
express it in partial fractions. 


x27 4+5x+8 4 x34 5x-9 


are both improper fractions. 
rea a re eee ee 


The degree of the The degrees of the numerator 

numerator is greater and denominator are equal. 

than the degree of the 

denominator. Notation ] The degree of a polynomial 
is the largest exponent in the expression. 


: For example, x? + 5x — 9 has degree 3. 
= You can either use: 


¢ algebraic division 
* or the relationship F(x) = Q(x) x divisor + remainder t Watch out ] The divisor and 


the remainder can be numbers 


to convert an improper fraction into a mixed fraction. 
or functions of x. 


Method 1 


l i ivisi how that: 
Use algebraic long division to show tha O(x) 


—S—— 
F(x) ——— x? + 5x +8 _ 22 

x-2 Se ee ee remainder 
divisor ee! | 


Method 2 
Multiply by (x — 2) and compare coefficients to show that: 


——v_e_—) Q(x) 


F(x) ——— x24+5x+8 =(x + 7x -— 2) +22 


divisor Se 


remainder 


Example 11) 
Asn 20 
Given that oe = Ax?+ Bx+C+ = 3° find the values of A, B, Cand D. 
Using algebraic long division: Problem-solving 
x2 44x + 12 Solving this problem using algebraic long division 


will give you an answer in the form asked for in 
the question. 


x= alee x24 Ox— 7 


x? — 3x? 
Ax? + Ox 
4x? - 12x 
12x- 7 
12x —- 36 
| 
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Algebraic methods 


3 Oe = 
o,f ag ee 
x-3 
with a remainder of 29. 
MOE REST . 22 
=e =x +4x412 +573 
SOA a1, Be4 C=] 12 and D= 29, 


Given that x3 + x2 -— 7 =(Ax? + Bx + C)(x — 3) + D, find the values of A, B, Cand D. 


Let x = 3: Problem-solving 


27+9-72=(94+3B+C)xO0+D The identity is given in the form F(x) = Q(x) x 
D=29 divisor + remainder so solve the problem by 
equating coefficients. 


etx =O: 
O+0-7=(AxO0+BxO0+C) 
x(O-3)+D 
-7=-3C+D 
-7 =-3C +29 
3C=36 
C=12 


Compare the coefficients of x? and x?. 
Compare coefficients inx?: 1=A 
Compare coefficients in x*: 1=-34+B 
1=-3+B8B 

Therefore A =1, B= 4, C=12 and D= 29 
and we can write 

x3 +x? = 7 B(x? + 4x + 12)[x — 3) + 29 


This can also be written as: 


ee 7. os eg 
y 3 =x + 4x +12 +573 


x44+x34+x- 10 
x2+2x -3 


(x)= 


Show that f(x) can be written as Ax?+ Bx+C+ ane 
x7 +2x—-3 


and find the values of A, B, C, D and E. 
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Using algebraic long division: t Watch out ) When you are dividing by a 


quadratic expression, the remainder can bea 
constant or a linear expression. The degree of 
(-12x + 5) is smaller than the degree of 

(x* + 2x — 3) so stop your division here. 

The remainder is -12x + 5. 


x?- x+ 5 
x2 + 2x - 3[x44+ x3 40x24 x-10 
x4 4+ 2x? — 3x2 
— x°4+3x*+ x 
— x3 - 2x2 + 3x 


5x2 -— 2x -10 
5x2 + 10x -—15 
-12x+5 
KP EP EMH IO! _. -l2x+5 
Sx 24 Bt i 
x? +2x-3 x? + 2x-3 
S50 A=1,B=-1,C=5, D=-12 and E=5. 


Exercise @ 


3 2 _ 
@) ) = oi + 2 Aa Bee Ce 


x+1 x+1 
Find the values of the constants A, B, Cand D. (4 marks) 
3 2 
@) 2 Given that ci = = #2 =ax?+bx+c+ f, find the values of a,b, cand d. (4 marks) 


x38 
© 3 f= 26 


Show that f(x) can be written in the form px? + gx + r and find the values of 
p,qgandr. (4 marks) 


2 nx + 
cae =m+ = find the values of m, n and p. (4 marks) 


© 4 Given that ~~] x22 1 


@) 5 Find the values of the constants A, B, C and D in the following identity: 
8x3 + 2x2 +5 = (Ax + B)(2x?2+2)+ Cx+D (4 marks) 


4x3 —5x?4+3x-14 _ Cx + D 
© 6 x?42x-1 SE haa 


Find the values of the constants 4, B, C and D. (4 marks) 


4 2 
© 7 g(x) = ae Show that g(x) can be written in the form px? + gx +r+ a 


and find the values of p, g, r, s and f. (4 marks) 


4 3_ 952 = 
@) 8 Given that se Os bee ad the values 
x24+x-2 x24+x-2 


of a,b, c, dand e. (5 marks) 


Algebraic methods 


© 9 Find the values of the constants A, B, C, D and E in the following identity: 


3x4 — 4x3 — 8x2 + 16x — 2 = (Ax? + Bx + C)(x?- 3) + Dx +E (5 marks) 
10 a Fully factorise the expression x4 —- 1. (2 marks) 
4 
b Hence, or otherwise, write the algebraic fraction ~ 5. ; in the form 
(ax + b)(cx? + dx + e) and find the values of a, b, c, dand e. (4 marks) 


In order to express an improper algebraic fraction in partial fractions, it is first necessary to divide the 
numerator by the denominator. Remember an improper algebraic fraction is one where the degree of 
the numerator is greater than or equal to the degree of the denominator. 


: 3x2-3x-2 _ B Cc 
EE ead ee ae 


find the values of A, Band C. 


oe = 8y = 2 ok = aia ec 
(x-1)(x- 2)” x2-3x4+2 


3 
= x2 — 3x + 2/3x2 —- 3x - 2 


3x? -9x+6 
6x -8& 
Therefore 
3x? = 3x-2_ 32, 6x -8 : 
(x= 1)G@= 2) ~ x? - 3x+2 
_ 6x -8& 
Let 6x -8 _ B Cc 


G=e-9 —-G=) Go 


_ Boxe =2) + CX = 1) 
~ (xe = 1) = 2) 


6x - 6 = Bix - 2) + C(x - 1) 
let-x=2:12-8=Bx0O+Cx1 


C=4 
Let x= 6G=62=Bx=(1+Cx0 
3x* -— 3x- 2 _ 4 6x= 0 
(x — 1)(x - 2) (x — 1)(x - 2) 
= 3+ Z a 


@—1)* @-2) 
SoA =3, B= 2 ad C=4.- 


oo 
N“N 
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Exercise (1G) 


© 1 


© 2 
© 3 


© 4 


© 5 


© 6 
()7 


© 10 
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x? 43x -2_ : : B Cc 
g(x) = loa: Ga iiGe=3) e=3)* . Show that g(x) can we written in the form 4A + y-1 xed 
and find the values of the constants A, B and C. (4 marks) 
x? - 10 B C 
Given that ——.——- = A+ +——., find the values of the constants A, B 
(x -—2)(x+1)~ x-2 x41 
and C. (4 marks) 


Find the values of the constants 4, B, C and D in the following identity: 


x3-x?-x-3 _ C.D 
a=) SAx+ B+ +o 4 (5 marks) 
—3x3 — 4x? + 19x +8 . C D 
Show that Bie 3 can be expressed in the form 4A + Bx + @-) + +3)’ 
where A, B, C and D are constants to be found. (5 marks) 
4x? + 25 
PQX) = 4.295 
Show that p(x) can be written in the form 4A + i + c , where A, Band C 
2x-5 2x+5 
are constants to be found. (4 marks) 
a 
Given that et. =A+ a + c , find the values of the constants A, B 
x2 4+2x+1 x+1 (+1)? 
and C. (4 marks) 


By factorising the denominator, express the following as partial fractions: 


4x2 +17x - 11 b x4 — 4x3 + 9x2 - 17x + 12 
x? + 3x-4 x3 — 4x? + 4x 

. 6x3 -—7x24+3 _ C D 
Given that 3x24 1lx-10= Ax+Br 3x5 + aay find the values of the constants 
A, B, Cand D. (6 marks) 

8x3 +1 
a= 4x?-4x +1 
Show that q(x) can we written in the form Ax + B+ e + 2 and find the 
2x-1 (2x-1) 

values of the constants A, B, C and D. (6 marks) 


x44 2x2-3x4+8 
x24+x-2 


h(x) = 


Show that h(x) can be written as Ax? + Bx t+ C+ 5 + a and find the values of 


A, B, C, Dand E. (5 marks) 


Algebraic methods 


Mixed exercise & 


GDP 
@) 2 


3 


Ep) 4 


© 6 


© 7 


Prove by contradiction that ii is an irrational number. (5 marks) 
Prove that if g is an irrational number then q is an irrational number. 


Simplify: 


a x-4, 2x+8 x? - 3x-10) 6x? + 24 . Ax* 4+ 12x49 | 4x?2-9 
6 x2 -— 16 3x2 — 21 x27+ 6x +8 x2+6x © 2x24+9x-18 


ae ducks 4x? 8x x? + 6x +5 
a Simplify fully ‘iste A Ole Ix 


(3 marks) 


b Given that In((4x? — 8x)(x?2 + 6x + 5)) = 6 + In((x2 — 3x — 4)(2x? + 10.) find x in terms 
of e. (4 marks) 


ae Paleo 3 
BO) "350x424 6x2— 13x—5 
a Show that g(x) can be written in the form ax? + bx +c, where a, b and c are constants 


to be found. (4 marks) 
b Hence differentiate g(x) and find g’(—2). (3 marks) 
6x +1 5x +3 . 2 ata 
Express 25 ae 10 as a single fraction in its simplest form. (4 marks) 
3 12 
f(x) = + aa dy ge ER Pl 
x7 + 3x +3 
Show that f(x) = ano (4 marks) 
x—3 
n= x = 1) 
Show that f(x) can be written in the form 4 ara where A and B are constants to be found. 
(3 marks) 
[set] 5 PP 2 Rk 
(x-2)(x+1)(x-5)7> x-2 x4+1 x-5 
Find the values of the constants P, Q and R. (4 marks) 
16x - 1 . : D E 
Show that (Gx + Dax —1) can be written in the form 3x42 9x1 and find the 
values of the constants D and E. (4 marks) 
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x(x + 1) =x x xl 
Find the values of the constants A, B and C. (4 marks) 


2 = 
© u 7x?+2x-2 A B C 


21x2 -— 13 
© 12 hi)= (x +5)Gx — 1)? 


D ‘ E ‘ F 
x+5  (x-1) (3x-1) 
F are constants to be found. (5 marks) 


Show that h(x) can be written in the form 5 Where D, E and 


© 13 Find the values of the constants A, B, C and D in the following identity: 


x3 — 6x? 4+ 11x +2=(x -2)(Ax? + Bx+C)+D (5 marks) 
3 62 _ 
@) 14 Show that ae es oy can be put in the form Ax? + Bx + C+ Z 
2x+1 2x+1 
Find the values of the constants A, B, Cand D. (5 marks) 
x4+4+2 
@) 15 Show that 1 = Ax?+ Bx+Cr+ x2 where A, B, Cand D are constants to 
be found. (5 marks) 
ae D_,_ ET 
© 16 onal = Ax a a AO a UR 
Find the values of the constants A, B, C, Dand E. (5 marks) 
2x? 4+ 2x -3 
CS arya 
Show that h(x) can be written in the form A + . 2 375 Cc i where A, B and C are 
constants to be found. (5 marks) 


2 
@) 18 Given that as =P+ 2 + ui , find the values of the constants P, O and R. (5 marks) 
x(x — 2) x x-2 
(P) 19 Given that f(x) = 2x3 + 9x? + 10x + 3: 
a show that —3 is a root of f(x) 
10 : . 
b express F(x) as partial fractions. 


Challenge Hint ) In a right-angled 


triangle, the side opposite 


The line L meets the circle C with vi the right-angle is always 
centre O at exactly one point, A. the longest side. 

Prove by contradiction that the L 

line L is perpendicular to the 

radius OA. C 
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Algebraic methods 


Summary of key points 


1 


10 


To prove a statement by contradiction you start by assuming it is not true. You then 

use logical steps to show that this assumption leads to something impossible (either a 
contradiction of the assumption or a contradiction of a fact you know to be true). You can 
conclude that your assumption was incorrect, and the original statement was true. 


A rational number can be written as = where a and b are integers. 


An irrational number cannot be expressed in the form a 


b’ 
To multiply fractions, cancel any common factors, then multiply the numerators and multiply 
the denominators. 


where a and b are integers. 


To divide two fractions, multiply the first fraction by the reciprocal of the second fraction. 
To add or subtract two fractions, find a common denominator. 


A single fraction with two distinct linear factors in the denominator can be split into two 
separate fractions with linear denominators. This is called splitting it into partial fractions: 


5) ms A 3) B 
(x+1)(x-4) x+1 x-4 


The method of partial fractions can also be used when there are more than two distinct linear 
factors in the denominator: 


I = A B 6G 
(Ge = 2) CaE16)|Cc=3) Xs 25 x Gx 3 


A single fraction with a repeated linear factor in the denominator can be split into two or 
more separate fractions: 

Bie | B a 
Gass) ex-> 2s ieee) 


An improper algebraic fraction is one whose numerator has a degree equal to or larger than 
the denominator. An improper fraction must be converted to a mixed fraction before you can 
express it in partial fractions. 


You can either use: 

* algebraic division 

- or the relationship F(x) = Q(x) x divisor + remainder 
to convert an improper fraction into a mixed fraction. 
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After completing this chapter you should be able to: 
e@ Understand and use the modulus function — pages 23-27 
e@ Understand mappings and functions, and use domain 


and range — pages 27-32 
@ Combine two or more functions to make a composite 

function — pages 32-35 
e@ Know how to find the inverse of a function graphically 

and algebraically — pages 36-39 
e@ Sketch the graphs of the modulus functions y = |f(x)| 

and y = f(|x|) — pages 40-44 
e@ Apply a combination of two (or more) transformations to 

the same curve — pages 44-48 
@ Transform the modulus function — pages 48-52 


Make y the subject of each of the 
following: 
2y + 8x 
a 5x=9-Ty b p= =aEoe 
c 5x-8y=4+9xy GCSE Mathematics 
2 Write each expression in its simplest form. 
a (5x —3)*-4 b 
x+4 
4p 2 
+4 


2(3x —5) -4 


< GCSE Mathematics 


x2 


3 Sketch each of the following graphs. Label 
any points where the graph cuts the x- or 


y-axis. Code breakers at Bletchley Park used inverse 
ay=e b y=x(x + 4)(x —5) functions to decode enemy messages during 
e pesine 0 = 7 = 3602 Nesta World War II. When the enemy encoded a 


message they used a function. The code 
breakers’ challenge was to find the inverse 
function that would decode the message. 


4 f(x) =x2- 3x. Find the values of: 
b f(3) c f(-—3) < Year 1 


Functions and graphs 


CD The modulus function 


The modulus of a number a, written as |al, is its non-negative numerical value. 


So, for example, |5| = 5 and also |-5| = 5. Notation | 
The modulus 


= A modulus function is, in general, a function of the function is also known as the 
type y = |f(x)|. absolute value function. Ona 
¢ When f(x) = 0, |f(x)| = f(x) calculator, the button is often 
* When f(x) <0, |f(x)| = F(x) eee 


Example 


Write down the values of 


1 4 
—2 . BT El 
a |-2| b |6.5| Ch 75 
a |-2|=2- The positive numerical value of —2 is 2. 
ee ees i— 6.5 is a positive number. 
e [4-2]/-|2-2 -|4|-2 
me i Ae re Me ‘— Work out the value inside the modulus. 
Example 2. 
f(x) = |2x - 3) +1 
Write down the values of 
a f(5) b f(-2) ce f(1) 
a (5)=|2x5-3] +1 t Watch out | The modulus function acts like a 
=|7|+t]e741<s8 pair of brackets. Work out the value inside the 


modulus function first. 
b f(-2) = |2(-2) - 3| +1 


=|-7|+1=7+1=8 


e fi)=|2x1-3| +1 Online ) Use your calculator to work out 


=i) 1S 41=2 values of modulus functions. 


= To sketch the graph of y = |ax + b|, sketch 
y=ax + b then reflect the section of the 
graph below the x-axis in the x-axis. 


reflected 
in the 
X-axis 
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Chapter 2 


Example & 


Sketch the graph of y = |3x — 2|. 


Online ) Explore graphs of f(x) and gy 


|f(x)| using technology. 


Step 1 


OolPo 
«Vv 


Example (4) 


Solve the equation |2x — 1] = 5. 


Sketch the graph of y = 3x — 2. 
(Ignore the modulus.) 


Step 2 
For the part of the line below the x-axis (the 
negative values of y), reflect in the x-axis. 


For example, this will change the y-value —2 into 


the y-value 2. 


You could check your answer using a table of 
values: 


x =| 0 1 2 


y=|3x-2| 5 2 1 4 


ACA, 2x = 1 S5* 


2xr=6 
Mae 
At B, -(2x-1)=5 + 
-2x4+1=5 
2x = -4 
x=-2 
The solutions are x = 3 and x = -2. 
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yes 5, 


The graphs intersect at two points, A and B, so 
there will be two solutions to the equation. 


of the graph. 


Bis the point of intersection on the reflected 
part of the graph. 


Notation | The function inside the modulus 


is called the argument of the modulus. You 
can solve modulus equations algebraically by 
considering the positive argument and the 
negative argument separately. 


Start by sketching the graphs of y = |2x — 1] and 


A is the point of intersection on the original part 


Solve the equation |3x — 5] = 2 — or. 


Functions and graphs 


Online ) Explore intersections of ey azo 
a 


straight lines and modulus graphs 
using technology. 


At B: (3x -5)=2- iy - 


2 

i] 

“8x +5 = 2-5x 
2x =-3 
wef 
“5 


The solutions are Xx = 2 and x = e 


Solve the inequality |5x - 1| > 3x. 


yA 


At A, 5x - 1 
24S 
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Chapter 2 


The points of intersection are x = S and Problem-solving 

Peal Look at the sketch to work out which values of 

~ 8 x satisfy the inequality. y = |5x — 1| is above 

So the solution to 15x — 1] > 3x isx<% y = 3x when x > 5 orx< : You could write the 
ak 

lois solution in set notation as ee > 5 U ee < 5}. 


Exercise 2A) 


1 


26 


Write down the values of 


af] = bFo2 «=e B-1l =a B=] 0-6 x alt x 2-37 
f(x) = |7 — 5x| + 3. Write down the values of: 
a f(1) b f(10) c f(-6) 


g(x) = |x? — 8x]. Write down the values of: 
a (4) b g(-5) ce (8) 


Sketch the graph of each of the following. In each case, write down the coordinates of any 
points at which the graph meets the coordinate axes. 


a y=lx-1| b y=|2x +3] e y=l4x-7| dy=fx-J 
e y=|7-xl f y=|6-4x1 
Z Hint ) y=-I|x| isa reflection of y = |x| 
g y=-|r| h y=-1Bx-1| in the x-axis. € Year 1, Chapter 4 


g(x) = 4 - 3, and h(x) = 5 
a On the same axes, sketch the graphs of y = g(x) and y = h(x). 


b Hence solve the equation 4 os 3,| =5, 


Solve: 

a Bx—-1|=5 bp PI ce 4x+3/=-2 
4-—5x x 

d |7x -3|=4 ; \=2 f le 1|=3 


a On the same diagram, sketch the graphs y = —2x and y = be - 2 


b Solve the equation —2x = bx - 2 


Solve |3x - 5] = 11 - x. (4 marks) 
a On the same set of axes, sketch y = |6 — xl and y = ox -5. 
b State with a reason whether there are any solutions to the equation |6 — x| = Jy -5. 


2 


Functions and graphs 


() 10 A student attempts to solve the equation |3x + 4] = x. The student writes the following working: 


3x+4=x -(3x+4)=x 
=- 2x or —-3x -A=x 
x=-2 -4=Ax 


Solutions are xX = -2 and x = -1. 


Explain the error made by the student. 


11 a On the same diagram, sketch the graphs of y = -I3x + 4| and y = 2x - 9. 
b Solve the inequality -13x + 4|< 2x - 9. 


©) 12 Solve the inequality |2x + 9] < 14 - x. (4 marks) 
13. The equation |6 — x| = ox + k has exactly one solution. Problem-solving 
a Find the value of k. (2 marks) The solution must be at the vertex of 


b State the solution to the equation. (2 marks) atte edn oan tanetel sete 


Challenge 


f(x) = |x? + 9x + 8] and g(x) =1-x 
a On the same axes, sketch graphs of y = f(x) and y = g(x). 
b Use your sketch to find all the solutions to lx? + 9x + 8|=1- x. 


2.2 ) Functions and mappings 


A mapping transforms one set of numbers into a different set of numbers. The mapping can be 
described in words or through an algebraic equation. It can also be represented by a graph. 


= A mapping is a function if every input has a distinct output. Functions can either be one-to- 


one or many-to-one. 
ne eal sia: 
Ln ray es 


one-to-one many-to-one not a function 
function function 


Many mappings can be made into functions by changing the domain. Consider y = Vx: 


yA 


t Notation | The domain is the set of all possible 


inputs for a mapping. 


The range is the set of all possible outputs for 
the mapping. 
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If the domain were all of the real numbers, R, then y = Vx would not be a function because values of 
x less than 0 would not be mapped anywhere. 


If you restrict the domain to x = 0, every element in the domain is mapped to exactly one element in 
the range. 


We can write this function together with its CED You can also write this function as: 
= 
domain as f(x) =Vx,xER,x=0. :xHevx,xER, x20 


Example a 


For each of the following mappings: 
i State whether the mapping is one-to-one, many-to-one or one-to-many. 


ii State whether the mapping is a function. 


» 


Every element in set A gets mapped to 


two elements in set B, so the mapping —— You couldn't write down a single value for f(9). 
is one-to-many. « 


Tien piri) te Naira nee For a mapping to be a function, every input in the 


Every value of x gets mapped to one domain must map onto exactly one output. 
value of y, so the mapping is one-to-one. 


it The mapping Is a function.» The mapping in part ¢ could be a function if 
c i The mapping is one-to-one.- x = 0 were omitted from the domain. You could 


ii x = O does not get mapped to a value write this as a function as f(x) = i, xER,x #0. 
of y so the mapping is not a function. 


Tv 


a 


i On the graph, you can see that x and —x 
both get mapped to the same value of y. 
Therefore, this is a many-to-one mapping. 


ii. The mapping is a function. 


Example 8) 


Find the range of each of the following functions: 
a f(x) = 3x - 2, domain {x = 1, 2, 3, 4} b g(x) =x?, domain {x € R, -5 < x < 5} 
ec h(x)= = domain {x E€R,0<x <3} 


State if the functions are one-to-one or many-to-one. 
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Functions and graphs 


a US an = 231% = 1,,.2,3541* 


Range of f(x) is {1, 4, 7, 10}. 
f(x) is One-to-one. 


a5 O 5 x 


Range of g(x) is O S g(x) S 25. 
q(x) is many-to-one. 


c h(x) =+(rER O<x <3} 


y =h(x) 


“Yv 


O 3 


Oo| => 


Range of h(x) is h(x) = 
h(x) is one-to-one. 


: : t Notation | This is an example of a piecewise- 
Tone cond yy defined function. It consists of two parts: one 


Bees 3-2x,x<1 linear (for x < 1) and one quadratic (for x = 1). 
: x274+3,x21 


a Sketch y = f(x), and state the range of f(x). ' Online ) Pro renepreoriimenon: cy 


b Solve f(x) = 19. ona given domain using technology. 
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t Watch out ) Although the graph jumps at x = 1, 
the function is still defined for all real values of x: 
(0.9) = 5 — 2(0.9) = 3.2 

f(1) = (1)? +3 =4 


: > 
4 x 


The range is the set of values that y takes 
and therefore f(x) > 3. 


b yA 
y=5-2x y=x +3 


5 > Problem-solving 


Use x* + 3 = 19 to find the solution in the range 


The positive solution is where 


aga x = land use 5 — 2x = 19 to find the solution in 
the range x < 1. 


KOSS 
x=+4. 
x=4 
The negative solution is where 
a =2x'= 12 
-2x=14 
x=—-7 


The solutions are X = 4 and x = -7. 


Exercise 2B) 


1 For each of the following functions: 


i draw the mapping diagram 
ii state if the function is one-to-one or many-to-one 
iii find the range of the function. 
a f(x) = 5x —3, domain {x = 3, 4, 5, 6} 
b g(x) = x? - 3, domain {x = -3, -2, -1, 0, 1, 2, 3} 


ce h(x)= <> domain {x =-1, 0, 1} 
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Functions and graphs 


2 For each of the following mappings: 


i State whether the mapping is one-to-one, many-to-one or one-to-many. 
ii State whether the mapping could represent a function. 


a VA b VA c yA 
o i O i O x 
d YA e vA f vA 


av 
iS) 
av 

So 

*Y 


3 Calculate the value(s) of a, b, c and d given that: 


a p(a) = 16 where p: x 3x-2,xER b q(b) = 17 where gq: x x*-3,xER 
c r(c) = 34 where r: xb 2(2*)+2,xER d s(d) =0 where six x?+x-6,xER 
4 For each function: 
i represent the function on a mapping diagram, writing down the elements in the range 
ii state whether the function is one-to-one or many-to-one. 
a f(x) =2x + 1 for the domain {x = 1, 2, 3, 4, 5} 
b g:x++ Vx for the domain {x = 1, 4,9, 16, 25,36} QUERIED remember, Vx means 
c h(x) =x? for the domain {x = —2, -1, 0, 1, 2} the positive square root of x. 
d jixb 2 for the domain {x = 1, 2, 3, 4, 5} 
e k(x) =e* +3 for the domain {x = —2, -1, 0, 1, 2} 
5 For each function: 
i sketch the graph of y = f(x) 
ii state the range of f(x) 


iii state whether f(x) is one-to-one or many-to-one. 


a f:x' 3x +2 for the domain {x = 0} b f(x) =x? +5 for the domain {x = 2} 
c fix 2sinx for the domain {0 <x = 180} d fix Vx +2 for the domain {x = —2} 
e f(x) =e* for the domain {x = 0} f f(x) =7logx, for the domain, {x € R, x > 0} 


6 The following mappings f and g are defined on all the real numbers by 


f(x) = 4-x, x<4 _ if teen, 24 
= x2+9, x e4 B(x) = x2+9, x >4 


a Explain why f(x) is a function and g(x) is not. b Sketch y = f(x). 
c Find the values of: i f(3) ii (10) d Find the solution of f(a) = 90. 
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@) 7 The function s is defined by 
x27-6, x <0 


10-x, x20 Problem-solving 


a Sketch y = s(x). The solutions of s(x) = x are the values in the 
b Find the value(s) of a such that s(a) = 43. domain that get mapped to themselves in the 
range. 


s(x) = 


c Solve s(x) = x. 
8 The function p is defined by 


_ e*, -5<=x<0 
P=) 244 Oexe4 


a Sketch y = p(x). (3 marks) 
b Find the values of a, to 2 decimal places, such that p(a) = 50. (4 marks) 


9 The function h has domain -10 < x < 6, and is linear from (—10, 14) to (-4, 2) and from 
(—4, 2) to (6, 27). 


a Sketch y = h(x). esnriacme Problem-solving 


b Write down the range of h(x). (1 mark) The graph of y = h(x) will consist of two 
c Find the values of a, such that h(a) = 12. (4 marks) line segments which meet at (-4, 2). 


@) 10 The function g is defined by g(x) = cx + d where c and d are constants to be found. 
Given g(3) = 10 and g(8) = 12 find the values of c and d. 


() 11 The function f is defined by f(x) = ax? + bx — 5 where a and b are constants to be found. 
Given that f(1) = —4 and f(2) = 9, find the values of the constants a and b. 


12 The function h is defined by h(x) = x2 - 6x + 20 and has Problem-solving 


domain x = a. Given that h(x) is a one-to-one function find 
the smallest possible value of the constant a. (6 marks) 


€&) Composite functions 


Two or more functions can be combined to make a new function. The new function is called a 
composite function. 


First complete the square for h(x). 


= fg(x) means apply g first, then apply f. 


= fg(x) = f(g(x)) 
f t Watch out ) The order in which the functions are 


combined is important: fg(x) is not necessarily 
the same as ef(x). 


fg 


g 


Given f(x) = x? and g(x) = x + 1, find: 
a fg(1) b gf(3) c ff(-2) 
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a fg(1) =f(1 +1) 
are 
=4 

b gf(3) = 9(3*)° 
=4(9) 
=9+1- 
= 10 

c ff(-2) = f((-2))- 

= (4) 
= 42-« 
=16 


Example 


The functions f and g are defined by f(x) = 3x + 2 and g(x) = x? + 4. Find: 
a the function fg(x) 
b the function gf(x) 


c the function f?(x) t Notation ) f4(x) is f(x). 


d the values of b such that fg(b) = 62. 


a fg(x) = f(x? + 4)- 
= 3(x2+4) + 2° 
= 3x*+14- 


b gf(x) = g(3x + 2). 
=(3x+ 2)? +4. 
= 9x? +12x+8 


ce f(x) = 3x + 2)* 
= 3(3x+2)+2- q 


=9x+6 


d g(x) = 3x? + 14 
If fg(b) = 62 
then 362 + 14 = 62 

b? =16 


b=+4 
Example a2) 


The functions f and g are defined by 


fi x [2x - 8l 
x+1 
2 


a Find fg(3). b Solve fg(x) = x. 


| 


gxwH 


WwW 
WwW 


Chapter 2 


Ins 7 | Sx 


Exercise 20) 


1 Given the functions p(x) = 1 - 3x, q(x) = ri and r(x) = (x — 2)?, find: 


a pq(-8) b qr(5) ce rq(6) d p(-5) e pqr(8) 
2 Given the functions f(x) = 4x + 1, g(x) = x? - 4 and h(x) = +. find expressions for the functions: 
a fg(x) b gf(x) ce gh(x) d fh(x) e f(x) 


© 3 The functions f and g are defined by 
f(x) =3x-2,xER 


g(x) =x2,xER 
a Find an expression for fg(x). (2 marks) 
b Solve fg(x) = gf(x). (4 marks) 


© 4 The functions p and q are defined by 
1 
P(x) => YER, x #2 
q(x) =3x+4,xER 
ax +b 


a Find an expression for qp(x) in the form ead (3 marks) 
b Solve qp(x) = 16. (3 marks) 
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GP) 9 


/P) 10 


Functions and graphs 


The functions f and g are defined by: 


fr x 19 - 4x| 

3x -—2 
£ xR 5) 
a Find fg(6). (2 marks) 
b Solve fg(x) = x. (5 marks) 
Given f(x) = —x# -l 
a Prove that f7(x) = ee att b Find an expression for f(x). 


The functions s and t are defined by 
s(x) =2*,xER 

t((x)=x+3,xER 

a Find an expression for st(x). 


Hint ) Rearrange the equation in part ¢ 


into the form 2° = k where k is a real 
number, then take natural logs of both 
sides. € Year 1, Section 14.5 


b Find an expression for ts(x). — 
c Solve st(x) = ts(x), leaving your answer in the form — 


Inb 
Given f(x) = e>* and g(x) = 4 Inx, find in its simplest form: 
a gf(x) (2 marks) 
b fg(x) (2 marks) 


The functions p and q are defined by 
p: xb In(x + 3),x ER, x > -3 
q:xre*-1xER 


Hint ) The range of p will be the set of possible 
inputs for q in the function qp. 


a Find qp(x) and state its range. (3 marks) 
b Find the value of qp(7). (1 mark) 
c Solve qp(x) = -126. (3 marks) 
The function t is defined by 

t:xH5—- 2x 

Solve the equation t?(x) — (t(x))* = 0 (5 marks) 


Problem-solving 


You need to work out the intermediate steps for this problem yourself, so plan 
your answer before you start. You could start by finding an expression for tt(x). 


The function g has domain —5 = x = 14 and is linear from 
(—5, -8) to (0, 12) and from (0, 12) to (14, 5). 
A sketch of the graph of y = g(x) is shown in the diagram. 


a Write down the range of g. (1 mark) 
b Find gg(0). (2 marks) 
The function h is defined by h: xB an 8 Gz => 

ec Find gh(7). (2 marks) 
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€ Inverse functions 


The inverse of a function performs the opposite operation 
to the original function. It takes the elements in the range 
of the original function and maps them back into elements 
of the domain of the original function. For this reason, 
inverse functions only exist for one-to-one functions. 


= Functions f(x) and f-1(x) are inverses of each other. 


ff-1(x) = ff (x) = x. 


= The graphs of y = f(x) and y = f-*(x) are 
reflections of each another in the line y = x. 
= The domain of f(x) is the range of f-1(x). 


= The range of f(x) is the 


Example &® 


Find the inverse of the function h(x) = 2x? — 7, x = 0. 


domain of f-1(x). 


ra oe The inverse of 
ra 5 f(x) is written 
a -6- asim) 


square root 


Therefore, h7'(x) = ri : is 


x 2-7 


Range of h(x) is h(x) = -7, so domain of h7"(x) is x 


An inverse function 
-— can often be found 
using a flow diagram. 


|_ The range of h(x) is 
the domain of h-!(x). 


Example 14) 


Find the inverse of the function f(x) = —. {x € R, x # 1} by changing the subject of the formula. 


Let y = f(x) - 
— - re 
a = 1 
ywx-1)=3 
yx -y= 3 
Vx = 3+ y 
_ 3+y 
be y 
Range of f(x) is f(x) # O, so domain of f'(x) is 
EO! 
Therefore me ae * x x#O- 
is) 3 
wg 7 a! 
mayssttsfi4 
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You can rearrange to find an inverse function. 
Start by letting y = f(x). 


Rearrange to make x the subject of the formula. 
Define f-1(x) in terms of x. 


Check to see that at least one element works. Try 4. 
Note that f-1f(4) = 4. 


Functions and graphs 


The function, f(x) = Vx -2,x ER, x =2. 
a State the range of f(x). b Find the function f-!(x) and state its domain and range. 
c Sketch y = f(x) and y = f-!(x) and the line y = x. 


a The range of f(x) is yER, y 2O. 2) = 0. As x increas 
wit limit, so th 
b y=vx-2 out limi 


yr=x-2 
x?=y-2 
yp=x?+2- 


The inverse function is f-"(x) = x? + 2. 
The domain of f-'(x) is x € R, x = O.- 
The range of f-(x)isyER y= 2.- 


yH=t (x)H=x? +2 


The function f(x) is defined by f(x) = x7 - 3, x ER, x = 0. 
a Find f-!(x). b Sketch y = f-!(x) and state its domain. c Solve the equation f(x) = f-!(x). 


a Lehyp= 1) 
y=x?-3 ] 
yt3=x 
x=jy+3 _| 
F(x) = vx +3 
b ' Online ) Explore functions and their cy 


inverses using technology. 


The domain of f(x) is x ER, x = -3. + 
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© When f(x) = f(x) Problem-solving 
f(x) =x y = f(x) and y = f-1(x) intersect on the line y = x. 
x°-3=x This means that the solution to f(x) = f-!(x) is the 
x?-x-3=0 same as the solution to f(x) =x. 
14713 
Sox = ; 
eo From the graph you can see that the solution 


Exercise (2D) 


1 


© 5 


EP) 6 
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'— must be positive, so ignore the negative solution 
to the equation. 


For each of the following functions f(x): 

i state the range of f(x) 

ii determine the equation of the inverse function f-!(x) 
iii state the domain and range of f-!(x) 

iv sketch the graphs of y = f(x) and y = f-!(x) on the same set of axes. 
x+5 
2 
c fixr4-3x,xER d fixe x%-7,xER 


a fixe 2x+3,xER b fixp ,xER 


Find the inverse of each function: 


a f(x)=10-x,xER ' Notation | Two of these functions are self- 


x 
b g(x) = 5° xER inverse. A function is self-inverse if f(x) = f(x). 
3 In this case ff(x) =x. 
e h(x)=y,x40,xER 


d k(x)=x-8,xER 
Explain why the function g: x ® 4- x, {x € R, x > 0} is not identical to its inverse. 


For each of the following functions g(x) with a restricted domain: 
i state the range of g(x) 
ii determine the equation of the inverse function g-!(x) 
iii state the domain and range of g-!(x) 
iv sketch the graphs of y = g(x) and y = g-!(x) on the same set of axes. 


a (x)=, (xeER,x>3} b g(x) =2x-1, {x ER, x = 0} 
© ax) =< 25, (rR, x> 2} d g(x) =vx-3,{xER,x=7} 
e g(x) =x? +2, {xER, x> 2} f g(x) =x> - 8, {x ER, x = 2} 


The function t(x) is defined by 


Hint ) First complete the square for the function t(x). 
t(x) = x?-6x+5,xER, x=5 


Find t-!(x). (5 marks) 
The function m(x) is defined by m(x) = x? + 4x + 9, x E R, x > a, for some constant a. 

a State the least value of a for which m='(x) exists. (4 marks) 
b Determine the equation of m=!(x). (3 marks) 
c State the domain of m7!(x). (1 mark) 


7 


8 


€/P) 12 


The function h(x) is defined by h(x) = oath {x ER, x #2}. 


a What happens to the function as x approaches 2? 
b Find h-!(3). 


c Find h-\(x), stating clearly its domain. 


d Find the elements of the domain that get mapped to themselves by the function. 


The functions m and n are defined by 


mxP2x+3,xER 
mx =5=,xER 
a Find nm(x) 


b What can you say about the functions m and n? 
The functions s and t are defined by 

3 
sO) =F px*-l 


3-x 
x 


t(x) = ,x #0 


Show that the functions are inverses of each other. 

The function f(x) is defined by f(x) = 2x? - 3, {x ER, x < 0}. 
Determine: 

a f-!(x) clearly stating its domain 

b the values of a for which f(a) = f-'(a). 


The functions f and g are defined by 
fixre—5,xER 

gixb In(x-4),x>4 

a State the range of f. 

b Find f-!, the inverse function of f, stating its domain. 
c 


On the same axes, sketch the curves with equation y = f(x) and y = f-(x), 
giving the coordinates of all the points where the curves cross the axes. 


Find g-!, the inverse function of g, stating its domain. 
e Solve the equation g-!(x) = 11, giving your answer to 2 decimal places. 


The function f is defined by 
3(x + 2) 2 
x2+x-20 x-4 


a Show that f: xb 


fixbh 


x>4 
ao 
b Find the range of f. 


c Find f-!(x). State the domain of this inverse function. 


Functions and graphs 


(4 marks) 
(4 marks) 


(1 mark) 
(3 marks) 


(4 marks) 
(3 marks) 
(3 marks) 


(4 marks) 


(2 marks) 
(4 marks) 
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@BD » = Ifo) and y = f(x) 
= To sketch the graph of y» = |f(x)|: 
¢ Sketch the graph of » = f(x). 


¢ Reflect any parts where f(x) <0 
(parts below the x-axis) in the x-axis. 


¢ Delete the parts below the x-axis. 


= To sketch the graph of y = f(|x|): 


¢ Sketch the graph of y = f(x) for x =0. 


¢ Reflect this in the y-axis. 


Example 


f(x) = x2 - 3x - 10 
a Sketch the graph of y = f(x). 
c Sketch the graph of y = f(|x\). 


a f(x) =x? -3x-10=(x—- 5)(x + 2) 
f(x) = O implies (x - 5)(x + 2) =O 


b Sketch the graph of y = |f(x)]. 


The graph of y = x* — 3x — 10 cuts the x-axis at 


Sox=5 0rx=-2* 


—2and 5. 


#(O) = -10 + 


b y= |f(x)| = |x? - 3x -10| 


vA 


y= lf) 


“Vv 


\— The graph cuts the y-axis at -10. 


—— This is the sketch of y= x* - 3x - 10. 


The sketch includes the points where the graph 
intercepts the coordinate axes. 


A sketch does not have to be to scale. 


LN. 
' Online ) Explore graphs of modulus sooo 


functions using technology. 


“Vv 


Reflect the part of the curve where y = f(x) <0 
— (the negative values of y) in the x-axis. 
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c y=f(|x|) = |x|? - 3|x| - 10 
yA 


y=H(|x|) 


av 


g(x) = sinx, -360° < x < 360° 

a Sketch the graph of y = g(x). 
b Sketch the graph of y = |g(x)]. 
c Sketch the graph of y = g(|x\). 


y=sinx 


y=sin|x| 
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Example 


The diagram shows the graph of y = h(x), with five 
points labelled. 

Sketch each of the following graphs, labelling the 
points corresponding to A, B, C, D and E, and any 
points of intersection with the coordinate axes. 


a y=|h()| 
b y=h((x)) 
a VA 
Be2.5,15) -—.— 


1 f(x)=x?-7x-8 
a Sketch the graph of y = f(x). 
c Sketch the graph of y = f(|x1). 


2 g: xh cosx, —360° < x < 360° 
a Sketch the graph of y = g(x). 
c Sketch the graph of y = g(x). 


3 hi xx (x - 1)(x - 2)(x + 3) 
a Sketch the graph of y = h(x). 
c Sketch the graph of y = h(|x\). 
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B(-2.5, 15) 


The parts of the curve below the x-axis are 
reflected in the x-axis. 


The points A, B, Cand D are unchanged. 


The point & was reflected, so the new 
coordinates are E’(6, 5). 


The part of the curve to the right of the y-axis 
is reflected in the y-axis. 


The old points A and B had negative x-values 
so they are no longer part of the graph. 


The points C, D and E are unchanged. 


There is a new point of intersection with the 
x-axis at (—3, 0). 


b Sketch the graph of y = |f(x). 


b Sketch the graph of y = |g(x). 


b Sketch the graph of y = |h(x)|. 


(P) 4 


Functions and graphs 


The function k is defined by k(x) = = a>0,x ER, x #0. 

a Sketch the graph of y = k(x). 

b Explain why it is not necessary to sketch y = |k(x)| and y = k(|x|). 
The function m is defined by m(x) = - a<0,xER,x #0. 

c Sketch the graph of y = m(x). 


d State with a reason whether the following statements are true or false. 
i |k(Qx)|=|m@)| tt K(/x]) = m({x])__—_stii_ m(x) = m({x1) 


The diagram shows the graph of y = p(x) with 5 points 


labelled. 


Sketch each of the following graphs, labelling the points 
corresponding to A, B, C, D and E, and any points of 


y=p(x) 


intersection with the coordinate axes. E2,) 
a y= [poo (3 marks) , 
b y= pl) (3 marks) 


The diagram shows the graph of y = q(x) with 7 points 
labelled. 


Sketch each of the following graphs, labelling the points 
corresponding to A, B, C, D and E, and any points of 
intersection with the coordinate axes. 

a y=|q(x)| (4 marks) 
b y=q(\xI) (3 marks) 


B(-8, -9) 


k(x) = 5 a>0,x #0 

a Sketch the graph of y = k(x). 
b Sketch the graph of y = |k(x)|. 
c Sketch the graph of y = k(|x\). 


m(x) =<,a<0,x #0 

a Sketch the graph of y = m(x). 

b Describe the relationship between y = |m(x)| and y = m(|x|). 
i(x) =" and 9(x) =e" 

a Sketch the graphs of y = f(x) and y = g(x) on the same axes. 


b Explain why it is not necessary to sketch y = |f(x)| and y = |g(x)]. 
c Sketch the graphs of y = f(|x|) and y = g(|x|) on the same axes. 
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10 The function f(x) is defined by 


Problem-solving 
ap ea = i 
£( ) | 2x-6,-5 <x 1 


: pe A piecewise function like this 
(xt+1,-l=x<2 does not have to be continuous. 

a Sketch f(x) stating its range. (5 marks) Work out the value of both 

b Sketch the graph of y = |f(x)|. (3 marks) expressions when x = —1 to 

c Sketch the graph of y = f(|x]). (3 marks) de ie ee al 


2.6 | Combining transformations 


You can use combinations of the following transformations of a function to sketch graphs of more 
complicated transformations. 


= f(x + a) is a translation by the vector ea, 


= f(ax) is a horizontal stretch of scale factor i 
® f(x) + ais a translation by the vector C 


= af(x) is a vertical stretch of scale factor a 
= f(-x) reflects f(x) in the y-axis. 


You can think of f(—x) and —f(x) as stretches 
< Year 1, Sections 4.6, 4.7 


= -f(x) reflects f(x) in the x-axis. with scale factor —1. 


Example (20) 


The diagram shows a sketch of the graph of y = f(x). 
The curve passes through the origin O, the point 
A(2, -1) and the point B(6, 4). 


Sketch the graphs of: 
a y= 2f(x)-1 b y=f(x+2)+2 

1 A(2,-1) 
c y = Gh(2x) d y=-f(x - 1) 


In each case, find the coordinates of the images of the points O, A and B. 


a Y= 2h) = 1 
*7 (6, 8) 
ie Apply the stretch first. The dotted curve is the 


graph of y = 2f(x), which is a vertical stretch with 
scale factor 2. 


1 
1 
1 
1 
1 
1 
1 
\ 
1 
y 


Next apply the translation. The solid curve is 
the graph of y = 2f(x) — 1, as required. This is a 
translation of y = 2f(x) by vector igh 


t Watch out | The order is important. If you 
(2,=3) 


applied the transformations in the opposite order 
The images of O, A and B are (O, —1), you would have the graph of y = 2(f(x) — 1) or 
(2, -3) and (6, 7) respectively. pe Zig) =2. 


44 


Functions and graphs 


b y=f(x+2)+2 


The images of O, A and B are (-2, 2), (O, 1) 
and (4, 6) respectively. 


The images of O, A and B are (O, O), 
(1, -O.25) and (3, 1) respectively. 


d y = -t(x - 1) 


The images of O, A and B are (1, O), (3, 1) 
and (7, —4) respectively. 
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Example 


f(x) =In x, x >0 
Sketch the graphs of 
a y=2f(x)-3 


b y=|fCx)I 


Show, on each diagram, the point where the graph meets or crosses the x-axis. 


In each case, state the equation of the asymptote. 


x-axis at (4.48, O). 


¥ A 


x=0 


2 Inx-3 


a UN ci 
y=ilnx 
> 
O 1 x 
2ilnx -3=0 
hese 
~ 2 
x=e8 
= 4.48 (3 5.) 


The graph y = 2ln x — 3 will cross the 


' Online ) Explore combinations of gy 


y = f(x) in the y-axis. 


yA 


x=0 
y = In(-x) 


av 


b The graph of y = f(—x) is a reflection of 
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Problem-solving 


You have not been asked to sketch y = f(x) in this 
question, but it is a good idea to do this before 
sketching transformations of this graph. 

Sketch y = f(x), labelling its asymptote and the 
coordinates of the point where it crosses the 
x-axis. < Year 1, Section 14.3 


Solve this equation to find the x-intercept of 
y = 2f(x) - 3. 


The original graph underwent a vertical stretch by 
a scale factor of 2 and then a vertical translation 


by vector (oy 


The original graph is first reflected in the y-axis. 
The x-intercept becomes (-1, 0). 
The asymptote is unchanged. 


y 


y =|In (x) | 


“Vv 


Exercise 2F) 


1 The diagram shows a sketch of the graph y = f(x). 


The curve passes through the origin O, the point 
A(-2, —2) and the point B(3, 4). 
On separate axes, sketch the graphs of: 


a y= 3f(x)+2 b y=f(x-2)-5 
c ya sie + 1) d y=-f(2x) 
e y=(fo f y=(f(-x)| 


In each case find the coordinates of the images of the 
points O, A and B. 


The diagram shows a sketch of the graph y = f(x). 
The curve has a maximum at the point A(-1, 4) and 
crosses the axes at the points (0, 3) and (—2, 0). 


a y= 3f(x - 2) b y =56(Sx) 
ec y=-f(x) +4 d y= -2f(x + 1) 
e y= 2f(x/) 


For each graph, find, where possible, the coordinates 
of the maximum or minimum and the coordinates of 
the intersection points with the axes. 


The diagram shows a sketch of the graph y = f(x). 
The lines x = 2 and y = 0 (the x-axis) are asymptotes 
to the curve. 

On separate axes, sketch the graphs of: 

a y=3f(x)-1 b y=f(x+2)+4 

e y= -f(2x) d y= (x1) 

For each part, state the equations of the asymptotes 
and the new coordinates of the point A. 


Functions and graphs 


To sketch the graph of y = |f(—x)| reflect any 
negative y-values of y = f(—x) in the x-axis. 


B(3, 4) 


av 


eaten eee cee 
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© 4 The function g is defined by 
gixe (x-2/P-9,xER. 
a Draw a sketch of the graph of y = g(x), labelling the turning points and the x- and 


y-intercepts. (3 marks) 
b Write down the coordinates of the turning point when the curve is transformed 

as follows: 

i 2g(x - 4) (2 marks) 

ii (2x) (2 marks) 

iii |g(x)| (2 marks) 
c Sketch the curve with equation y = g(|x|). On your sketch show the coordinates of all 

turning points and all x- and y-intercepts. (4 marks) 


5 h(x) = 2sinx, -180° < x < 180°. 
a Sketch the graph of y = h(x). 
b Write down the coordinates of the minimum, A, and the maximum, B. 
c Sketch the graphs of: 
i h(x — 90°) +1 7 *n(3x) Fr slh(—»)) 
In each case find the coordinates of the images of the points O, A and B. 


GD Solving modulus problems 


You can use combinations of transformations together with |f(x)| and f(|x|) and an understanding of 
domain and range to solve problems. 


Given the function t(x) = 3|x - 1]|- 2, x ER, 
a sketch the graph of the function 

b state the range of the function 

c solve the equation t(x) = $x +o: 


Problem-solving 


Use transformations to sketch the graph of 
y=3|x -1|-2. 


— Sketch the graph of y = |x|. 


“Vv 
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b The range of the function t(x) is y € R, 


y2-2.- 
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2x=6 
ee 
“5 
1 


The solutions are x = 


The function f is defined by f: x & 6 — 2Ix + 3}. 
A sketch of the graph of the function is shown in the diagram. 


a State the range of f. 
b Give a reason why f-! does not exist. 
c Solve the inequality f(x) > 5. 


a The range of f(x) is f(x) S 6. + 


b f(x) is a many-to-one function. + 


Therefore, f-'! does not exist. 
ce f(x) = 5 at the points A and B. 


f(x) > 5 between the points A and B. 
yh 


y= f(x) 


y =f(x) 


Problem-solving 


Only one-to-one functions have inverses. 


At A, 6 - 2(x+3)=5 


-2(x + 3)=-1 
i 
PSS 
ere ba 
~ ae 
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At B, 6 — (-2(x + 3)) = 5+ 


Functions and graphs 


| _ When f(x) < 0, |f(x)| = —f(x), so use the negative 


argument, —2(x + 3). 


This is the solution on the reflected part of the 


2(x+ 3) =-1 
| 
X4+3=- 5 
Prem 
~ 2 
The solution to the inequality f(x) > 5 is 


Exercise (2G) 


() 1 


For each function 
i sketch the graph of y = f(x) 


state the range of the function. 


eo 


i 
a fi:xr4|x|-3,xER 

b x) =Fbe+2|-LxeR 
ec f(x) =-2|x-1|+6,xER 
d fixe -Zh|+4,xeR 


Given that p(x) = 2|x + 4|-5,x ER, 
a sketch the graph of y = p(x) 


graph. 


ae ge 
' Online ) Explore the solution using = 


technology. 


Hint ) For part b transform the graph of y = |x| by: 


+ Atranslation by vector ig) 


+ Avertical sketch with scale factor 5 


+ Atranslation by vector on) 


b shade the region of the graph that satisfies y => p(x). 


Given that q(x) = —3|x| + 6,x € R, 
a sketch the graph of y = q(x) 


b shade the region of the graph that satisfies y < q(x). 


The function f is defined as 

fixh 4x+ 6/4 1,xER. 

a Sketch the graph of y = f(x). 

b State the range of the function. 


c Solve the equation f(x) = _3x +1. 


Given that g(x) = 2x —2|+7,x ER, 


a sketch the graph of y = g(x) 
b state the range of the function 
c solve the equation g(x) =x + 1. 
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The functions m and n are defined as 

m(x)=-2x+k,xER Problem-solving 

n(x) =3|x-4/+6,xER m(x) = n(x) has no real roots means that y = m(x) 
, and y = n(x) do not intersect. 


where & is a constant. 


The equation m(x) = n(x) has no real roots. 
Find the range of possible values for the constant k. (4 marks) 


The functions s and t are defined as 
s(x) =-10-x,xER 

t(x) = 2|x + b|-8,x ER 

where b is a constant. 


The equation s(x) = t(x) has exactly one real root. Find the value of b. (4 marks) 


The function h is defined by 


2 al 
h(x) = 3 [x — l|-7,xER 
The diagram shows a sketch of the graph y = h(x). 
a State the range of h. (1 mark) O x 
b Give a reason why h~! does not exist. (1 mark) 
c Solve the inequality h(x) < -6. (4 marks) 


y= h(x) 


d State the range of values of & for which the 


equation h(x) = ox +k has no solutions. (4 marks) 


The diagram shows a sketch of part of the graph 
y = h(x), where h(x) = a - 2|x + 3|,xER. 
The graph intercepts the y-axis at (0, 4). 


a Find the value of a. (2 marks) 
b Find the coordinates of P and Q. (3 marks) 
c Solve h(x) = aK + 6. (5 marks) 


The diagram shows a sketch of part of the graph y = m(x), ay 
where m(x) = —4|x + 3] + 7,x ER. 
a State the range of m. (1 mark) 
b Solve the equation m(x) = 2x + 2. (4 marks) O Ed 
Given that m(x) = k, where k is a constant, has two distinct 

-5 
roots 

y=m(x) 

c state the set of possible values for k. (4 marks) 


Challenge 


1 The functions f and g are defined by 
f(x) =2|x-4|-8,xER 


g(x) =x-9,xER 


The diagram shows a sketch of the graphs of y = f(x) and y = g(x). 


wails) 


y= g(x) 


a Find the coordinates of the points A and B. 
b Find the area of the region R. 


2 The functions f and g are defined as: ya 
f(x) =-|x-3]+10,xER 
g(x) =2|x-3|/+2,xER 
Show that the area of the shaded region is “ 


Functions and graphs 


y= g(x) 


y=t) 


Mixed exercise Ceo 


1 a On the same axes, sketch the graphs of y= 2 — x and y =2|x + ll. 
b Hence, or otherwise, find the values of x for which 2 — x = 2|x + 1]. 


2 The equation |2x — 11|= +x + k has exactly two distinct solutions. 


Find the range of possible values of k. 


2 Seite 5 2e ix +8. 


4 a On the same set of axes, sketch y = |12 — 5x| and y = —2x + 3. 


b State with a reason whether there are any solutions to the equation 
[12 — 5x|=-2x +3 


ey il 


(4 marks) 
(4 marks) 
(3 marks) 
(2 marks) 
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5 For each of the following mappings: 


54 


i state whether the mapping is one-to-one, many-to-one or one-to-many 


ii state whether the mapping could represent a function. 


a 


VA b 


The function f(x) is defined by 
= <1 
f(x) = { xX, XxX 


xy 


> 
O x O 


| | \/ 
yA ; f yA 


Yo 


O 1 a O x 


x-2, x>1 

a Sketch the graph of f(x) for -2 <x <6. (4 marks) 
b Find the values of x for which f(x) = ~5 (3 marks) 
The functions p and q are defined by 
pixex74+3x-4,xER 
q:xh2x4+1,xER 
a Find an expression for pq(x). (2 marks) 
b Solve pq(x) = qq(x). (3 marks) 
The function g(x) is defined as g(x) = 2x + 7, {x ER, x = 0}. 
a Sketch y = g(x) and find the range. (3 marks) 
b Determine y = g-!(x), stating its range. (3 marks) 
c Sketch y = g-!(x) on the same axes as y = g(x), stating the relationship between the 

two graphs. (2 marks) 
The function f is defined by 

fi xb cate {xER,x> 1} 
a Find f-!(x). (4 marks) 
b Find: i the range of f-!(x) 
ii the domain of f-!(x) (2 marks) 


Functions and graphs 


10 The functions f and g are given by 


fi xb {x ER, x > 1} 


Bal eet 
gx 2, {x ER, x > 0} 

a Show that f(x) = a erey 

b Find the range of f(x). (1 mark) 

c Solve gf(x) = 70. (4 marks) 


(3 marks) 


() 11 The following functions f(x), g(x) and h(x) are defined by 
f(x) =4(x - 2), {x ER, x = 0} 
g(ix)=x3 +1, {xER} 
h(x) = 3", {x € R} 
a Find f(7), g(3) and h(—2). b Find the range of f(x) and the range of g(x). 
c Find g-!(x). d Find the composite function fg(x). 
e Solve gh(a) = 244. 


12 The function f(x) is defined by f:x B x? + 6x — 4, x ER, x > a, for some constant a. 
a State the least value of a for which f-! exists. (4 marks) 
b Given that a = 0, find f-!, stating its domain. (4 marks) 


13 The functions f and g are given by 
f:xH 4x- 1, {x E R} 
se 
cae a hn eae 
Find in its simplest form: 
a the inverse function f-! (2 marks) 
b the composite function gf, stating its domain (3 marks) 
c the values of x for which 2f(x) = g(x), giving your answers to 3 decimal places. (4 marks) 


@) 14 The functions f and g are given by 
reer {x ER, x #2} 


{x ER, x #0} 

a Find an expression for f-!(x). (2 marks) 
b Write down the range of f-!(x). (1 mark) 
c Calculate gf(1.5). (2 marks) 
d Use algebra to find the values of x for which g(x) = f(x) + 4. (4 marks) 


15 The function n(x) is defined by 


S5-x, x <0 
a x4, x>0 


a Find n(-3) and n(3). b Solve the equation n(x) = 50. 
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16 g(x) = tan x, -180° < x < 180° 
a Sketch the graph of y = g(x). 
b Sketch the graph of y = |g(x)]. 
c Sketch the graph of y = g(x). 


@) 17 The diagram shows the graph of f(x). 
The points 4(4, —3) and B(9, 3) are turning points on the 


graph. 

Sketch on separate diagrams, the graphs of 

a y=f(2x)+1 (3 marks) O 
b y=|f(x)| (3 marks) 

ec y=-f(x - 2) (3 marks) 


Indicate on each diagram the coordinates of any turning 
points on your sketch. 


© 18 Functions f and g are defined by 
fixnH4—-x, {x € R} 


gx 3x?, {x ER} 
a Write down the range of g. (1 mark) 
b Solve gf(x) = 48. (4 marks) 


c Sketch the graph of y = |f(x)| and hence find the values of x for which |f(x)| = 2. (4 marks) 


19 The function f is defined by f:x + |2x — al, {x € R}, where a is a positive constant. 


a Sketch the graph of y = f(x), showing the coordinates of the points where the graph 
cuts the axes. (3 marks) 


b Ona separate diagram, sketch the graph of y = f(2x), showing the coordinates of the 
points where the graph cuts the axes. (2 marks) 


c Given that a solution of the equation f(x) = ox is x = 4, find the two possible 
values of a. (4 marks) 


20 a Sketch the graph of y = |x — 2a|, where a is a positive constant. Show the coordinates 
of the points where the graph meets the axes. (3 marks) 
b Using algebra solve, for x in terms of a, |x — 2a] = ix. (4 marks) 
c Ona separate diagram, sketch the graph of y = a — |x — 2a|, where a is a positive constant. 


Show the coordinates of the points where the graph cuts the axes. (4 marks) 


21 a Sketch the graph of y = |2x + al, a> 0, showing the coordinates of the points where 


the graph meets the coordinate axes. (3 marks) 
b On the same axes, sketch the graph of y = + (2 marks) 
c Explain how your graphs show that there is only one solution of the equation 

x|2x + al- 1=0 (2 marks) 
d Find, using algebra, the value of x for which x|2x + a| — 1 = 0. (3 marks) 
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22 The diagram shows part of the curve with equation y = f(x), where 
f(x) = x? - 7x + 5Inx+8, x>0 


The points 4 and B are the stationary points of the curve. 


yA 
a Using calculus and showing your working, find the j 
coordinates of the points A and B. (4 marks) : ee 
b Sketch the curve with equation y = —3f(x — 2). (3 marks) 
c Find the coordinates of the stationary points of the ss 
curve with equation y = —3f(x — 2). State, without > 
proof, which point is a maximum and which point a * 
is aminimum. (3 marks) 
23 The function f has domain —5 < x <7 and is linear from 
(-5, 6) to (-3, -2) and from (—3, —2) to (7, 18). 
The diagram shows a sketch of the function. 
a Write down the range of f. (1 mark) 
b Find ff(-3). (2 marks) 
c Sketch the graph of y = |f(x)|, marking the points at 
which the graph meets or cuts the axes. (3 marks) (Saese! 
The function g is defined by g: x B® x* — 7x + 20. 
d Solve the equation fg(x) = 3. (3 marks) 
() 24 The function p is defined by ya 
p: x -2|x + 4| + 10 
The diagram shows a sketch of the graph. 
a State the range of p. (1 mark) 
b Give a reason why p™! does not exist. (1 mark) c " 
c Solve the inequality p(x) > -4. (4 marks) ? . 
d State the range of values of k for which the equation 
p(x) = -3x + k has no solutions. (4 marks) y= plx) 


Challenge 


a Sketch, ona single diagram, the graphs of y = a* — x* and y =|x + al, 
where ais a constant and a> 1. 


b Write down the coordinates of the points where the graph of y = a* — x* 
cuts the coordinate axes. 


c Given that the two graphs intersect at x = 4, calculate the value of a. 
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Summary of key points 


1 


wo onniu 


10 


A modulus function is, in general, a function of the type y = |f(x)]. 
@ When f(x) = 0, |F(x)| = f(x) 
@ When f(x) <0, |f(x)| = —-f(x) 


To sketch the graph of y = |ax + b|, sketch y = ax + b then reflect the section of the graph 
below the x-axis in the x-axis. 


A mapping is a function if every input has 


bal ‘ ; ey Ear = 3 / 
a distinct output. Functions can either be ea E+ 
one-to-one or many-to-one. L5-& EG 
one-to-one many-to-one not a function 
function function 


fg(x) means apply g first, then apply f. 
fg(x) = f(g) 


g f 


fg 
Functions f(x) and f-!(x) are inverses of each other. ff-!(x) = x and f-!f(x) = x. 
The graphs of y = f(x) and y = f-!(x) are reflections of each another in the line y = x. 
The domain of f(x) is the range of f-1(x). 
The range of f(x) is the domain of f-1(x). 


To sketch the graph of y = |f(x)| 

e@ Sketch the graph of y = f(x) 

e Reflect any parts where f(x) < 0 (parts below the x-axis) in the x-axis 
@ Delete the parts below the x-axis 


To sketch the graph of y = f(|x|) 
@ Sketch the graph of y = f(x) for x = 0 
@ Reflect this in the y-axis 


f(x + a) is a horizontal translation of —a. 
f(x) + ais a vertical translation of +a. 

f(ax) is a horizontal stretch of scale factor + 
af(x) is a vertical stretch of scale factor a. 
f(—x) reflects f(x) in the y-axis. 


—f(x) reflects f(x) in the x-axis. 


Sequences and series 


After completing this chapter you should be able to: 


e@ Find the nth term of an arithmetic sequence — pages 60-62 
e@ Prove and use the formula for the sum of the first 
n terms of an arithmetic series — pages 63-66 
Find the nth term of a geometric sequence — pages 66-70 
Prove and use the formula for the sum of a finite 
geometric series — pages 70-73 
@ Prove and use the formula for the sum to infinity of 
a convergent geometric series — pages 73-76 
Use sigma notation to describe series — pages 76-78 
Generate sequences from recurrence relations — pages 79-83 


Model real-life situations with sequences and series — pages 83-86 


Prior knowledge check : 
4 1 Write down the next three terms of each 
sequence. 
&) 2, tf, 2, ihe b 11,8,5,2 
c -15, -9, -3,3 d 3, 4 a 24 
iL al al al 
Cb a 16 c= ee “14 


2! 4! 8’ 16 
< GCSE Mathematics 


Sequences and series can be 
found in nature, and can be used 
to model population growth or 
decline, or the spread of a virus. oe b 0.2* = 0.0035 

— Exercise 31, Q12 “a CG 43h S713 132 € Year 1, Section 14.6 


UA 


2. Solve, giving your answers to 3 s.f.: 
a 2*=50 


Chapter 3 


(oe Arithmetic sequences 


= In an arithmetic sequence, the difference ‘ : ; 
An arithmetic sequence is 


between consecutive terms is constant. sometimes called an arithmetic progression. 


+2042 «O42 This sequence is arithmetic. The difference between 


12.5, 10, 75, 5, consecutive terms is +2. The sequence Is Increasing. 
a 


“2.5 -25 -2.5 |__ This sequence is arithmetic. The difference between 
4 7% 12 19 consecutive terms is —2.5. The sequence is decreasing. 
+300°«45 «47 | The difference is not constant so the sequence is 


not arithmetic. 


= The formula for the nth term of an arithmetic sequence is: ' Notation ] iaquecuencen 
u,=a+(n—1)d sequences and series: 


where a is the first term and dis the common difference. e u, is the nth term 
e ais the first term 


e dis the common difference 


Example 


The nth term of an arithmetic sequence is u, = 55 — 2n. t Online ) ie eee 
a Write down the first 5 terms of the sequence. on your calculator to generate 


terms in the sequence for this 


b Find the 99th term in the sequence. : 
function, or to check an nth term. 


c Find the first term in the sequence that is negative. 


au,=55-2n 
n=1 — w=55- 2(1)=53 


n=2 + UW=55 - 2(2)=51 —— 
n=4 — u,=55 - 2(4) =47 
> Uus=55- 2(5) = 45 


n 
=O 255 Problem-solving 


VS 27S To find the first negative term, set wu, <0 and 
n= 28 solve the inequality. is the term number so it 
log = 55 — 2(28) = -1 must be a positive integer. 
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Example 


Find the mth term of each arithmetic sequence. 


a 6, 20, 34, 48, 62 
b 101, 94, 87, 80, 73 


a @=G6,d=14-s 


Sequences and series 


U,= 6 + 14(n — 1) + 
u,= 6 + 14n - 14 
u,= 14n- 6 


b a=101,d=-7 
u,= 101 — 7(n — 1) 
n= 101 = fn 7 
u,= 108 — 7n 


Example 3) 


A sequence is generated by the formula uw, = an + b 


where a and b are constants to be found. 


Given that uw; = 5 and ug = 20, find the values of 


the constants a and b. 


t Watch out ] If the sequence is decreasing then d 


is negative. 


Problem-solving 


You know two terms and there are two 
unknowns in the expression for the mth term. 
You can use this information to form two 
simultaneous equations. < Year 1 Section 3.1 


uz = 5,50 3a+b=5. (1) 
—ae 
Us = 20, 50 8a+ b= 20. (2) 


|__§_____ 


Exercise 3A) 


1 For each sequence: 


i write down the first 4 terms of the sequence 


ii write down a and d. 


a u,=5n+2 b u,=9-2n 


ee “Substitute = Band y=20inu=an+b, 
5a= 15 
a=2 
Substitute a= 3 in (1): 
94+b=5 
b=-4 
Constants are a = 3 and b= -4. 


c u,=7+0.5n d u,=n-—10 
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Find the mth terms and the 10th terms in the following arithmetic progressions: 


a 5,7,9,11,... b 5, 8,11, 14,... 
c 24, 21, 18, 15,... d -1,3,7, 11,... 
e x, 2x, 3x, 4x, ... f a,at+d,a+t+2d,a+3d,... 
Calculate the number of terms in each of the following Problem-solving 
arithmetic sequences. 
Find an expression for w, and 
a 3,7, 11,..., 83, 87 b 5,8, 11,..., 119, 122 set it equal to the final term 
c 90, 88, 86, ..., 16, 14 d 4,9, 14, ..., 224, 229 in the sequence. Solve the 
e x, 3x, 5x, ..., 35x equation to find the value of n. 


f a,at+d,a+2d,...,a+(n-1)d 


The first term of an arithmetic sequence is 14. The fourth term is 32. Find the common 
difference. 


A sequence is generated by the formula u,,= pn + q where p and q are constants to be found. 
Given that ug = 9 and uw, =11, find the constants p and g. 


For an arithmetic sequence u;= 30 and u.= 9. Find the first negative term in the sequence. 


The 20th term of an arithmetic sequence is 14. The 40th term is —6. Find the value of the 10th 
term. 


The first three terms of an arithmetic sequence are 5p, 20 and 3p, where p is a constant. 
Find the 20th term in the sequence. 


The first three terms in an arithmetic sequence are —8, k?, 17k ... 


Find two possible values of k. (3 marks) 
An arithmetic sequence has first term k* and common Problem-solving 


difference k, where k > 0. The fifth term of the sequence is 41. 
Find the value of k, giving your answer in the form p + qV5, 
where p and gq are integers to be found. (4 marks) 


You will need to make use 
of the condition k > Oin 
your answer. 


Challenge 


The nth term of an arithmetic sequence is w,, = In a+ (n — 1) In b where 
aand b are integers. uw, = [n 16 and uw, = In256. Find the values of a 
and 6. 
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= An arithmetic series is the sum of the terms of an 
arithmetic sequence. 


5,7,9, 11 is an arithmetic sequence. 
5+7+9+411is an arithmetic series. 


Example a) 


Prove that the sum of the first 100 natural numbers is 5050. 


Stoo = + + to + + + (1) 
Sioo = + + tot = ao (2) 
Adding (1) and (2): 


ax Si00 = 100 ¥ 107 


100 x 101 
2 


5050 


Sioo = 


= The sum of the first 7 terms of an arithmetic series 
is given by the formula 


S, = 5 (2a+ (n—1)d) 


where a is the first term and d is the common difference. 


You can also write this formula as 
n 
S= 5 (a+l) 


where /is the last term. 


Sequences and series 


t Notation ] S,, is used for the 


sum of the first 7 terms of a 
series. 


Problem-solving 


Write out the sum longhand, then 
write it out in reverse. You can pair 
up the numbers so that each pair 
has a sum of 101. There are 100 
pairs in total. 


Prove that the sum of the first 7 terms of an arithmetic series is 3 (2a + (n—-1)d). 


S,=a+(at+d)+(a+2d)+... 
+ (a+(n—- 2)d)+(at+(n-1)d) (1) — 
S, = (a+ (n—1)d) + (a+ (n - 2)d) +... 
+ (a+ 2d)+(a+d)+a (2) — 
Adding (1) and (2): 
2x S, =n(2a + (n - 1)d) 


n 
Sn = 5 (2a + (a - Nd) Problem-solving 


You need to learn this proof for your exam. 
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Example 


Find the sum of the first 50 terms of the arithmetic series 32 + 27 +224+174+124... 


a=32,d=-5- 


Sso = 22 (2(32) + (50 ~ 1)(-5)) + 


Sso = -4525 * 


Example & 


Find the least number of terms required for the sum of 4+9+ 144 19+... to exceed 2000. 


44+9+4+14419 +4... > 2000 + 


Using SS, = (2a +(n—1)d) 
2000 = ze x 4+ (n— 1)5) 
4000 = n(& + 5n— 5) 
4000 = n(5n + 3) 
4000 = 5n?2 + 3n 

O = 5n2 + 3n - 4000 
273 #9 + 80000 ————— 
10 
n= 28.0 or -28.6 


i 


28 terms are needed. + 


Exercise 3B) 


1 Find the sums of the following series. 


a 34+74+114+14+... (20 terms) b 2+6+10+ 14+... (15 terms) 

c 30+274+ 244+ 21+... (40 terms) d 5+1+-3+-7+... (14 terms) 

aad aais Hint ) For parts e to h, start 
£47 104 404 91 by using the last term to 
g 344+294+244+19+...4+-111 work out the number of 

h (x+1)+(2x+1)+Gx41)+...+ (21x41) ee ee. 


2 Find how many terms of the following series are needed to make the given sums. 
a 5+8+114+14+...=670 
b 34+8+134+18+...= 1575 
c 64+62+60+...=0 
d 34+ 30+ 26+ 22+...=112 


Hint ) Set the expression for S,, equal to the 
total and solve the resulting equation to find n. 
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Find the sum of the first 50 even numbers. 


Find the least number of terms for the sum of 7 + 12+ 17+ 22 + 27 +... to exceed 1000. 


The first term of an arithmetic series is 4. The sum to 20 terms is —15. Find, in any order, the 
common difference and the 20th term. 


The sum of the first three terms of an arithmetic series is 12. If the 20th term is —32, find the 
first term and the common difference. 


Prove that the sum of the first 50 natural numbers Problem-solving 


ie Use the same method as Example 4. 


Show that the sum of the first 2 natural numbers is n(2n + 1). 

Prove that the sum of the first n odd numbers is 7. 

The fifth term of an arithmetic series is 33. The tenth term is 68. The sum of the first 
n terms is 2225. 


a Show that 7n?+ 3n — 4450 = 0. (4 marks) 
b Hence find the value of 7. (1 mark) 


An arithmetic series is given by (kK + 1) + (24 + 3) + (3k +5) +... + 303 


a Find the number of terms in the series in terms of k. (1 mark) 
b Show that the sum of the series is given by eet (3 marks) 
c Given that S;, = 2568, find the value of k. (1 mark) 


a Calculate the sum of all the multiples of 3 from 3 to 99 inclusive, 
34+64+94+...4+99 (3 marks) 
b In the arithmetic series 
4p + 8p + 12p +...+ 400 
where p is a positive integer and a factor of 100, 
i find, in terms of p, an expression for the number of terms in this series. 
20.000 


ii Show that the sum of this series is 200 + Pp (4 marks) 
c Find, in terms of p, the 80th term of the arithmetic sequence 
(3p + 2), Sp + 3), (7p + 4), ... 
giving your answer in its simplest form. (2 marks) 
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13 Joanna has some sticks that are all of the same length. /\ 
She arranges them in shapes as shown opposite and has made the Row | I 
following 3 rows of patterns. J\/\ 
She notices that 6 sticks are required to make the single pentagon in Row 2 = | 
the first row, 11 sticks in the second row and for the third row she needs a 
16 sticks. /\/\/\ 
Row 3 
a Find an expression, in terms of n, for the number of sticks required _ I I 
to make a similar arrangement of n pentagons in the nth row. (3 marks) 


Joanna continues to make pentagons following the same pattern. She continues until she has 
completed 10 rows. 
b Find the total number of sticks Joanna uses in making these 10 rows. (3 marks) 


Joanna started with 1029 sticks. Given that Joanna continues the pattern to complete 
k rows but does not have enough sticks to complete the (k + 1)th row: 


c show that k satisfies (5k — 98)(k + 21) <0 (4 marks) 
d_ find the value of k. (2 marks) 


Challenge 


An arithmetic sequence has mth term uw, = In9 + (7 — 1) In 3. Show that 
the sum of the first 7 terms = a [n3”°*3" where a is a rational number to 
be found. 


E> Geometric sequences 


= A geometric sequence has a common ratio between 
: ; CEEESD A geometric 


consecutive terms. : 
sequence is sometimes called 


To get from one term to the next you multiply by the a geometric progression. 
common ratio. 

2 4 8 16 This is a geometric sequence with common 

STL SS 


x2 x2 x2. ratio 2. This sequence is increasing. 
rrr CEEDD tpenevcsence 
2’ 6’ 18’ 54 This is a geometric sequence A geometric sequence with 
a der nee & with common ratio 2. This a common ratio |r| < 1 converges. This 
i ie ia sequence is decreasing but means it tends to a certain value. You 


will never get to zero. call the value the limit of the sequence. 


5, -10, 20, -40, 80 

ee 2 EDD rane 

x(-2) x2) x2) x2) Here the common ratio is —2. An alternating sequence 
is a sequence in which terms are 


alternately positive and negative. 


— The sequence alternates between 
positive and negative terms. 


= The formula for the mth term of a geometric sequence is: 
u,= ar"~+ 
where a is the first term and r is the common ratio. 
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Example 


Sequences and series 


Find the i 10th and ii mth terms in the following geometric sequences: 


a 3, 6, 12, 24, «. 
b 40, =20, 10,.=5,, 53. 


a 3, 6:12; 24) vcs * 
LAN ANA 


i 10th ternm=3 «2? 
S24 512 
= 1536 

ii mth term = 3x 2" 


i 


b AQ, =—20, 10; :—5, ssi 


SSI TT 

i 10th term= 40 x (-4)” 
= 40 x alo 
_ 5 
= ey 


ii nth term = 40 x (-4)" 


Example © 


[ 


ll ll ll 
Taga 
SS: & 
= 
x nN ® 
x 
x x 
lena | 
] | p= 
os rhol= = 
= i 


The 2nd term of a geometric sequence is 4 and the 4th term is 8. Given that the common ratio is 
positive, find the exact value of the 11th term in the sequence. 


nth term = ar""', so the 2nd term is ar, and 
the 4th term is ar? 


ar=4 (1) 
ar? = 8 (2) 


Dividing equation (2) by equation (1): 


ae _8 
ar 4 
r=2 
pave 


Problem-solving 


You can use the general term of a geometric 
sequence to write two equations. Solve these 
simultaneously to find a and rz, then find the 11th 
term in the sequence. 


6 


NJ 


Chapter 3 


Substituting back into equation (1): 


av2 =4 
isd 
fe 


a=2/2 - 


nth term = ar"-', so 


Vth term = (2V2)(V2)'9 


ve ‘Soyoreomroman ie 


The numbers 3, x and (x + 6) form the first three terms of a geometric sequence with all positive terms. 


Find: 
a_ the possible values of x, b the 10th term of the sequence. 
Problem-solving 
Ua U3 
i” a. Ue In a geometric sequence the ratio between 
Uu Uu 
x _~X+6 consecutive terms is the same, so = = Z 
3 x al 2 
= 3a 2) ee ee fraction ae : oe 
uadratic equation. € Year 1, n3. 
x2 = 3x 418 q qu ear 1, Sectio 


x? —- 3x -18=0 
(x -— G)(x + 3)=0O - 
x =Gor-3 


So x is either G6 or —3, but there are no 
negative terms sox = 6. 


b 10th term = ar? 
=3x2°- 
=3.% 512 
= 1536 
The 10th term is 1536. 


Example 


What is the first term in the geometric progression 3, 6, 12, 24, ... to exceed | million? 


Problem-solving 


nth term = ar 
=3xo2r'. Determine a and r, then write an inequality using 
the formula for the general term of a geometric 
We want mth term > 1000 000 sequence. 
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So 3 x 2"! > 1000000 


1 OOO OOO 
3 


f OOO eee 


atl. 
log 2" > log 


(n — 1) log2 > log POR SOP | 


( OOO 208} 
0g| 5. 


n-1> a 


=, (100000 | 
1 000 OOO 


log(2) 


The 2Oth term is the first to exceed 
1000 OOO. 


Exercise 3) 


n-1 > 16.35 (2 dp) 
n=20 


' Online ) Use your calculator to check es 


your answer. 


1 Which of the following are geometric sequences? For the ones that are, give the value of the 


common ratio, r. 

aT, 24, 8, 10,32, <a 
¢ 40, 36, 32, 28, «.. 

é. 10, 5,.2.5, 1.25, sx. 
dae Mabe SM ake RS Ae Pas eee 


b 2, 3, 8, 11, 14, «<. 

d 2, 6, 18, 54, 162, ... 
325.5; 
Apt, 0.25, =0,0623 5.0 


2 Continue the following geometric sequences for three more terms. 


a 5,15, 45, ... 
ce 60, 30, 15, ... 
Ce LPP oux 


@) 3 If 3, x and 9 are the first three terms of a geometric 


sequence, find: 
a the exact value of x, 


b the exact value of the 4th term. 


b 4, -8, 16, ... 
i 

dle 

f x, —2x?, 4x3, ... 


Problem-solving 


In a geometric sequence the common 


u Uu 
ratio can be calculated by PA or oe 


4 Find the sixth and nth terms of the following geometric sequences. 


a 2,6, 18, 54, ... 
ec 1,-2,4,-8,... 


be 100, 30,25, 1255) ia 
O° To Lb, V2, 1338 os 


5 The nth term of a geometric sequence is 2 x 5”. Find the first and Sth terms. 


6 The sixth term of a geometric sequence is 32 and the 3rd term is 4. Find the first term and the 


common ratio. 
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7 A geometric sequence has first term 4 and third term 1. Find the two possible values of the 
6th term. 


8 The first three terms of a geometric sequence are given by 8 — x, 2x, and x? respectively where 


x>0. 

a Show that x3 - 4x? =0. (2 marks) 
b Find the value of the 20th term. (3 marks) 
c State, with a reason, whether 4096 is a term in the sequence. (1 mark) 


9 A geometric sequence has first term 200 and a common ratio p where p > 0. 


The 6th term of the sequence is 40. 
a Show that p satisfies the equation 5 log p + log 5 = 0. (3 marks) 
b Hence or otherwise, find the value of p correct to 3 significant figures. (1 mark) 


@) 10 A geometric sequence has first term 4 and fourth term 108. Find the smallest value of & for 


which the Ath term in this sequence exceeds 500 000. 


@) 11 The first three terms of a geometric Problem-solving 


sequence are 9, 36, 144. State, with a 
reason, whether 383 616 is a term in 
the sequence. 


Determine the values of a and r and find the general 
term of the sequence. Set the number given equal 
to the general term and solve to find n. If n is an 
integer, then the number is in the sequence. 


@) 12 The first three terms of a geometric sequence are 3, —12, 48. State, with a reason, whether 


49 152 is a term in the sequence. 


@) 13. Find which term in the geometric progression 3, 12, 48, ...1s the first to exceed 1 000 000. 


€ Geometric series 


A geometric series is the sum of the terms of a geometric sequence. 3, 6, 12, 24, ... isa geometric 
sequence. 3+6+12+24+... isa geometric series. 


= The sum of the first 7 terms of a geometric series is given by the formula 


a(i-r”) 
S,= doef r#1 Hint ) These two formulae are equivalent. 
It is often easier to use the first one if r< 1 
air” -1 : 
or S, = . : Maid and the second one if r> 1. 


where a is the first term and r is the common ratio. 
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A geometric series has first term a and common difference 7. Prove that the sum of the first 7 terms 
a(l — r”) 
be 


of this series is given by S,, = 


let S,=a+t+art+ar? +ar? +... ar’? + ar 


S,(1-—7r) =a(l - 7") 
a(i — r”) 
1-r 


S, = 


) 


Sequences and series 


(1) 
(1) = (2) gives. S$, — 7S, = a — ar" 


Example 


Find the sums of the following geometric series. 


a 2+6+18+54+... (for 10 terms) 
b 1024-512 + 256-128+...+1 


a Series is 
2+64+16+ 544... (for 10 terms) 


S0a=2,r=£=3 andn=10 


Problem-solving 


You need to learn this proof for your exam. 


So Sig eee. 59046 - 
3-1 
b Series is 
1024 - 512 + 256-128 +...4+1 
512 1 


So a= 1024, r = —asq = -3 
and the nth term = 1 


1024(-3)"'=1- 


(2) = 1024 
2"! = 1024- 
log 1024 
ee 
log 2 
n-1=10 + 


1o2a(t - +3)" 
eels) 
1024(1 + sus) 
hee = 


= 10245 ~ 683 


2 


7 


ra 
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Example 14) 


Find the least value of n such that the sum of 1+ 2+4+4+8+4+... tom terms exceeds 2000 000. 


1(2" — 1) Problem-solving 


Sum to n terms is S, = 


2-1 Determine the values of a and r, then use the 
=2"-1 formula for the sum of a geometric series to form 
If this is to exceed 2000000 then an inequality. 


S, > 2000000 
2" — 1 > 2000000 
n log 2 > log(2 000 001) 
0 10g(2) 
n> 209 


Exercise 3D) 


© OQ © 


1 Find the sum of the following geometric series (to 3 d.p. if necessary). 
a 1+2+4+8+... (8 terms) b 32+16+8+... (10 terms) 
2 4 8 256 


Og te 75 * Baars 


d 4-12+36- 108+... (6 terms) 


a0. 2) 


f -5+4-3° 7 32768 


e 729-243 +81 -...-4 


2 A geometric series has first three terms 3 + 1.2 + 0.48... Evaluate Sj. 


3 A geometric series has first term 5 and common ratio <. Find the value of Ss, giving your 
answer to 4 d.p. 


4 The sum of the first three terms of a geometric series is 30.5. If the first term is 8, find possible 
values of r. 


5 Find the least value of n such that the sum 3+ 64+ 12+ 24+... tom terms exceeds 1.5 million. 


6 Find the least value of n such that the sum 5+ 4.5 + 4.05 +... tom terms exceeds 45. 


: ; ae. 
7 A geometric series has first term 25 and common ratio = 


Given that the sum to k terms of the series is greater fa 61, 

log(0.024) 
a show that k > To20.6) (4 marks) 
b find the smallest possible value of k. (1 mark) 
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8 A geometric series has first term a and common ratio r. Problem-solving 


The sum of the first two terms of the series is 4.48. 
The sum of the first four terms is 5.1968. Find the two 
possible values of r. (4 marks) 


One value will be positive and 
one value will be negative. 


9 The first term of a geometric series is a and the common ratio is V3. 


Show that S,)= 121a(V3 + 1). (4 marks) 


10 A geometric series has first term a and common ratio 2. A different geometric series has 


first term 5 and common ratio 3. Given that the sum of the first 4 terms of both series 


is the same, show that a = b. (4 marks) 


11 The first three terms of a geometric series are (k — 6), k, (2k + 5), where & is a positive constant. 


a Show that k? — 7k — 30 =0. (4 marks) 
b Hence find the value of k. (2 marks) 
c Find the common ratio of this series. (1 mark) 


d Find the sum of the first 10 terms of this series, giving your answer to the nearest 
whole number. (2 marks) 


[3.5 | Sum to infinity 


You can work out the sum of the first 7 terms of a geometric : 
‘ A d ian h fth 7 4 lled You can write the sum to 
series. As n tends to infinity, the sum of the series is calle RR Reh ce comeniee reece 


the sum to infinity. 
Consider the sum of the first n terms of the geometric series 2+4+8+ 16+... 


The terms of this series are getting larger, so as 7 tends to infinity, S, also tends to infinity. This is 
called a divergent series. 


Now consider the sum of the first m terms of the geometric series 1+5+5+7¢+..- 


The terms of this series are getting smaller. As 1 tends to infinity, S,, gets closer and closer to a finite 


value, S... This is called a convergent series. 
Hint ) You can also write this 


= A geometric series is convergent if and only if |r| < 1, PB an ae eee 


where r is the common ratio. 


a(1 —r”) 
1-r 


When |r| <1, lim ( : 3 _ a lim means ‘the limit as m tends to oo. 


i= You can’t evaluate the expression when 71 is °°, 


The sum of the first 7 terms of a geometric series is given by S,, = 


1-r 


This is because r”? > Oasn—> ~. but as n gets larger the expression gets closer to 
a fixed (or limiting) value. 


= The sum to infinity of a convergent geometric t Watch out ) Veucon onl ucethis formula 


series is given by S,, = i 2 for a convergent series, ie. when |r| < 1. 
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Example 


f 


The fourth term of a geometric series is 1.08 and the seventh term is 0.233 28. 
a Show that this series is convergent. 
b Find the sum to infinity of the series. 


a ar? = 1.08 (1) 
ar® = 0.233 28 (2)- | 


Dividing (2) by (1): 
ar. O233 25 


Sz 6s Problem-solving 


r=06 To show that a series is convergent you need to 
, find r, then state that the series is convergent if 
The series is convergent as |r| = 0.6 <1. Ir]<1 
b Substituting the value of r? into equation 
(1) to find a 


0.216a = 1.06 


_ 1.08 
~ 0.216 


a=5 
Substituting into S., formula: 


Seat 


1-r 


a 


For a geometric series with first term a and common ratio r, S,= 15 and S,, = 16. 
a Find the possible values of r. 
b Given that all the terms in the series are positive, find the value of a. 


a(1 — r+) 
=e (1) + 
a 
i (2) 
16(1 - 74) = 15 
15 
lea 
1 
P=ie 
1 
r=t5 
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re 1 
b As all terms are positive, r = +5 


16 -d)=a 
a=6 


The first term in the series is 8. 


Exercise (36) 


1 


A a &— WwW WN 


EP) 10 


For each of the following geometric series: 
i state, with a reason, whether the series is convergent. 


ii If the series is convergent, find the sum to infinity. 


a 1+0.1+0.01+0.001 +... b 14+24+44+8+4+16+... e 10-54+2.5-1.25+... 
d 2+64+104+14+4... @telelaeiet i. f 34+14+54+G+... 
¢ 044084124164. h 9+8.1+47.29+ 6.561 +... 


A geometric series has first term 10 and sum to infinity 30. Find the common ratio. 
A geometric series has first term —5 and sum to infinity —3. Find the common ratio. 
A geometric series has sum to infinity 60 and common ratio 2. Find the first term. 


A geometric series has common ratio 4 and S.,= 10. Find the first term. 


10000 * 1000000 + -:: 


Find the fraction equal to the recurring decimal 0.23. Hint } Foe 4 
i ~ 100 


For a geometric series a + ar + ar? +..., S;=9 and S., = 8, find the values of a and r 


Given that the geometric series 1 — 2x + 4x? — 8x3+... is convergent, 
a find the range of possible values of x (3 marks) 
b find an expression for S,, in terms of x. (1 mark) 


In a convergent geometric series the common ratio is r and the first term is 2. 
Given that S., = 16 x $3, 


a find the value of the common ratio, giving your answer to 4 significant figures (3 marks) 
b find the value of the fourth term. (2 marks) 
The first term of a geometric series is 30. The sum to infinity of the series is 240. 

a Show that the common ratio, r, is Z (2 marks) 
b Find to 3 significant figures, the difference between the 4th and Sth terms. (2 marks) 


c Calculate the sum of the first 4 terms, giving your answer to 3 significant figures. (2 marks) 
The sum of the first 7 terms of the series is greater than 180. 
d Calculate the smallest possible value of 7. (4 marks) 
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11 A geometric series has first term a and common ratio r. The second term of the series is - and 


the sum to infinity of the series is 8. 


a Show that 647? - 64r + 15 =0. (4 marks) 
b Find the two possible values of r. (2 marks) 
c Find the corresponding two possible values of a. (2 marks) 


Given that r takes the smaller of its two possible values, 
d find the smallest value of 1 for which S, exceeds 7.99. (2 marks) 


Challenge 


The sum to infinity of a geometric series is 7. A second series is formed 
by squaring every term in the first geometric series. 


a Show that the second series is also geometric. 


b Given that the sum to infinity of the second series is 35, show that 
the common ratio of the original series is é 


€ Sigma notation 


= The Greek capital letter ‘sigma’ is used to signify a sum. You write it as )_. You write limits 
on the top and bottom to show which terms you are summing. 


This tells you that are summing 5 Substitute r = 1, r = 2,r = 3, 
the expression in brackets with —|>, (2r—3)=-14+1+3+5+7 r=4,r=5to find the five 
PH VPra 2... Up tora. = terms in this arithmetic series. 


To find the terms in this 


eee : 7 

Look at tie limits carefully: 2 (5 x 2") = 40 + 80 + 160 + 320 + 640 —— geometric series, you 

they don’t have to start at 1. r=3 ee re eee ree 
r=6,7 =f. 


You can write some results that you already know using sigma notation: 


Example @ 


20 
Calculate 5) (4r + 1) 


r=1 


20 cS ° 
M4r+1)= 549413 4+... 481 ETO \eT SO\NINE: 
r=1 


Substitute r = 1, 2, etc. to find the terms in the 
series. 


a=5,d=4 andn= 20 
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S= 5(2a+(n- oe 
= (2 x 5 + (20 - 1)4) 
= 10110 + 19 x 4) 


=10x 86 


= 560 t Online arey your answer by using 
your calculator to calculate the sum of 


the series. 
Example 18) 


Find the values of: 
12 12 
a >/5x3*-! b >05 x 3k-! 
k=1 k=5 
12 
a +05 x 3-1 
k=4 
=5+15+45 +... + 
a=5.r=s3 
7 a(r” — 1) 
Sn r-1 
_ 5(3% -1) 
Me a4 
Si> = 1328600 


12 12 4 
b >05 x 3%-1= 305 x Bk-1- Y°5 x BkRI 


k=5 k=1 k=1 
Si = 1328600 : 
Problem-solving 
5(34 - 1) : : 
S4=—3 7 = 200 When we are summing series from k to n, we can 
42 consider the sum of the terms from 1 tom and 
» 5 x 3*-1 = 1328600 — 200 = 1328400 subtract the terms from 1 tok - 1. 
=5: 
1 For each series: 
i write out every term in the series 
ii hence find the value of the sum. 
5 6 5 8 i 
a DGr+l) b o3r ¢ >osin(90r°) a Y2(-3) 
f=1 r=1 r=] r=5 3 
2 For each series: 
i write the series using sigma notation 
ii evaluate the sum. 
a 2+4+6+8 b 2+6+18+54+ 162 ec 64+4.54+3415+0-1.5 
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For each series: 
i find the number of terms in the series 
ii write the series using sigma notation. 


1 2 4 64 
a 74+ 13419 +4...4 157 b 3ty5ta5t--+]6975 ec 8-1-10-19...- 127 
4 Evaluate: 
20 10 100 s iv’ 
a >-(7-2r) b >.3x4’ ec >(2r-8) d y-7(-4] 
r=1 r=1 r=1 r=1 
@) 5 Evaluate: 
30 l 200 100 100 Problem-solving 
a > (5 - | b 24 Gr +4) c 23 x 0.5" d 21 ; . ei 
@) 6 Show that }>2r=n+n?. 
r=1 
() 7 Show that })2r - )0(2r - 1) =n. 
r=1 r=1 
8 Find in terms of k: 
k k k 
a >_4(-2)’ b >_(100 - 2r) e >} (7-2n 
r=1 r=1 r=10 
@) 9 Find the value of 3S 200 x (4) Hint ) > 7(-3) is the sum to infinity of 
r=20 c= 
k the geometric series pe henley Ses 
10 Given that )\(8 + 3r) = 377, a 
r=1 
a show that (34 + 58)(k — 13) =0 (3 marks) 
b hence find the value of k. (1 mark) 
k 
11 Given that }72 x 3” = 59046, 
r=1 
log 19 683 
a_ show that « =——~—~—— (4 marks) 
log 3 
13 
b For this value of k, calculate 5> 2 x 3”. (3 marks) 
r=k+l 
12 A geometric series is given by 1 + 3x + 9x? +... 
The series is convergent. 
a Write down the range of possible values of x. (3 marks) 
Given that 3°(3x)""! =2 
r=1 
b calculate the value of x. (3 marks) 


Challenge 


10 14 
Given that }\ (a+ (r- 1)d) = >> (a+ (r- 1)d), show that d = 6a. 
r=1 ja iil 
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ED Recurrence relations 


If you know the rule to get from one term to the next in a sequence you can write a recurrence relation. 


= Arecurrence relation of the form uw, , , = f(u,) defines each term of a sequence as a function 
of the previous term. 


For example, the recurrence relation w,,,; = 2u,, + 3, u, = 6 produces the following sequence: 


cv 
6, 15, 33, 69, ... Uz = 2u, +3 = 2(6)+3=15 t Watch out ) In order to generate a sequence 
from a recurrence relation like this, you need to 


know the first term of the sequence. 


H 


Example 


Find the first four terms of the following sequences. 


A Un, =U, +4, uu, =7 b uj.,=u,+4 u,=5 


aU, =U, + 4,u,= 7 
Substituting n=1,u,=u,+4=7+4= 11. 
Substituting n = 2,u3 =uU2 +4 =11+4= 15. 
Substituting n = 3,u,=u3, +4 = 15+4=19. 
Sequence is 7, 11, 15, 19, ... 


b Ung, =U, +4,u,=5 = 
Substitutingn =1,u,=u,t4=5+4=9. 
Substituting n = 2,u3,3=uU,t4=94+4=13. 
Substituting n = 3,u,=u,+4=134+4=17. 
SEQUENCES: 3).o% IS l/s, aus 


! 


Example 


A sequence di), d, 43, ... is defined by 
a,=p 
ana = (a,)? - l,n 21 

where p < 0. 


a Show that a; = p* — 2p’. b Given that a, = 0, find the value of p. 
200 
e Find Sca, d Write down the value of a9 


r=1 


aa,=p 


@z = (a)? -1=p?-1- 


az = (a2)* -— 1+ 
= (p2-1)2-1 
=pt— 2p? +1-1 
= pt — 2p* 


Chapter 3 


b p?-1=0 
ps 


p = +! but since p < O is given, p = —1 
c a, =~—1, dp = O, a3 = —1 series alternates 
between —1 and O 


In 200 terms, there will be one hundred 


-15 and one hundred Os. Problem-solving 


200 


Sa, = -100 For an alternating series, consider the sums of the 
rat odd and even terms separately. Write the first few 
d digg = —1 a5 199 is odd terms of the series. The odd terms are —1 and the 
even terms are 0. Only the odd terms contribute 
to the sum. 


Exercise 3G) 


1 Find the first four terms of the following recurrence relationships. 


a Un) =U, +3, u, = 1 b Un +1 =U, —5,U, =9 
C Ung 1 = 2Uy, Uy = 3 d u,4,=2u,+1,u,=2 
Uy, A 
e Uns1 => Ui = 10 f uy. =(u,)-1,u,=2 


2 Suggest possible recurrence relationships for the following sequences. (Remember to state the 


first term.) 

a 3,5, 129) b 20, 17, 14, 11,... e 1,2,4,8, ... 
d.100,.25,.6,25, 1,3625,.., e 1,-1,1,-1,1,... jie ee) lees eee 
© 0,12, 3,20 h 26, 14, 8, 5, 3.5, ... 


3 By writing down the first four terms or otherwise, find the recurrence formula that defines the 
following sequences: 


a u,=2n-1 b u,=3n+2 c u,=n+2 
d uy, = "tt € u,=77 f u,=3"-1 


@) 4 A sequence of terms is defined for n = | by the recurrence relation u,,., = ku, + 2, where k isa 
constant. Given that u, = 3, 


a find an expression in terms of « for uy 
b hence find an expression for uv; 

Given that uv; = 42: 

c find the possible values of k. 


5 A sequence is defined for n = 1 by the recurrence relation 
Ung | = Puy +, Uy = 2 


Given that uv, = —-1 and uw; = 11, find the values of p and q. (4 marks) 
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A sequence is given by 
xX, = 2 
Xn+1 = X,(p -s 3%q) 


where p is an integer. 


a Show that x; = -10p? + 132p — 432. (2 marks) 
b Given that x; = —288 find the value of p. (1 mark) 
c Hence find the value of x4. (1 mark) 


A sequence a, a, 43, ... is defined by 
a= k 
An +1 = 4a, +5 


a Find a; in terms of k. (2 marks) 


4 
b Show that >¢a, is a multiple of 5. (3 marks) 


r=1 


A sequence is increasing if uv, ,,>u,,foralln EN. 


A sequence is decreasing if u,,,,<u,forallaeN. 


A sequence is periodic if the terms repeat in a cycle. t Notation ) 
hp A : The order of 
For a periodic sequence there is an integer & such that Sa 


U,+;, =U, for all n € N. The value k is called the order 
of the sequence. 


periodic sequence is sometimes 
called its period. 


2,3,4, 5... is an increasing sequence. 

—3, -6, -12, -24... is a decreasing sequence. 

—2, 1,-2, 1, -2, 1 is a periodic sequence with a period of 2. 
1, -2, 3, -4, 5, -6... is not increasing, decreasing or periodic. 


Example 


For each sequence: 


i 


state whether the sequence is increasing, decreasing, or periodic. 


ii If the sequence is periodic, write down its order. 


1 ; 
284 =G43,K=7 D Uns = (Un), = 5 ¢ u, = sin(90n°) 


Un+1 > U, for all n, so the sequence is + 


increasing. 
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c u,=sin(Q0°) =1 - 


| | 1 1 
2 4 16" 256°" 
Un+1<U, for all n, so the sequence is 


decreasing. 


Us = sin(160°) = O 


= i c = —| 
uz = sin(270°) t Watch out ) Although every even term of the 


ane =e sequence is 0, the period is not 2 because the 


sin(450°) = 1 odd terms alternate between 1 and -1. 
Uc = sin(540°) = O 


uz = sin(630°) = -1 
The sequence is periodic, with order 4. —— 


= 
a 
Il 


Exercise 3H) 


1 


(7p) 5 
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For each sequence: 
i state whether the sequence is increasing, decreasing, or periodic. 
ii If the sequence is periodic, write down its order. 


a 2,5,8, 11,14 b 3,15, oH e 5, 9,.15,.23, 33 d 3, -3, 3, -3,3 
For each sequence: 

i write down the first 5 terms of the sequence 

ii state whether the sequence is increasing, decreasing, or periodic. 

iii If the sequence is periodic, write down its order. 

a u,=20-3n b u,=2"' ¢ u,=cos(180n°) 

d u,=(-1)" © Uns 1=U,— 5, Uy = 20 f un.) =5-—U,,u, = 20 


2. 
g Uns 1= {Up Uy =k 


The sequence of numbers uw), uv, 3, ... 1S given by u,,,= ku,, uy; = 5. 
Find the range of values of & for which the sequence is strictly decreasing. 


The sequence with recurrence relation u;,, = pu, +g, U; = 5, where p is a constant and g = 10, 
is periodic with order 2. 
Find the value of p. (5 marks) 


A sequence has nth term a, = cos(90n°), n = 1. 


a Find the order of the sequence. (1 mark) 
444 

b Find Soa, (2 marks) 
r=1 


Challenge 


The sequence of numbers 1, uv, U3, ... is given by u,4.2= 


U, = d, U2 = b, where a and b are positive integers. 


a Show that the sequence is periodic for all 
b State the order of the sequence. 


€_ Modelling with series 


Sequences and series 


Hint ) Each term in this 


sequence is defined in 
terms of the previous 
two terms. 


ilar Uns 
Ph oe 


positive a and b. 


You can model real-life situations with series. For example if a person’s salary increases by the same 
percentage every year, their salaries each year would form a geometric sequence and the amount they 
had been paid in total over m years would be modelled by the corresponding geometric series. 


Bruce starts a new company. In year | his profits will be £20000. He predicts his profits to increase 
by £5000 each year, so that his profits in year 2 are modelled to be £25 000, in year 3, £30 000 and 
so on. He predicts this will continue until he reaches annual profits of £100 000. He then models his 


annual profits to remain at £100 000. 


a Calculate the profits for Bruce’s business in the first 20 years. 


b State one reason why this may not be a suitable model. 


c Bruce’s financial advisor says the yearly profits are likely to increase by 5% per annum. 
Using this model, calculate the profits for Bruce’s business in the first 20 years. 


Year 3 P= 30000 


100 000 = 20000 + (n — 1)(5000) 
100 000 = 20000 + 5000n — 5000 
65 000 = 5000n 


65 OOO 
5000 


nS = 17 
Si7z= 2120 OOO) + (17 — 1)(5000)) 


= 1020000 


u, = at (n— 1)d 


S29 = 1020 000 + 3(100 OOO) 

= 1320000 
So Bruce’s total profit after 20 years is 
— £1320000,0 sss 320000. 


Lae 
ese 
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b It is unlikely that Bruce’s profits will 
increase by exactly the same amount each 
year. 


¢ @=2£20000, r=1.05 * 


eet! 
r-1 


So Bruce's total profit after 20 years is 
£661 319.06. 


Example 


H 


ve 20000(1.057° - 1) | 
a 1.05 - 1 
So) = 661319.08 


A piece of A4 paper is folded in half repeatedly. The thickness of the A4 paper is 0.5 mm. 


a Work out the thickness of the paper after four folds. 
b Work out the thickness of the paper after 20 folds. 
c State one reason why this might be an unrealistic model. 


us = 0.5 x 24= 8mm 


b After 20 folds 
te, 0.5: & 22°= 524 266m 


times so the model is unrealistic. 


a. c= 05 fit ra 2 
After 4 folds: « 


c It is impossible to fold the paper that many Problem-solving 


If you have to comment on the validity of a model, 


always refer to the context given in the question. 


Exercise 


1 An investor puts £4000 in an account. Every month 
thereafter she deposits another £200. How much money 


in total will she have invested at the start of a the 10th month 


and b the mth month? 


@) 2 Carol starts a new job on a salary of £20000. 
She is given an annual wage rise of £500 at the end of 
every year until she reaches her maximum salary of 
£25000. Find the total amount she earns (assuming 
no other rises), a in the first 10 years, b over 15 years 
and ¢ state one reason why this may be an unsuitable model. 
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Hint ) At the start of the 6th 


month she will have only 
made 5 deposits of £200. 


Problem-solving 


This is an arithmetic series with 
a= 20000 and d= 500. First find 
how many years it will take her 
to reach her maximum salary. 


Sequences and series 


3 James decides to save some money during the six-week holiday. He saves |p on the first day, 2p 
on the second, 3p on the third and so on. 


a How much will he have at the end of the holiday (42 days)? 
b If he carried on, how long would it be before he has saved £100? 


4 A population of ants is growing at a rate of 10% a year. Problem-solving 
If there were 200 ants in the initial population, 


write down the number of ants after: This is a geometric sequence. 


a=200andr=1.1 
a | year b 2 years c 3 years d 10 years. 


5 A motorcycle has four gears. The maximum speed in bottom gear is 40 kmh~! and the 
maximum speed in top gear is 120 kmh~!. Given that the maximum speeds in each successive 
gear form a geometric progression, calculate, in kmh~! to one decimal place, the maximum 
speeds in the two intermediate gears. 


6 Acar depreciates in value by 15% a year. Problem-solving 
After 3 years it is worth £11 054.25. 
Use your answer to part a to write an 


5 ie aus -_ 
at Waa te Ca Comings DElced inequality, then solve it using logarithms. 


b When will the car’s value first be less than £5000? 


7 A salesman is paid commission of £10 per week for each life insurance policy that he has sold. 
Each week he sells one new policy so that he is paid £10 commission in the first week, 
£20 commission in the second week, £30 commission in the third week and so on. 


a Find his total commission in the first year of 52 weeks. (2 marks) 


b In the second year the commission increases to £11 per week on new policies sold, although 
it remains at £10 per week for policies sold in the first year. He continues to sell one policy 
per week. Show that he is paid £542 in the second week of his second year. (3 marks) 


c Find the total commission paid to him in the second year. (2 marks) 


©) 8 Prospectors are drilling for oil. The cost of drilling to a depth of 50m is £500. To drill a further 


50m costs £640 and, hence, the total cost of drilling to a depth of 100m is £1140. 
Each subsequent extra depth of 50m costs £140 more to drill than the previous 50m. 


a Show that the cost of drilling to a depth of 500m is £11 300. (3 marks) 
b The total sum of money available for drilling is £76 000. Find, to the nearest 50 m, 
the greatest depth that can be drilled. (3 marks) 


©) 9 Each year, for 40 years, Anne will pay money into a savings scheme. In the first year she pays in 


£500. Her payments then increase by £50 each year, so that she pays in £550 in the second year, 
£600 in the third year, and so on. 


a Find the amount that Anne will pay in the 40th year. (2 marks) 
b Find the total amount that Anne will pay in over the 40 years. (3 marks) 


c Over the same 40 years, Brian will also pay money into the savings scheme. In the first year 
he pays in £890 and his payments then increase by £d each year. Given that Brian and Anne 
will pay in exactly the same amount over the 40 years, find the value of d. (4 marks) 
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A virus 1s spreading such that the number of people infected increases by 4% a day. 
Initially 100 people were diagnosed with the virus. How many days will it be before 1000 are 
infected? 


T invest £A in the bank at a rate of interest of 3.5% per annum. How long will it be before I 
double my money? 


The fish in a particular area of the North Sea are being reduced by 6% each year due to 
overfishing. How long will it be before the fish stocks are halved? 


The man who invented the game of chess was asked to name his reward. He asked for | grain 
of corn to be placed on the first square of his chessboard, 2 on the second, 4 on the third and 
so on until all 64 squares were covered. He then said he would like as many grains of corn as 
the chessboard carried. How many grains of corn did he claim as his prize? 


A ball is dropped from a height of 10m. It bounces to a height 

of 7m and continues to bounce. Subsequent heights to which 

it bounces follow a geometric sequence. Find out: 

a_ how high it will bounce after the fourth bounce 

b the total vertical distance travelled up to the point when the ball hits the ground for the sixth 
time. 


Richard is doing a sponsored cycle. He plans to cycle 1000 miles over a number of days. 
He plans to cycle 10 miles on day | and increase the distance by 10% a day. 

a How long will it take Richard to complete the challenge? 

b What will be his greatest number of miles completed in a day? 


A savings scheme is offering a rate of interest of 3.5% per annum for the lifetime of the plan. 
Alan wants to save up £20000. He works out that he can afford to save £500 every year, which 
he will deposit on | January. If interest is paid on 31 December, how many years will it be 
before he has saved up his £20 000? 


Mixed exercise 3) 


1 
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A geometric series has third term 27 and sixth term 8. 


a Show that the common ratio of the series is 5 (2 marks) 
b Find the first term of the series. (2 marks) 
c Find the sum to infinity of the series. (2 marks) 
d Find the difference between the sum of the first 10 terms of the series and the sum 

to infinity. Give your answer to 3 significant figures. (2 marks) 


The second term of a geometric series is 80 and the fifth term of the series is 5.12. 


a Show that the common ratio of the series is 0.4. (2 marks) 
Calculate: 
b the first term of the series (2 marks) 


Sequences and series 


c the sum to infinity of the series, giving your answer as an exact fraction (1 mark) 


d_ the difference between the sum to infinity of the series and the sum of the first 
14 terms of the series, giving your answer in the form a x 10", where 1 <a < 10 
and 7 is an integer. (2 marks) 


3 The nth term of a sequence is u,, where u,, = 95(4)", n=1,2,3,... 


a Find the values of wu, and up. (2 marks) 
Giving your answers to 3 significant figures, calculate: 
b the value of up, (1 mark) 
15 
c ou, (2 marks) 
n=1 
d the sum to infinity of the series whose first term is uw, and whose nth term is u,. (1 mark) 


4 A sequence of numbers w,, U5, ... , U,, ... is given by the formula u,, = 3(2)" — 1 where 1 


is a positive integer. 


a Find the values of u,, u, and u3. (2 marks) 
15 
b Show that >> uw, =—9.014 to 4 significant figures. (2 marks) 
n=1 
2u, — 1 

c Prove that u,,)= a (2 marks) 
5 The third and fourth terms of a geometric series are 6.4 and 5.12 respectively. Find: 

a the common ratio of the series, (2 marks) 

b the first term of the series, (2 marks) 

c the sum to infinity of the series. (2 marks) 

d Calculate the difference between the sum to infinity of the series and the sum of 

the first 25 terms of the series. (2 marks) 

6 The price of a car depreciates by 15% per annum. Its price when new is £20 000. 

a Find the value of the car after 5 years. (2 marks) 

b Find when the value will be less than £4000. (3 marks) 
7 The first three terms of a geometric series are p(3q + 1), p(2g + 2) and p(2q - 1), 

where p and q are non-zero constants. 

a Show that one possible value of ¢ is 5 and find the other possible value. (2 marks) 

b Given that g = 5, and the sum to infinity of the series is 896, find the sum of the 

first 12 terms of the series. Give your answer to 2 decimal places. (4 marks) 
8 a Prove that the sum of the first 7 terms in an arithmetic series is 
= 5 (2a + (n-1)d) 

where a = first term and d = common difference. (3 marks) 

b Use this to find the sum of the first 100 natural numbers. (2 marks) 
9 Find the least value of n for which 5_ (4r — 3) > 2000. (2 marks) 

r=1 
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The sum of the first two terms of an arithmetic series is 47. 

The thirtieth term of this series is —62. Find: 

a the first term of the series and the common difference (3 marks) 
b the sum of the first 60 terms of the series. (2 marks) 


a Find the sum of the integers which are divisible by 3 and lie between | and 400. (3 marks) 


b Hence, or otherwise, find the sum of the integers, from | to 400 inclusive, which are 
not divisible by 3. (2 marks) 


A polygon has 10 sides. The lengths of the sides, starting with the shortest, form an arithmetic 
series. The perimeter of the polygon is 675 cm and the length of the longest side is twice that of 
the shortest side. Find the length of the shortest side of the polygon. (4 marks) 


Prove that the sum of the first 27 multiples of 4 is 4n(2n + 1). (4 marks) 


A sequence of numbers is defined, for m = 1, by the recurrence relation u,,,,; = ku,,— 4, where k is 
a constant. Given that u, = 2: 


a find expressions, in terms of k, for uv, and u3. (2 marks) 
b Given also that u3; = 26, use algebra to find the possible values of k. (2 marks) 


The fifth term of an arithmetic series is 14 and the sum of the first three terms of the series is —3. 
a Use algebra to show that the first term of the series is —6 and calculate the common 
difference of the series. (3 marks) 


b Given that the nth term of the series is greater than 282, find the least possible 
value of n. (3 marks) 


The fourth term of an arithmetic series is 3k, where & is a constant, and the sum of the first six 
terms of the series is 7k + 9. 


a Show that the first term of the series is 9 — 8k. (3 marks) 
b Find an expression for the common difference of the series in terms of k. (2 marks) 
Given that the seventh term of the series is 12, calculate: 

c the value of k (2 marks) 
d the sum of the first 20 terms of the series. (2 marks) 


A sequence is defined by the recurrence relation 


a lead? Pe 


a Show that the sequence is periodic and state its order. (2 marks) 


1000 
b Find )<a, in terms of p. (2 marks) 


r=1 
A sequence @, d, a3, ... is defined by 
a,= k 
Ons, = 2a,+6,n = 1 


where k is an integer. 


/P) 20 


EP) 21 


EP) 22 


Sequences and series 


a Given that the sequence is increasing for the first 3 terms, show that k > p, 


where p is an integer to be found. (2 marks) 

b Find a,in terms of k. (2 marks) 
4 

c Show that ><a, is divisible by 3. (3 marks) 


r=1 


The first term of a geometric series is 130. The sum to infinity of the series is 650. 


a Show that the common ratio, r, is - (3 marks) 
b Find, to 2 decimal places, the difference between the 7th and 8th terms. (2 marks) 
c Calculate the sum of the first 7 terms. (2 marks) 


The sum of the first 7 terms of the series is greater than 600. 
—log 13 
log 0.8 


d Show that n> (4 marks) 


The adult population of a town is 25 000 at the beginning of 2012. 
A model predicts that the adult population of the town will increase by 2% each year, 
forming a geometric sequence. 


a Show that the predicted population at the beginning of 2014 is 26010. (1 mark) 
The model predicts that after n years, the population will first exceed 50 000. 

log2 
b Show that n > Togl.02 (3 marks) 
c Find the year in which the population first exceeds 50 000. (2 marks) 


d Every member of the adult population is modelled to visit the doctor once per year. 
Calculate the number of appointments the doctor has from the beginning of 2012 
to the end of 2019. (4 marks) 


e Give a reason why this model for doctors’ appointments may not be appropriate. ‘(1 mark) 


Kyle is making some patterns out of squares. He has made 3 rows so far. Hy 
a Find an expression, in terms of n, for the number of squares Bow! 

required to make a similar arrangement in the nth row. (3 marks) H 
b Kyle counts the number of squares used to make the pattern Row 2 

in the Ath row. He counts 301 squares. Write down the value 

of k. (1 mark) i 
c In the first g rows, Kyle uses a total of p squares. Row 3 

i Show that g* + 2q -p=0. (3 marks) 

ii Given that p > 1520, find the minimum number of rows 

that Kyle makes. (3 marks) 


A convergent geometric series has first term a and common ratio r. The second term of the 
series is —3 and the sum to infinity of the series is 6.75. 


a Show that 27r? — 27r — 12 =0. (4 marks) 
b Given that the series is convergent, find the value of r. (2 marks) 
c Find the sum of the first 5 terms of the series, giving your answer to 

2 decimal places. (3 marks) 
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Challenge 


A sequence is defined by the recurrence relation w,,,2 = 5u,,1 — 6p. 


a Prove that any sequence of the form uw, = p x 3" + q x 2”, where p and 
q are constants, satisfies this recurrence relation. 


Given that uw, =5 and uw, = 12, 


b find an expression for w,, in terms of n only. 


c Hence determine the number of digits in 2499. 


Summary of key points 


1 


2 


10 
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In an arithmetic sequence, the difference between consecutive terms is constant. 


The formula for the nth term of an arithmetic sequence is wu, = a+ (m — 1)d, where ais the 
first term and dis the common difference. 
An arithmetic series is the sum of the terms of an arithmetic sequence. 


The sum of the first 7 terms of an arithmetic series is given by S, = oi (2a + (n — 1)d), where 
where ais the first term and d is the common difference. 


You can also write this formula as S,, = 5 (a + 1), where /is the last term. 
A geometric sequence has a common ratio between consecutive terms. 


The formula for the nth term of a geometric sequence is uw, = ar"~ 1, where a is the first term 
and r is the common ratio. 


The sum of the first 7 terms of a geometric series is given by 

a(l -r" a(r"-1 
Gee or ce eee 
1-r r-1 


where ais the first term and r is the common ratio. 


ee 41 


A geometric series is convergent if and only if |r| < 1, where r is the common ratio. 


a 


The sum to infinity of a convergent geometric series is given by S,, = hon 


The Greek capital letter ‘sigma’ is used to signify a sum. You write it as )_. You write limits on 
the top and bottom to show which terms you are summing. 


A recurrence relation of the form u,,, = f(u,) defines each term of a sequence as a function of 
the previous term. 


A sequence is increasing if w,,,, >, foralln EN. 
A sequence is decreasing if wu, ,, <u, foralln EN. 


A sequence is periodic if the terms repeat in a cycle. For a periodic sequence there is an 
integer k such that w,, , , =u, for all € N. The value x is called the order of the sequence. 


After completing this chapter you should be able to: 
e@ Expand (1 + x)” for any rational constant nm and determine the range 
of values of x for which the expansion is valid — pages 92-97 


e@ Expand (a+ bx)” for any rational constant m and determine the range 
of values of x for which the expansion is valid — pages 97-100 


e Use partial fractions to expand fractional expressions > pages 101-103 


1 Expand the following expressions in ascending 
powers of x up to and including the term in x°. 


b (5 —2x)?° 6 @=x(24 x6 


= 
. 
’ . 
2 Write each of the following using partial e 
fractions. 
A —14x+7 
(1 + 2x)(1 — 5x) 


24x% + 48x + 24 
(1+ x)(4 - 3x)2 


a (14+ 5x)’ 


< Year 1, Chapter 8 7 


The binomial expansion can 
be used to find polynomial 
approximations for expressions 
involving fractional and negative 
indices. Medical physicists use 
these approximations to analyse 
magnetic fields in an MRI scanner. \ .) 


24x - 1 
(1 + 2x)? 


€ Sections 1.3 and 1.4 


oe Jy) SEE ES 1 ==“ Dts 


Chapter 4 


4.1) Expanding (1 + x)” 
If nis a natural number you can find the binomial expansion for (a + bx)" using the formula: 


i Hint ) There aren +1 


(a + b)" =a" + (‘) + ah + (3) + ab Fae AF ("") talb + + b", (n i= N) terms, so this formula 
produces a finite 
number of terms. 


n 


If nis a fraction or a negative number you need to use this version of 
the binomial expansion. 


= This form of the binomial expansion can be applied to negative or fractional values of 1 to 
obtain an infinite series. 


(1+x)"=1 ae a ra a AEE) oa, re 


+ (Tx ver (Ix] <1, € R) 


2! 3! r 
= The expansion is valid when |x| < 1. 
When nis not a natural number, none of the t Watch out ) This ex parcionevalicirorany real 
factors in the expression AGG = 1) as (n = 1) value of 1, but is only valid for values of x that 
are equal to zero. This means that this version satisfy |x| <1, or in other words, when -1<x< 1. 
of the binomial expansion produces an infinite 


number of terms. 


Find the first four terms in the binomial expansion of 


l+x 


(-1)(-2)(-3)x* 
————— 


3I Faas 


=1-—1x + 1x2 - 1x8 +... ¢° 


=1—-xX+x2-xo 4+... 


= The expansion of (1 + bx)", where nis negative or a fraction, is valid for |bx| < 1, or |x| < ; 
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Example 


Find the binomial expansions of 
a (1—x) 

1 
” (1 + 4x) 


Binomial expansion 


up to and including the term in x°. State the range of values of x for which each expansion is valid. 


a (1 - x)5 


= 1 + (3)(-x) 
(S)(S - 1)(-x)? 
" 2 
(SS - 1G - 2) (x? 
Feil 
(2(-S)(-x) 
z 


= 1 + (3)(-x) + 


positive 


(g-3)(-3)(-2) 
= €& 


a fiotee 15P os . 
=1-— 3x - 5x XP +... 


negative 


+ odd number of negative signs means term is 


t Watch out ) Be careful working out whether each 


term should be positive or negative: 
* even number of negative signs means term is 


The x? term here has 5 negative signs in total, so 


it is negative. 


6! 


Expansion is valid as long as |-x| <1 
= [al <4 


1 + 4x2 


>— 


Oh ade 


=14'C2(4x) 
(-2)(-—2 - 1)(4x)* 
. al 


(-2)(-2 = 1)(-2 = 2)(498 
— 3 ere 


= 1+ (-2)(4x) 
(-2)(-3)16x2 
: 2 
(-2)(-3)(-4)64x° 
+ + 
fs 
ae 


Expansion is valid as long as |4x| <1 


=> |x| <i 


{ Online ) Use technology to explore 


why the expansions are only valid 
for certain values of x. 


| ey ge 
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Example 


a Find the expansion of V1 — 2x up to and including the term in x’. 


b By substituting in x = 0.01, find a decimal approximation to V2. 


a v1 —-2x =(1 - 2x)z 


= 1+ (S\(-2x) 
(SE = 1)(-2x)2 
+ ST 


2! 


(ae — Wg — 2(-2x) 
ar 3 + 


= 14 (A)(-2x) 
(S(-H)(4x2) 
2! 


()(-D(-3)(- 8x?) 
6 


x2 x3 
Sie -2-4 
se 2 


Expansion is valid if 7 a 


= lal <2 


2 
BWfee eon et=cg. 2" 


v0.96 & 1 — 0.01 — 0.00005 
— 0.0000005 


98 
(22 = 0.9899495 


AI x 2 
100 


= 0.9899495 


3) 
N}O 
we 
| 


ae = 0.9899495 


here 0.9899495 x 10 | 


5 
V2 = 1414213571 
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a=. 
vl+5x 


a Find the x? term in the series expansion of f(x). 
b State the range of values of x for which the expansion is valid. 


(1+ Sx) = 14 (-2) 6» 


2! ner 
(-3)(-2)(-3) 
CIN BIN ce 
ot. 85 Fo Beh, 
5 Wee 625 
fo) = 2 + (1 - xX +x? - e+. 
a a ) 16 Online ) Use your calculator to calculate 
75 S €5 the coefficients of the binomial expansion. 
2x a +1*x 3 = a 


x? term is 22x? Problem-solving 


4 
b The expansion is valid if [5x| <1 There are Be ways to we an x* term. 
Either 2 x cs Orx x SX. Add these together to 


=> |x| << 


find the term in x2. 


In the expansion of (1 + kx)~* the coefficient of x is 20. 
a Find the value of k. 
b Find the corresponding coefficient of the x? term. 


= 1+ -4kx + 10k*x? +... 

-4k = 20 
- 
b Coefficient of x? = 10k? = 10(-5)* = 250 


Chapter 4 


Exercise 


1 


2 


3 
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For each of the following, 

i find the binomial expansion up to and including the x* term 
ii state the range of values of x for which the expansion is valid. 
a (l+x)4 b (1+ x)6 ec (1+x): 
d (1+x)3 e (l+x)7 f (l+x)2 


For each of the following, 

i find the binomial expansion up to and including the x? term 

ii state the range of values of x for which the expansion is valid. 
-5 3 

a (1+3x)3 b (1+5x) ce (1 +2x) 

d (1 —5x)3 e (1+6x)7 f (1-2x) ° 

For each of the following, 

i find the binomial expansion up to and including the x* term 

ii state the range of values of x for which the expansion is valid. 


1 1 
2 4 xP : (1 + 3x)4 ues Hint ) ligt, wigs 
3 the fraction as a single 
d v1 — 3x e u f 1 ~ 2x power of (1 — 2x). 
ee 1-2x 
oor, 
l+x 

a ear 
a ae that the series pans of f(x) up to and including the CED Pecan) 

x? term is 1 + 3x + 6x7 + 12x°. (4 marks) eA 2 
b State the range of values of x for which the expansion is valid. 

(1 mark) 
1 1 

f(xj=71 + 3x,—gSx<3 
a Find the series expansion of f(x), in ascending powers of x, up to and including 

the x3 term. Simplify each term. (4 marks) 

. v10 

b Show that, when x = a the exact value of f(x) is i - (2 marks) 
c Find the percentage error made in using the series expansion in part a to estimate 

the value of f(0.01). Give your answer to 2 significant figures. (3 marks) 


In the expansion of (1 + ax)-? the coefficient of x? is 24. 
a Find the possible values of a. 


b Find the corresponding coefficient of the x? term. 


Binomial expansion 


@) 7 Show that if x is small, the expression nee {Notation ] x is small’ means we can assume 
7 I-x the expansion is valid for the x values 
is approximated by 1 + x + 52°. being considered as, high powers become 


insignificant compared to the first few terms. 


6 4 
POG oe Lax 


a Find the series expansion of h(x), in ascending powers of x, up to and including 


the x? term. Simplify each term. (6 marks) 
b Find the percentage error made in using the series expansion in part a to estimate 

the value of h(0.01). Give your answer to 2 significant figures. (3 marks) 
c Explain why it is not valid to use the expansion to find h(0.5). (1 mark) 


9 a Find the binomial expansion of (1 — 3x)? in ascending powers of x up to and including 


the x? term, simplifying each term. (4 marks) 
1 3. 97V97 
b Show that, when x = 100° the exact value of (1 — 3x)? is 1000 (2 marks) 
c Substitute x = a into the binomial expansion in part a and hence obtain an approximation 
to /97. Give your answer to 5 decimal places. (3 marks) 
Challenge 
hex) = (144) ° x>1 
a_ Find the binomial expansion of h(x) in ascending powers of x up to Hint ) Replace x with S 
and including the x2 term, simplifying each term. 


3V10 
10 


b Show that, when x = 9, the exact value of h(x) is 


c Use the expansion in part a to find an approximate value of //10. 
Write your answer to 2 decimal places. 


4.2 | Expanding (a + bx)” 


The binomial expansion of (1 + x)” can be used to expand (a + bx)" for any constants a and b. 


You need to take a factor of a” out of the expression: 


epie (a(1 rn bx) a ar b t Watch out ) Make sure you multiply a” by every 


1+ aX b nh 
term in the expansion of (1 + 2,| : 
a 
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= The expansion of (a + bx)", where n is negative or a fraction, is valid for [P| <1or |x| cs 


Find the first four terms in the binomial expansion of a v4+x b 


1 
(2 + 3x)? 


State the range of values of x for which each of these expansions is valid. 


a V44x=(44+x)2- 


ll 
in) 
as — 
N]— 
Sa Bi 
Yaa as 
Mla plo 
Se 
I — 
as AI & 
—— Se 
as, 
MI= + 
as 
Nl—= 
TN: a 
—— — 
— Listes 
KIX ne 
Se Le} I 
es 
+ a 
: Als 
Saas — 


eae + x + 

~ 8& 128 1024 °" 
X Ke xe 

= 245-2 4=—-+.., 

oe a Ga” Sip 


Expansion is valid if a <1] 


=> |x| <4 


L(y Se « 


b ———— 
(2 + 3x)? 


1 _o{3 
ale, a(S 


)+ 


+ 


3) 


(-2y-3)( 24) 


dame 


+ 


S] 
(-2y-3y-4)(228*) 


2 


2! 
(aya - 2 - (3%) . ; 


6 


=11- ax 


| S) 


27x? 


ea 


ae eT 


: 


27x38 
eee 


EM om 
+ 


ar i ae 


Expansion is valid if || <1 


6 


= |x1<3 


Exercise 4B) 


@) 1 For each of the following, 


i find the binomial expansion up to and including the x? term 


ii state the range of values of x for which the expansion is valid. 


a V44+2x b = c ao 
GED write partg 
‘ 1 5 l+x Ps 1 
v2+x 349% 8 24x x+2 


Binomial expansion 


9 


xe} 


© 2 
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f(x) = (5 + 4x), b1 <2 


Find the binomial expansion of f(x) in ascending powers of x, up to and including the 
term in x?. Give each coefficient as a simplified fraction. (5 marks) 


m(x) = V4—-x, |x| <4 


a Find the series expansion of m(x), in ascending powers of x, up to and including 


the x? term. Simplify each term. (4 marks) 
1 138 
b Show that, when x = <, the exact value of m(x) is 37 (2 marks) 
c Use your answer to part a to find an approximate value for /35, and calculate the percentage 
error in your approximation. (4 marks) 


1 1 
are3+-x+——x7+... 


1 
Va+ bx 3 18 


The first three terms in the binomial expansion of 


a Find the values of the constants a and b. 
b Find the coefficient of the x? term in the expansion. 


34+2x- x? 
1) = 4-x 
Prove that if x is sufficiently small, f(x) may be approximated by : + ue - ax 
a Expand —_ where |x| < 2 in ascending powers of x up to and including the term in x? 
(5+2x" i . 

giving each coefficient in simplified surd form. (5 marks) 
b Hence or otherwise, find the first 3 terms in the expansion of — as a series in ascending 

powers of x. 242% (4 marks 
a Use the binomial theorem to expand (16 — 3x)4, |x| < 2 in ascending powers of x, 

up to and including the term in x, giving each term as a simplified fraction. (4 marks) 
b Use your expansion, with a suitable value of x, to obtain an approximation to 15.7. 

Give your answer to 3 decimal places. (2 marks) 

@) = - <3 
BO) 42x 34 5x ISD 
a Show that the first three terms in the series expansion of g(x) can be written 
1: AOE FD cg 

aS 75 +95 ¥ — 439* (5 marks) 
b Find the exact value of g(0.01). Round your answer to 7 decimal places. (2 marks) 
c Find the percentage error made in using the series expansion in part a to estimate 

the value of g(0.01). Give your answer to 2 significant figures. (3 marks) 


100 


Binomial expansion 


[4.3 | Using partial fractions 


Partial fractions can be used to simplify the expansions of ne ay ee 
more difficult expressions. 


expressing algebraic fractions as 
sums of partial fractions. 
€ Chapter 1 


4-5x : : 
a Express (l+0Q-x as partial fractions. 
; Sie 4-5x_. 7x ll, 25., 
b Hence show that the cubic approximation of A+n=x) is 2 7 t4gx 7g: 


c State the range of values of x for which the expansion is valid. 


4 = Dx A B 


“Game -e lex 2-% 


“aes 
- (14+ x)(2 - x) 


4A-5x = A(2-x) + B+) 
Substitute x = 2: 
4-10=AxO0O+8Bx3 
-G=3B 
B=-2 


4+5=Ax3+BxO 
= 3A 
A=3 
= 4-5x Z So... 
(+xy\(2-x) 14+x 2-x 


2 


4. = Bx iS 2 


Uena2=2) 145 B= 


Problem-solving 


Use headings to keep track of your working. 
This will help you stay organised and check your 
The expansion of 3(1 + x)" answers. 


Pe 
= 3(1 + (-1)x + (“N-2) 5 ce ene 
x3 
+ (“W(-2)(-3) + e 
=3(1-x+x2-x? +...) 


= 3 - 3x + 3x? - 3x7 +... 


= 3(1 + x)! - 2(2 - x)" 


101 


= 3D | 


The expansion of 2(2 — x)" 


“20-87 


= 2x 241 - x)" - 


ee ae ae 
24% | m (-(-3) S : al 2) 


+ (-1(-2)(-3)(-2)" a: ; 


(ase ees 
- 2-4 6 °° 


4-5x 


Hence Gane — x Pe =a 


= 3(1+x)'- 2(2 — x)" - 
= (3 — 3x + 3x? -— 3x3) 


Aaee | 
2 4 8 


ile Ne 2D 4 
2 ax tax a3 


é a valid if |x| <1 
i coe, 


a= 5 | <1= |x| <2 


2x 

o———o 
ae ee ee A You need to find the range of values 
-é2-1012 of x that satisfy both inequalities. 


The expansion is valid when |x| < 1. 


Exercise 4C) 


8x +4 : ; 
@) 1 a Express (— x2 +5) as partial fractions. 


8x +4 
(1 — x)(2 +x) 


c State the set of values of x for which the expansion is valid. 


b Hence or otherwise expand in ascending powers of x as far as the term in x’. 
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Binomial expansion 


x . : 
a Express — 5 as partial fractions. 


_ 2x 
(2+ x) 
b Hence prove that — 


2 : 
ae can be expressed in the form 4 + Bx? + Cx? where constants B 
(2 + x) 2 

and C are to be determined. 
c State the set of values of x for which the expansion is valid. 


6+ 7x + 5x2 
(1 +x) — x)(2 + x) 


a Express as partial fractions. 


6+ 7x + 5x? 
(1+ x)(1 - x)(2 + x) 
c State the set of values of x for which the expansion is valid. 


b Hence or otherwise expand in ascending powers of x as far as the term in x?. 


x 12x -1 ie 1 
B= ax — 3x 53 
Given that g(x) can be expressed in the form g(x) = A + 2 
e : Be Oe” P= x 
a Find the values of A and B. (3 marks) 
b Hence, or otherwise, find the series expansion of f(x), in ascending powers of x, 
up to and including the x? term. Simplify each term. (6 marks) 
: _ : 
a Express ae in partial fractions. Wi First divide the numerator 
(x + 5)(x - 4) ; 
247% -6 by the denominator. 
H therwi Sl i 
b Hence, or otherwise, expand (x + 5)(x 4) In ascending 


powers of x as far as the term in x. 


c State the set of values of x for which the expansion is valid. 


3x? + 4x — 5 iy here anes 
(x+3)(x—2)~ x+3  x-2 
a Find the values of the constants 4, B and C. (4 marks) 
; 3x7+4x-5. . ee 
b Hence, or otherwise, expand (c+ 3x2) +3(x-2) in ascending powers of x, as far as the term in x’. 
Give each coefficient as a simplified fraction. (7 marks) 
2x7+5x 411 1 
MAG Ty) 2 
f(x) can be expressed in the form f(x) = a + Z + & 
P ~2x-1" Qx—D2 x41 
a Find the values of A, Band C. (4 marks) 
b Hence or otherwise, find the series expansion of f(x), in ascending powers of x, 
up to and including the term in x”. Simplify each term. (6 marks) 


c Find the percentage error made in using the series expansion in part b to estimate 
the value of f(0.05). Give your answer to 2 significant figures. (4 marks) 
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Chapter 4 


Mixed exercise 4) 


@) 1 
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For each of the following, 
i find the binomial expansion up to and including the x? term 
ii state the range of values of x for which the expansion is valid. 


1 4 
= 3 
a (1 -4x) b Vl6+x © Toy d 53x 
4 f l+x fea h x-3 
— 1+3x 8 lx (1 — x) — 2x) 


Use the binomial expansion to expand (1 - 5] , |x| < 2 in ascending powers of x, 


up to and including the term in x°, simplifying each term. (5 marks) 


a Give the binomial expansion of (1 + x)? up to and including the term in x?. 
b By substituting x = 4, find an approximation to V5 as a fraction. 


The binomial expansion of (1 + 9x)? in ascending powers of x up to and including the term in 
xtis 1+ 6x + cx? + dx’, |x| <3 


a Find the value of c and the value of d. (4 marks) 
b Use this expansion with your values of c and d together with an appropriate value 
of x to obtain an estimate of (1.45)3. (2 marks) 


ec Obtain (1 45)3 from your calculator and hence make a comment on the accuracy 
of the estimate you obtained in part b. (1 mark) 


In the expansion of (1 + ax)? the coefficient of x? is -2. 
a Find the possible values of a. 
b Find the corresponding coefficients of the x? term. 


f(x) = (1 + 3x)", |x| <4 
a Expand f(x) in ascending powers of x up to and including the term in x°. (5 marks) 
b Hence show that, for small x: 


Lex... . ’ 
[43x 17 2x + Ox — 18x°. (4 marks) 


c Taking a suitable value for x, which should be stated, use the series expansion in 


part b to find an approximate value for wn giving your answer to 5 decimal places. (3 marks) 


When (1 + ax)" is expanded as a series in ascending powers of x, the coefficients of x and x? are 
—6 and 27 respectively. 


a Find the values of a and n. (4 marks) 
b Find the coefficient of x?. (3 marks) 
c State the values of x for which the expansion 1s valid. (1 mark) 


/P) 14 


Binomial expansion 


aces 3 , 2: 3 8% 
Show that if x is sufficiently small then ae can be approximated by 77 16% +356" * 
a Expand — where |x| < 4, in ascending powers of x up to and including the term in x. 
vV4-x 
Simplify each term. (5 marks) 
F ; ‘ 1+2x ee 
b Hence, or otherwise, find the first 3 terms in the expansion of as a series in 
r v4-x 
ascending powers of x. (4 marks) 
a Find the first four terms of the expansion, in ascending powers of x, of 
(2 + 3x)-4, |x| < $ (4 marks) 


b Hence or otherwise, find the first four non-zero terms of the expansion, in ascending powers 


of x, of: 


1l+x 2 
243x7 P1<3 


a Use the binomial theorem to expand (4 + x)~?, |x| < 4, in ascending powers of x, 
up to and including the x? term, giving each answer as a simplified fraction. 


(3 marks) 


(5 marks) 


b Use your expansion, together with a suitable value of x, to obtain an approximation 


to a Give your answer to 4 decimal places. 


q(x) = (3 + 4x)°3, |x] <F 


Find the binomial expansion of f(x) in ascending powers of x, up to and including 
the term in the x. Give each coefficient as a simplified fraction. 


= 39x + 12 
~ Get D+ 4) —8)’ 


g(x) can be expressed in the form g(x) = 


g(x) 


|x| <1 


A B ¥ C 
x+1?x+4 x-8 


a Find the values of A, Band C. 


b Hence, or otherwise, find the series expansion of g(x), in ascending powers of x, 
up to and including the x? term. Simplify each term. 


— 12x45 1 
1) = Cage PIS 4 
For x #—- Lae 2 where A and B are constants. 


4’ (14+4xp 1+4x 44x’ 
a Find the values of 4 and B. 


b Hence, or otherwise, find the series expansion of f(x), in ascending powers of x, 
up to and including the term x’, simplifying each term. 


(3 marks) 


(5 marks) 


(4 marks) 


(7 marks) 


(3 marks) 


(6 marks) 
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Ox? + 26x + 20 
IS WO" nae ny MIS! 


a Show that the expansion of q(x) in ascending powers of x can be approximated 

to 10 — 2x + Bx? + Cx} where B and C are constants to be found. (7 marks) 
b Find the percentage error made in using the series expansion in part b to estimate 

the value of q(0.1). Give your answer to 2 significant figures. (4 marks) 


Challenge 


Obtain the first four non-zero terms in the expansion, in ascending 
1 


1+ 3x2 


powers of x, of the function f(x) where f(x) = pope? € il, 


Summary of key points 
1 This form of the binomial expansion can be applied to negative or fractional values of n to 
obtain an infinite series: 
nn—1)x2 n(n—1)(n— 2)x3 n 
+( 


rT T pin ose (|x| < 1,2 €R) 


(1+x)"=14+nx+ 


The expansion is valid when |x| < 1. 


2 The expansion of (1 + bx)", where n is negative or a fraction, is valid for |bx| < 1, or |x| <o 


3 The expansion of (a + bx)”, where n is negative or a fraction, is valid for oe <lor|x|<4 
a b 
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Review exercise 


CP) 1 


EP) 2 


Prove by contradiction that there are 
infinitely many prime numbers. 


(4) 


€ Section 1.1 


Prove that the equation x? — 2 = 0 has no 
rational solutions. 

You may assume that if 1? is an even 
integer then z is also an even integer. 


(4) 


€ Section 1.1 


4x i 
—-2x-3 x?4+x 


Express a as a single 


fraction in its simplest form. 


(4) 


€ Section 1.2 


3 3 


MEL eS Gye 
xvr+extl 
a Show that f(x) = +2? ,x #2. 


b Show that x7 + x + 1 >0 for all values of 
X,x #2. 
c Show that f(x) > 0 for all values of x. 


€ Section 1.2 


2x-1 : 
Show that (@—1)Qx—3) can be written 
in the form aus +=—7 where A and 
x-1l 2x-3 


B are constants to be found. 


(3) 


€ Section 1.3 


Given that 
3x+7 _ P Q R 
(x+1)(x4+2)(x+3) x+1 x+2 > x43 


where P, QO and R are constants, find the 
values of P, O and R. (4) 


€ Section 1.3 


«7 


® 1 
€P) 12 


f(x) = x#-1,x#2. 


Q=x me ae +x)?’ 
Find the values of A, B and C such that 


A B C 
NO) ge Daeg (1 + x)? 4) 
€ Section 1.4 
14x? 4+ 13x42 
(x + 1)(2x + 1 
_ A rn B 7 C 
x+1 2x+1 (2x+1) 


Find the values of the constants A, B 


and C. € Section 1.4 


ex tf 
x7*+4 


2 _ 
Given fiat ea z = d+ 
x? +4 


find the values of d, e and f- 


(4) 
€ Section 1.5 
we 9- 3x - 12x? 
PO)" = x) + 2) 
Show that p(x) can be written in the form 


B : C 
l-x 1+2x’ 
constants to be found. 


At 


where A, B and C are 
(4) 
€ Sections 1.3, 1.5 


Solve the inequality |4x + 3] > 7-2x. (3) 


€ Section 2.1 


The function p(x) is defined by 
4x+5,x <-2 
Peer x2 44, xB -2 


a Sketch p(x), stating its range. (3) 
b Find the exact values of a such that 
p(a) = -20 (4) 


€ Section 2.2 
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Rev 


EP) 13 


(E/P) 14 


(/P) 15 
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iew exercise 1 


The functions p and q are defined by 
1 
P(x) = ge x ER x¥-4 


q(x) =2x-5,xER 
a Find an expression for qp(x) in the 


ax +b 
form ae (3) 
b Solve qp(x) = 15. (3) 
Let r(x) = qp(x). 
c Find r-'(x), stating its domain. (3) 


€ Section 2.3 


The functions f and g are defined by: 


ae 
fixH =, xeER, x40 


g:ix In(2x-5),xER,x>2 


a Sketch the graph of f. (3) 
op ome 
b Show that f?(x) = eri (3) 
c Find the exact value of gf (4). 
(2) 
d Find g"!(x), stating its domain. (3) 


€ Section 2.3, 2.4 


The functions p and q are defined by: 
p(x) =3x+b,xER 
q(x) =1-2x,xER 
Given that pq(x) = qp(x), 


a show that b = -2 (3) 
b find p-'(x) and q"'(x) (3) 
c show that nee 
p'q'(x) =q''p'(x) = —z—., where a, 
b and c are integers to be found. (4) 


€ Section 2.3, 2.4 


©) 16 


The figure shows the graph of 
y=f(x), -5<x <5 

The point M (2, 4) is the maximum 
turning point of the graph. 


Sketch, on separate diagrams, the graphs 
of: 


a y=f(x)+3 (2) 
b y=If(x)| (2) 
ce y= f(x) (2) 


Show on each graph the coordinates of 
any maximum turning points. 
© Sections 2.5, 2.6 


The function h is defined by 

h:ixh 2(x+3)?-8,xER 

a Draw a sketch of y = h(x), labelling 
the turning points and the x- and 


y-intercepts. (4) 
b Write down the coordinates of the 
turning points on the graphs with 
equations: 
i y = 3h(x + 2) (2) 
ii y = h(x) (2) 
iii_y = [h(x] (2) 


c Sketch the curve with equation 
y = h(-|x|). On your sketch show the 
coordinates of all turning points and 
all x- and y-intercepts. 


(4) 


€ Sections 2.5, 2.6 


The diagram shows a sketch of the graph 
of y = f(x). 

The curve has a minimum at the point 
A(1, -1), passes through x-axis at 

the origin, and the points B(2, 0) and 

C (5, 0); the asymptotes have equations 
x=3andy=2. 

a Sketch, on separate axes, the graphs of: 


iy = |f)| (2) 
iiy =-f(x +1) (2) 
iii y = f(-2x) (2) 


in each case, showing the images of the 
points A, Band C. 


b State the number of solutions to each 


equation. 
i 3if(x)|=2 (2) 
ii 2|f(x)| = 3. (2) 


€ Sections 2.6, 2.7 


19 The diagram shows a sketch of part of 


the graph y = q(x), where 


q(x) = 41x + bl-3,b <0 


The graph cuts the y-axis at (0, 3), 


a Find the value of b. (2) 


€/p) 21 


Review exercise 1 


b Find the coordinates of A and B. 


c Solve q(x) = -ix +5, 


(3) 
(5) 


< Section 2.7 


The function f is defined by 
f(x) =—lv+ 4148, xER 


The diagram shows a sketch of the graph 
y= f(x). 


vA 
O x 
y = fx) 
a State the range of f. (1) 
b Give a reason why f-!(x) does not exist. 
(1) 


c Solve the inequality f(x) > 2 +4, (5) 

d State the range of values of k for which 
the equation f(x) = 2x +k has no 
solutions. 


(2) 


< Section 2.7 


The 4th, 5th and 6th terms in an 

arithmetic sequence are: 

12 — 7k, 3k?,k* — 10k 

a Find two possible values of k. (3) 

Given that the sequence contains only 

integer terms, 

b find the first term and the common 
difference. (2) 


€ Section 3.1 


The 4th term of an arithmetic sequence 
is 72. The 11th term is 51. The sum of the 
first n terms is 1125. 
a Show that 3n? - 165n + 2250 = 0. 

(4) 
b Find the two possible values for n. 

(2) 


€ Section 3.2 
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E/P) 23 


(E/P) 24 


@® 2s 


(E/P) 26 


/P) 27 
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Review exercise 1 


a Find, in terms of p, the 30th term of 
the arithmetic sequence 
(19p — 18), (17p — 8), (15p + 2), ... 
giving your answer in its simplest form. 
(2) 
b Given S;, = 0, find the value of p. (3) 


< Sections 3.1, 3.2 


The second term of a geometric sequence 
is 256. The eighth term of the same 
sequence is 900. The common ratio is r, 
r>0. 


a Show that r satisfies the equation 


64 
6 Inr+ in( | = 0 (3) 
b Find the value of r correct to 
3 significant figures. (3) 


€ Section 3.3 


The first three terms of a geometric 


50 250 
sequence are 10, -¢ and 4,. 


a Find the sum to infinity of the series. 


(3) 
Given that the sum to & terms of the 
series is greater than 55, 
lel 5 
b show that k > (4) 


loa) 


c find the smallest possible value of k. (1) 
€ Sections 3.4, 3.5 


A geometric series has first term 4 and 
common ratio r. The sum of the first 
three terms of the series is 7. 


a Show that 47? + 4r - 3 =0. 
b Find the two possible values of r. 


(3) 

(2) 

Given that r is positive, 

c find the sum to infinity of the series. (2) 
< Sections 3.4, 3.5 


The fourth, fifth and sixth terms of a 
geometric series are x, 3 and x + 8. 


@® » 


€/P) 29 


a Find the two possible values of x 
and the corresponding values of the 


common ratio. (4) 
Given that the sum to infinity of the 
series exists, 

b find the first term (1) 


c find the sum to infinity of the series. (2) 


€ Sections 3.3, 3.5 


A sequence d, d, a, ... 1s defined by 
a= k, 

Ans = 3a, + 5,n =| 

where k is a positive integer. 


a Write down an expression for a, in 


terms of k. (1) 

b Show that a, = 9k + 20. (2) 
4 

ce i Find <a, in terms of k. (2) 
r=1 


4 
ii Show that 24, is divisible by 10. (2) 
7 € Sections 3.6, 3.7 


At the end of year 1, a company employs 
2400 people. A model predicts that the 

number of employees will increase by 6% 
each year, forming a geometric sequence. 


a Find the predicted number of 
employees after 4 years, giving your 
answer to the nearest 10. (3) 

The company expects to expand in this 

way until the total number of employees 


first exceeds 6000 at the end of a year, N. 
b Show that (V — 1)log1.06 > log 2.5 (3) 
c Find the value of N. (2) 


The company has a charity scheme 
whereby they match any employee charity 
contribution exactly. 


d Given that the average employee 
charity contribution is £5 each year, 
find the total charity donation over 
the 10-year period from the end of 
year | to the end of year 10. Give your 
answer to the nearest £1000. (3) 


€ Section 3.8 


€/P) 30 


©) 33 


A geometric series is given by 
6 — 24x + 96x? -.... 
The series is convergent. 


a Write down a condition on x. (1) 
oo r-1 

Given that )°6 x (-4x) _=% 

b Calculate the value of x. (5) 


€ Sections 3.5, 3.6 


vl-x 
a Show that the series expansion of g(x) 
up to and including the x? term is 


eo ae 
le gt 46 (5) 

b State the range of values of x for which 
the expansion is valid. (1) 


€ Section 4.1 


g(x) = 


When (1 + ax)" is expanded as a series in 
ascending powers of x, the coefficients of 
x and x? are —6 and 45 respectively. 


a Find the value of a and the value of n. 
b Find the coefficient of x. 


c Find the set of values of x for which 
the expansion is valid. 
€ Section 4.1 


a Find the binomial expansion of 
(1 + 4x)? in ascending powers of 
x up to and including the x* term, 
simplifying each term. 


(4) 


b Show that, when x = a the exact 


112v112 


value of (1 + 4x)? is 1000 


c Substitute x = a into the binomial 


expansion in part a and hence obtain 
an approximation to y112. Give your 
answer to 5 decimal places. (3) 


d Calculate the percentage error in your 
estimate to 5 decimal places. (2) 


€ Section 4.1 


(E) 34 


© 35 


@® x 


Q) 37 


Review exercise 1 


f(x) = (1 + x) (3 + 2x), |x] <3 

Find the binomial expansion of f(x) 
in ascending powers of x, up to and 
including the term in x*. Give each 
coefficient as a simplified fraction. 


(5) 


€ Section 4.2 


h(x) = V4 — 9x, |x| <4 


a Find the series expansion of h(x), 
in ascending powers of x, up to and 
including the x? term. Simplify each 


term. (4) 
b Show that, when x = a the exact 

value of h(x) is vr (2) 
c Use the series expansion in part a 

to estimate the value of (ho) and 

state the degree of accuracy of your 

approximation. (3) 


€ Section 4.2 


Given that (a + bx)~ has binomial 
tit sd 
expansion 7+ 4x + cx? +... 


a Find the values of the constants 


a, band c. (4) 
b Find the coefficient of the x* term in 
the expansion. (2) 


€ Section 4.2 


34 5x 1 

8) = Gy 390 ay P< 3 

Given that g(x) can be expressed in the 
A BL 

1+3x l-x 

a find the values of A and B. 

b Hence, or otherwise, find the series 
expansion of f(x), in ascending powers 
of x, up to and including the x? term. 
Simplify each term. (6) 


€ Sections 4.1, 4.3 


form g(x) = 


(3) 
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Review exercise 1 


3x-1 A B 1 
38-2! 1k O- 
a Find the values of A and B. (3) 
; 3x-1 
b Hence, or otherwise, expand 2x? 
in ascending powers of x, as far as the 
term in x*. Give each coefficient as a 
simplified fraction. (6) 


€ Sections 4.1, 4.3 


25 
37 10) ag oxen 


f(x) can be expressed in the form 
A xe B * Cc 
34+2x (3+2x) 1l-x 
a Find the values of A, B and C. (4) 


b Hence, or otherwise, find the series 
expansion of f(x), in ascending powers 
of x, up to and including the term in 
x. Simplify each term. (6) 

€ Sections 4.1, 4.2, 4.3 


4x? + 30x +31 B C 
Ya MOre) na” ea 

a Find the values of the constants A, B 
and C. (4) 

b Hence, or otherwise, expand 
4x*+ 31x +30 
(x +4)(2x + 3) 
x, as far as the term in x”. Give each 
coefficient as a simplified fraction. (7) 

€ Sections 4.1, 4.2, 4.3 


in ascending powers of 
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Challenge 


1 The functions f and g are defined by 


f(x) = -3|x + 3) +15,xER 

g(x) =-3x+3,xER 

The diagram shows a sketch of the graphs 

y = f(x) and y = g(x), which intersect at points A 
and B. M is the midpoint of AB. 

The circle C, with centre M, passes through 
points A and B, and meets y = f(x) at point P as 
shown in the diagram. 


a Find the equation of the circle. 
b Find the area of the triangle APB. 
< Section 2.6 


a 15 
Given that a,,, =a,+k,a,=nand >_a;= > a, 
1=6 j=12) 


show that 2 = 2k, € Section 3.6 


The diagram shows a sketch of the functions 
p(x) =|x* — 8x + 12] and q(x) =|x* - 11x + 28]. 


YA 


O x 


Find the exact values of the x-coordinates of 
the points 4, Band C. € Section 2.5 


After completing this unit you should be able to: 
@ Convert between degrees and radians and apply 
this to trigonometric graphs and their transformations 
— pages 114-116 
@ Know exact values of angles measured in radians 
— pages 117-118 
Find an arc length using radians — pages 118-122 
Find areas of sectors and segments using 
radians — pages 122-128 
Solve trigonometric equations inradians — pages 128-132 
Use approximate trigonometric values when @ is small 
— pages 133-135 


\ 


1 Write down the exact values of the 
following trigonometric ratios. 
a cosi20° b sin225° ¢ tan(—300°) 
G d sin (—480°) € Year 1, Chapter 10 
Nel Ai au ee Me 2 Simplify each of the following expressions. 
i a ' Wik, lig es } a (tan@cos 6)? + cos?6 
ui, i 1 sin@ cosé 
\ | | b 1-—, oe 
\\\\ \\\ ~ we ae cos¢0 tand 
N\\ Mile *4 ee € Year 1, Chapter 10 
W\\: \ 
\\\\ WA Show that 
a (sin2@ + cos20)?=1+2sin20 cos20 


2 : 2c0s?0 
b —— -2sin@d =———_ 
sind sind 
< Year 1, Chapter 10 


Solve the following equations for @ in the 
interval 0 < 6 S 360°, giving your answers 
to 3 significant figures where they are not 
exact. 


Radians are units for measuring angles. 
They are used in mechanics to describe 
circular motion, and can be used to work out 
the distances between the pods around the 
edge of a Ferris wheel. — Exercise 5B Q13 


a 4cos0+2=3 b 2sin20=1 
c 6tan26+10tan@-—4=tand 


d 10+5cos@=12sin*0 
< Year 1, Chapter 10 
Se = Amy ws 


Chapter 5 


&) Radian measure 


So far you have probably only measured angles in degrees, with one degree representing x6 ofa 
complete revolution or circle. 


You can also measure angles in units called radians. 1 radian is the angle subtended at the centre of 
a circle by an arc whose length is equal to the radius of the circle. 


If the arc AB has 
length r, then ZAOB 
is 1 radian. 


€ 


The circumference of a circle of radius ris an 
arc of length 27r, so it subtends an angle of 
27 radians at the centre of the circle. 

= 27 radians = 360° 


= z radians = 180° 


180° 
7 


Convert the following angles into degrees. 


# 1 radian = 


Tt 4a 
a —rad b —<rad 
8 15 
ig An 
a B rad b 15 rad 
Za : a 180? 
re x 180 =4x 15 
= bib" =40° 


= 


Links Br always use radian measure when you 


are differentiating or integrating trigonometric 
functions. — Sections 9.1, 11.1 


Notation | You can write 1 radian as 1 rad. 


eur 


Hint ) This means that 


1 radian = 57.295...° 


; 180° : 180° 
1 radian = ——,, so multiply by —— 
ITO i 
8 x a = 8 x 180° 


Convert the following angles into radians. Leave your answers in terms of 7. 


a 150° b 110° 
bu rig 
a: ISCO? = 15O x 780 tad 
= 2 rad 
Sic wT 
Bb 1G’ = 0 780 rad 
V0 
ar Fala 
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US 


1° = 
180 


radians, so multiply by a0 


Your calculator will often give you exact answers 
in terms of x. 


You should learn these important angles in radians: 


H 30°= ra radians 


= 45° =~ radians 


Example 


fl 


Find: a sin(0.3 rad) 
Give your answers correct to 2 decimal places where appropriate. radians. 


= 60° = = radians 


=m 90° = cS radians 


b cos(mrad) 


a sin(O.3 rad) = 0.30 (2 dp) 


b cos(mrad) = —-1 


ce tan(2rad) = -2.19 (2 d.p) 


Sketch the graph of y = sinx for 0 = x S 27. 


= 180° = z radians 


= 360° = 27 radians 


Online ) Use your 


calculator to evaluate 
trigonometric functions in 


c tan(2rad) 


calculator is in radians mode. 


t Watch out | You need to make sure your 


Radians 


If the range includes values given in terms of z, 


radians. 


Sketch the graph of y = cos(x + 7) for 0 S x < 2r. 


= sin(5) = sin90°=1 


yA 
Its, 


0155 


y=cos(x+7) 


graph y = cos x by the vector ( 


-a 
0 


i 


you can assume that the angle has been given in 


The graph of y = cos (x + a) is a translation of the 
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Exercise 


1 Convert the following angles in radians to degrees. 


T T 5a 5a 30 

4 20 wag *. a9 oA "2 re 
2 Convert the following angles to degrees, giving your answer to | d.p. 

a 0.46 rad b lrad e 1.135rad d /3rad 
3 Evaluate the following, giving your answers to 3 significant figures. 

a sin(0.5rad) b cos(V2rad) e tan(1.05 rad) d sin(2 rad) e sin (3.6 rad) 
4 Convert the following angles to radians, giving your answers as multiples of z. 

a 8° b 10° C22 5° d 30° e 112.5° 

f 240° g 270° h 315° i 330° 


5 Convert the following angles to radians, giving your answers to 3 significant figures. 
a 50° b-75° ce 100° d 160° e 230° f 320° 


6 Sketch the graphs of: 
a y=tanxfor0<x<27 b y=cosx for-7 <x <7 
Mark any points where the graphs cut the coordinate axes. 


7 Sketch the following graphs for the given ranges, marking any points where the graphs cut the 
coordinate axes. 


a y=sin(x-—7)for-7<x<7 b y=cos2x for0 <x 27 
c ystan(x+ 5) for-msx<n d y=singx+ 1 for0 <x <6r 


ny 27 Sx S2r. 


8 The diagram shows the curve with equation y = cos (x —%3 


YA 


Problem-solving 


Make sure you write down the coordinates of all 
O x four points of intersection with the x-axis and the 
coordinates of the y-intercept. 


Write down the coordinates of the points at which the curve meets the coordinate axes. (3 marks) 


Challenge 


Describe all the angles, 6, in radians, that satisfy: Hint ) You can use nm, where n is an integer, to 
a cos=1 describe any integer multiple of 7. 
b sind=-1 


c tand@ is undefined. 


Radians 


You need to learn the exact values of the trigonometric ratios of these angles measured in radians: 


- 7 1 
al ae 
Eo m_Vv3 
ou, 2 
a sint = 2 - v2 
4 /2 2 


You can use these rules to find sin, cos or tan of any 


positive or negative angle measured in radians using 
the corresponding acute angle made with the x-axis, 0. 


= sin (zx — 6) =sin0 

= sin (z + 6) = -sin@ 

= sin (27 — 6) = -sin@ 
= cos(z — 0) = -cos0 
= cos(z + 0) =-cos0 
= cos (27 — 0) = cos 
= tan (z — 6) = -tand 
=# tan(z +6) =tand 

= tan (27 — 0) = -tand 


Find the exact values of: 


4 
a-cos—— 


1 . (-70 
3 b sin( 6 


DIA 


| aa 


>() 
Sit 
: | 
eee = cos(T + = -~cos= 
37 A ~ 3 
Ar 1 
So cos aa 


cis v3 
# tan— =—=— 
6 3 
Tv 
= tan—= 
3 
Tv 
= tan—=-1 
4 
VA 
S A 7) 
0 0 . 
0 O 0 x 
T C 2n-0 


Problem-solving 


You can also use the symmetry properties of 


= GOS: 
VA 
1 


The CAST diagram shows you which trigonometric 
ratios are positive in which quadrant. You can also use the 
symmetry properties and periods of the graphs of sin, cos 
and tan to find these results. 


< Year 1, Chapter 10 


y=Ccos x 


-14 


3 


is = bigger than z. 


— Use cos (mz + 9) = —-cosé. 
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Use sin (a — @) = sing. 


Exercise 5B) 


1 Express the following as trigonometric ratios of either aor 5 and hence find their exact values. 


6° 4 
a sin b sin(-3) c int 
d cos = e cos f cost 
g tan h tan (22) i tan 


2 Without using a calculator, find the exact values of the following trigonometric ratios. 
a ja b sin (== c cos (2) 
3 3 6 


lla Sa 20 
d cos 4 e tan 3 f tan (- = 


@) 3 The diagram shows a right-angled triangle ACD on another r 
right-angled triangle ABC with AD = a6 and BC = 2. 


Show that DC = ky2, where k is a constant to be determined. 


G&G Arc length 


Using radians greatly simplifies the formula for are length. 


® To find the arc length / of a circle use the formula / = ré, \ 
where r is the radius of the circle and 0 is the angle, S) 
in radians, contained by the sector. I 
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Example 


Find the length of the arc of a circle of radius 5.2cm, Online ) explote tha arclenath 


given that the arc subtends an angle of 0.8 rad at the 


of a sector using GeoGebra. 


Radians 


€? 


centre of the circle. 


Arc length = 5.2 x 0.6 = 4.16cm = 


Use /=r0, with r = 5.2 and @=0.8. 


An arc AB of a circle with radius 7cm and centre O has a length of 2.45cm. Find the angle 7AOB 


subtended by the arc at the centre of the circle. 


A 
wom 
0<) 2.45cm 
vem 
B 
l=r0- 
2AD = 70 
ZAG - 
>= 
G=] 0.35 rad * 


Use /=r0, with /=2.45 andr=7. 


Using this formula gives the angle in radians. 


An arc AB of acircle, with centre O and radius rcm, subtends an angle of @ radians at O. 
The perimeter of the sector AOB is Pcm. Express r in terms of P and 0. 


om 


Problem-solving 


a 


L 


When given a problem in words, it is often a good 
idea to sketch and label a diagram to help you to 
visualise the information you have and what you 
need to find. 


The perimeter = arc 4B + OA + OB, where 


arc AB =r. 
Factorise. 
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The border of a garden pond consists of a straight edge AB of length 
2.4m, and a curved part C, as shown in the diagram. 

The curved part is an arc of a circle, centre O and radius 2m. 

Find the length of C. 


O 
~ ' Online ) Explore the area of a sector 


2 he using GeoGebra. 


ee SB Problem-solving 


Look for opportunities to use the basic 
trigonometric ratios rather than the more 
complicated cosine rule or sine rule. AOB is 

an isosceles triangle, so you can divide it into 
congruent right-angled triangles. Make sure your 


1.2 
2 


x= 0:6435...\rad 
Acute ZAOB = 2x rad 


sin x = 


Se ® OlGA2 Ove: calculator is in radians mode. 
= 1230/0... tad 
Bee ten Leet) ers C subtends the reflex angle 6 at O, 
=4.99Gi...rad = 


so length of C = 20. 
So length of C= 9.99 m (3 sf.) 


'_ 4+ acute ZAOB = 27 rad 


1 Anarc AB of acircle, centre O and radius rcm, subtends an angle @ radians at O. 


The length of AB is /cm. 
a Find/when: i r=6,0=0.45 ii r=4.5,0=0.45 iii r= 20,0550 
b Findrwhen: i /=10,0=0.6 ii /= 1.26, 0 =0.7 iii [=1.50,0=20n 


c Find @when: i /=10,r=7.5 fi /=4.5,r=5.625 iii 7=V12,r=v3 


@) 2 A minor arc AB of a circle, centre O and radius 
10cm, subtends an angle x at O. The major arc Notation ] The minor arc 4B is the shorter 
AB subtends an angle 5x at O. Find, in terms arc between points 4 and B on a circle. 
of z, the length of the minor arc AB. 


3 Anarc AB of acircle, centre O and radius 6cm, has length /cm. Given that the chord AB has 
length 6cm, find the value of /, giving your answer in terms of 7. 


4 The sector of a circle of radius V10 cm contains an angle of 5 radians, 
as shown in the diagram. Find the length of the arc, giving your answer 


in the form p/q cm, where p and gq are integers. 
Videm 5 Xm 
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EP) 8 


() 9 


€/P) 10 


@® u 


Radians 


Referring to the diagram, find: 


Problem-solving 


The radius of the larger 
arcis3 +2=5cm. 


a the perimeter of the shaded region 
when @ = 0.8 radians. 

b the value of @ when the perimeter of 
the shaded region is 14cm. 


A sector of a circle of radius rcm contains an angle of 1.2 radians. Given that the sector has 
the same perimeter as a square of area 36cm/, find the value of r. 


A sector of a circle of radius 15cm contains an angle of @ radians. Given that the perimeter of 
the sector is 42cm, find the value of 0. 


In the diagram AB is the diameter of a circle, 


centre O and radius 2cm. y 

The point Cis on the circumference such that [ 

ZCOB= on radians. F << 2 

a State the value, in radians, of ZCOA. : i (1 mark) 
The shaded region enclosed by the chord AC, arc CB and AB is the template for a brooch. 

b Find the exact value of the perimeter of the brooch. (5 marks) 


The points A and B lie on the circumference of a circle with centre O and radius 8.5cm. 


The point C lies on the major arc AB. Given that 7ACB = 0.4 radians, calculate the length of 
the minor arc AB. 


In the diagram OAB is a sector of a circle, centre O and radius Rem, and O 
ZAOB = 26 radians. A circle, centre C and radius rcm, touches the arc 
AB at T, and touches OA and OB at D and E respectively, as shown. 
a Write down, in terms of R andr, the length of OC. (1 mark) Rem 
b Using AOCE, show that Rsin@ =r (1 + sin@). (3 marks) D E 
c Given that sind = : and that the perimeter of the sector OAB is 4 : 
21cm, find r, giving your answer to 3 significant figures. (7 marks) . e 
T 
The diagram shows a sector AOB. x 
The perimeter of the sector is twice the length of the arc AB. 
Find the size of angle AOB. 5 
B 


A circular Ferris wheel has 24 pods equally spaced on its circumference. 


3a 
2 
a calculate the diameter of the Ferris wheel. 


Given the arc length between each pod is ——m, and modelling each pod as a particle, 


Given that it takes approximately 30 seconds for a pod to complete one revolution, 
b estimate the speed of the pod in km/h. 
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13 The diagram above shows a triangular garden, POR, with P 
PQ=12m, PR=7mand ZQPR = 0.5 radians. The curve SR is 
a small path separating the shaded patio area and the lawn, and 
is an arc of acircle with centre at P and radius 7m. 


Find: ae 7m 
a the length of the path SR (2 marks) S 
b the perimeter of the shaded patio, giving your answer 
to 3 significant figures. (4 marks) gis 
Q 
14 The shape Y YZ shown is a design for an earring. 


The straight lines XY and XZ are equal in length. The curve YZ is an arc of a circle with centre 
O and radius 5mm. The size of 2 YOZ is 1.1 radians and YO = 15mm. 


a Find the size of 2 XOZ, in radians, to 3 significant figures. (2 marks) 
b Find the total perimeter of the earring, to the nearest mm. (6 marks) 


& Areas of sectors and segments 


Using radians also greatly simplifies the 


formula for the area of a sector. Notation | A sector of a circle is the 
= To find the area A of a sector of a portion of a circle enclosed by two 
. 1 =<) radii and an arc. The smaller area is 
circle use the formula 4 = a 0, known as the minor sector and the 


where r is the radius of the circle larger is known as the major sector. 
and @ is the angle, in radians, 
contained by the sector. 


Example 


Find the area of the sector of a circle of radius 2.44cm, given that the sector subtends an angle of 
1.4 radians at the centre of the circle. 


Area of sector = s x 2442x114 - Use A= 526 with r = 2.44 and 0 = 1.4. 


= 4.17 cm? (3 5.f) 
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In the diagram, the area of the minor sector AOB is 28.9 cm”. 


Radians 


Given that ZAOB = 0.8 radians, calculate the value of r. 


28.9 = r x 0.8 = 0,4r2 


So 7? = 2 Seco 


r=/(7225 =65 


A plot of land is in the shape of a sector of a circle of radius 55m. The length of fencing that is 
erected along the edge of the plot to enclose the land is 176m. Calculate the area of the plot of land. 


A 
55m 


[oo 
55m 


Arc AB = 176 - (55 + 55) 
=66Gm. 


’ Online ) Explore the area of a segment cy 


using GeoGebra. 


Problem-solving 


In order to find the area of the sector, you 


66 = 550 - 


need to know @. Use the information about the 


S50 @= 1.2 radians 


Area of plot = $ x 552 x 12's 
= 1815 m? 


perimeter to find the arc length AB. 


Using 58 for the area of the sector and jab sin@ for the area of a triangle: 


adp. Lae 
A=sr'd at sin 6 


= The area of a segment in a circle of radius ris A = or (6 — sin@) 
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The diagram shows a sector of a circle. Find the area of the shaded segment. 


7com 


Area of segment = 4 x 72(1.2 — sin1.2) 


1 


sis Ge 49 x 0.26796... 


= 6.57 cm? (3 sf) 


4m 4m 


In the diagram above, OAB is a sector of a 


circle, radius 4m. The chord AB is 5m long. 


Find the area of the shaded segment. 


Calculate angle AOB first: 


_ 42 4+ 47 — 52 
cosZAOB = ee Ce 
ae 
~ 32 


So ZAOB = 1.3502... 


Area of shaded segment 
- 5 x 421.3502... - sin1.3502..) 
= 5 x 1G x 0.37448... 


= 3.00m? (3 s.f) 


124 


Use A = 472(9 - sind) with r= 7 and 6 = 12 radians. 
Make sure your calculator is in radians mode 
when calculating sin 0. 


Problem-solving 


In order to find the area of the segment you need 
to know angle AOB. You can use the cosine rule 
in triangle AOB, or divide the triangle into two 
right-angled triangles and use the trigonometric 
ratios. 


Use the cosine rule for a non-right-angled 
triangle. 


t Watch out Use unrounded values in your 


calculations wherever possible to avoid rounding 
errors. You can use the memory function or 
answer button on your calculator. 


Example 


Radians 


In the diagram, AB is the diameter of a circle of radius rem, and 7BOC = @ radians. Given that the 
area of AAOC 1s three times that of the shaded segment, show that 30 — 4sin@ = 0. 


Area of segment = 51709 — sin@) 


Area of AAOC = Bresin a — 0) 


= 5r?sind 


| 
LP oe A _ a 
26 at sin@ = 3 x at (6 — sin@) 


sin@ = 3(@ - sin@) 
So 30-4s5in9?=O 


Exercise &) 


1 


semicircle is a right angle so ZACB = 5 


Area of segment = area of sector — area of triangle. 
-— ZLAOB=7 radians. 


;— Area of AAOC =3 x area of shaded segment. 


Problem-solving 


You might need to use circle theorems or 
properties when solving problems. The angle ina 


Find the shaded area in each of the following circles. Leave your answers in terms of 7 where 


appropriate. 
a 

<a) 
d 


Find the shaded area in each of the following circles with centre C. 


, \ 


b 
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For the following circles with centre C, the area A of the shaded sector is given. Find the value 
of x in each case. 


a b c 


SX LY SESS 


The arc AB of acircle, centre O and radius 6cm, has length 4cm. 
Find the area of the minor sector AOB. 


The chord AB of a circle, centre O and radius 10cm, has length 18.65cm and subtends an angle 
of @ radians at O. 

a Show that 6 = 0.739 radians (to 3 significant figures). 

b Find the area of the minor sector AOB. 

The area of a sector of a circle of radius 12cm is 100cm/2. Find the perimeter of the sector. 
The arc AB of acircle, centre O and radius rcm, is such that ZAOB = 0.5 radians. 

Given that the perimeter of the minor sector AOB is 30cm, 

a calculate the value of r 

b show that the area of the minor sector AOB is 36 cm? 

c calculate the area of the segment enclosed by the chord AB and the minor arc AB. 

The arc AB of a circle, centre O and radius xcm, is such that angle AOB = 7 radians. 
Given that the arc length AB is /cm, es 

a show that the area of the sector can be written as —— 

The area of the full circle is 36007 cm/?. 

b Find the arc length of AB. 

c Calculate the value of x. C 

In the diagram, AB is the diameter of a circle of 

radius rcm and BOC = @ radians. 


Given that the area of ACOB is equal to that of the 
shaded segment, show that 0 + 2sin@ = 7. a AX 


In the diagram, BC is the arc of a circle, centre O 
and radius 8cm. The points 4 and D are such that 
OA = OD = 5cm. Given that 7BOC = 1.6 radians, O Ge 


calculate the area of the shaded region. 


Radians 


() 11 Inthe diagram, AB and AC are tangents to a circle, centre O 


and radius 3.6cm. Calculate the area of the shaded region, A 
given that 7BOC = = radians si 
O 
C 
12 In the diagram, AD and BC are arcs of circles with centre O, such that B 


OA = OD=rem, AB= DC=8cmand ZBOC = 6 radians. 


a Given that the area of the shaded region is 48 cm?, show that 
6 


[=)= 4 (4 marks) 
b Given also that r = 100, calculate the perimeter of the shaded 
region. (6 marks) 


@) 13 A sector of a circle of radius 28cm has perimeter Pcm and area A cm/?. 
Given that A = 4P, find the value of P. 


@) 14 The diagram shows a triangular plot of land. The sides 4B, BC 
and CA have lengths 12m, 14m and 10m respectively. The lawn 
is a sector of acircle, centre A and radius 6m. 


a Show that 7BAC = 1.37 radians, correct to 3 significant figures. 
b Calculate the area of the flowerbed. 


15 The diagram shows OPQ, a sector of a circle with centre O, 
radius 10cm, with 2POQ = 0.3 radians. 


The point R is on OO such that the ratio OR: RQ is 1:3. 
The region S, shown shaded in the diagram, is bounded by 
OR, RP and the are PQ. 


Find: 
a the perimeter of S, giving your answer to 3 significant figures 
b the area of S, giving your answer to 3 significant figures. 


16 The diagram shows the sector OAB of a circle with centre O, 
radius 12cm and angle 1.2 radians. 


The line AC is a tangent to the circle with centre O, and OBC isa 
straight line. 


The region R is bounded by the arc AB and the lines AC and CB. 
a Find the area of R, giving your answer to 2 decimal places. | (8 marks) 
The line BD is parallel to AC. 

b Find the perimeter of DAB. (5 marks) 
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() 17 


The diagram shows two intersecting sectors: ABD, with radius 5cm and angle 1.2 radians, 
and CBD, with radius 12cm and angle 0.3 radians. 
Find the area of the overlapping section. 


Challenge 


Find an expression for the area of a sector of a 
circle with radius r and arc length /. 


& Solving trigonometric equations 


In Year 1, you learned how to solve trigonometric equations in degrees. You can solve trigonometric 
equations in radians in the same way. 


Find the solutions of these equations in the interval 0 < @ S 27: 


a sind=0.3 b 4cos@=2 e 5tand+3=1 
a sind=03 
So 6 = 0.304692654... 
VA _ Draw the graph of y = sin 6 for the given 
y=sind interval. 


Find the first value using your calculator in 
radians mode. 


sin@ = 0.3 where the line y = 0.3 cuts the curve. ~—— Since the sine curve is symmetrical in 
Hence 8 = 0.305 rad or 2.64 rad (3 5.f) the interval 0 < 6 <7, the second value is 
———= obtained by a — 0.30469... 
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b 4Acosd=2 
1 
cos0 => 
_7 ‘.: 
S0G=3 
Tr 
3 
> 
Sa 
3 
as _ _m _ on 
S0b=3 or 0=2n ae 
5tand+3=1 
5tan@ = -2 
tan@ = -O.4 
YH 
| y=tand 
7 7 as es On 0 
2 2 B) 


cos@ = - where the line y = s cuts the curve. 


tan-?(-O.4) = -O.3805... rad 


So @= 2.76106... rad (2.7 6Grad to 3 s:f) 


or @¢=5:902G7... tad (>20rad to 3 st) — 


Radians 


t Watch out | When the interval is given in 


radians, make sure you answer in radians. 


t Watch out | Always check that your final 


values are within the given range; in this case 
0 <0@<2z (remember 27 & 6.283...) 
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Solve the equation 17cos@ + 2sin?@ = 13 in the interval 0 < 6 S 27. 


17 


So 


17 cos@ + 3(1 — cos?6) = 13 


Ye 3 or Y=5 
. 2 
i.e. cos) = 3 or cos@d=5 
2 
cos@ = 3 
So 6 = 0.8410G668...rad 
VA 


17. cos@ + 3 sin?@ = 13 


cos@ + 3 - 3cos*# = 13 
O = 3cos*@ - 17.cos@ + 10 
O=3Y"-17Y+10 
O=(3Y-2)(Y - 5) 

3Y=2=0 of Y=5 =0 

2 


14 


j= 


Second solution is 27 — 0.641066... 
= 5.442116... 


0.641 or 5.44 (3 5.f) 
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Problem-solving 


Use the trigonometric identity 
sin?@ + cos?6 = 1. Trigonometric identities 
work the same in radians as in degrees. 


Solve the equation sin 30 = 3 in the interval 0 = 6 < 27. 


2 2 
Let X¥ = 30 — 
So-sin.x = = 
As X = 30, then the interval for X¥ is O< X¥ Gr 
VA 


Replace 36 by X and solve as normal. 


Remember to transform the interval: 
0 <6 <2z becomes 0 S 30 S 67 


-—— Remember X = 36 so divide each value by 3 


Always check that your solutions for @ are in 


y=sin X 
yu 5 en 7a On 130 140 
BBO BB Br Sw 
te ant en 7a On 130 140 
aS 8 Bi «8 3B 
So pat an 7m On 137 140 
o O° O° O° O° 2 


Exercise SE) 


Radians 


the given interval for 0, in this case 0 < @ < 27. 


1 Solve the following equations for @, in the interval 0 < @ < 27, giving your answers to 


3 significant figures where they are not exact. 
a cos =0.7 b sin = -0.2 


e tand=5 d cosd=-1 


2 Solve the following equations for 6, in the interval 0 = 6 < 27, giving your answers to 


3 significant figures where they are not exact. 
a 4sin@ =3 b 7tand=1 


ec 8tan@=15 d /5cos@=V2 


3 Solve the following equations for 6, in the interval 0 = 6 < 27, giving your answers to 


3 significant figures where they are not exact. 
a 5cosd+1=3 b /S5sin0+2=1 


ec 8tand—-5=5 d /7cos6-1=V2 


4 Solve the following equations for 0, giving your answers to 3 significant figures where 


appropriate, in the intervals indicated: 
a V3tan0d-1=0,-17<0<7 
ce 8cosO=5,-27 S05 2r 


e 0.4tand-5=-7,0<60<47 


b 5sind=1,-7 S027 
d 3cosé-1=0.02,-7 <0 532 
Tt 


f cos) - 1 =-0.82,5 << > 
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Solve the following equations for @, in the interval 0 < @ < 27, giving your answers to 
3 significant figures where they are not exact. 


a 5cos20=4 b 5sin30+3=1 
ec V3tan40-5=-4 d ¥10cos26 + V2 = 3V2 


Solve the following equations for @, giving your answers to 3 significant figures where 
appropriate, in the intervals indicated. 


a /2sin30-1=0, -17 <0<7 b 2cos46 =-1, —-7 <0<2n 
e 8tan20 = 7, 27 =<O0527 d 6cos20-1=0.2, -7=0537 


Solve the following equations for @, in the interval 0 < @ < 27, giving your answers to 
3 significant figures where they are not exact. 


a 4cos?@=2 b 3tan?6 + tané =0 
c cos?é—2cosé =3 d 2sin226 — 5cos29 = —2 


Solve the following equations for @, in the interval 0 < @ < 27, giving your answers to 
3 significant figures where they are not exact. 


a cos@+2sin276+1=0 b 10sin26 = 3cos?0 
c 4cos?6 + 8sin?6 = 2sin26 — 2cos?4 d 2sin?@—7+ 12cosd=0 


Solve, for 0 S x < 27, 


T 1 
a cos (x - a = (4 marks) 
b sin3x = + (6 marks) 
a Solve, for -—7 < 6 <7, (1 + tané@ )(Ssin@ — 2) =0. (4 marks) 
b Solve, for 0 < x < 27, 4tanx = Ssinx. (6 marks) 
Find all the solutions, in the interval 0 < x < 27, to the equation 8 cos?x + 6sinx — 6 = 3 
giving each solution to one decimal place. (6 marks) 
Find, for 0 < x  2z7, all the solutions of cos?x - 1 = J sin? x — 2 giving each solution to 
one decimal place. (6 marks) 
Show that the equation 8 sin? x + 4sin x — 20 = 4 has no solutions. (3 marks) 


a Show that the equation tan?x — 2tan x — 6 = 0 can be written as tan x = p + /q where 
p and q are numbers to be found. (3 marks) 


b Hence solve, for 0 < x < 3z, the equation tan? x — 2tan x — 6 = 0 giving your answers to 
1 decimal place where appropriate. (5 marks) 


In the triangle ABC, AB=5cm, AC = 12cm, ZABC = 0.5 radians and 7ACB = x radians. 
a Use the sine rule to find the value of sin x, giving your answer to 3 decimal places. (3 marks) 


Given that there are two possible values of x, 


b find these values of x, giving your answers to 2 decimal places. (3 marks) 
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& Small angle approximations 


You can use radians to find approximations for 
the values of sin 6, cos@ and tan@. 


= When @is small and measured in radians: 


« sind=@ 
« tand=0 
re 
cos = > 


You can see why these approximations work by looking 
at the graphs of y= sin 6, y=cos@ and y = tané for 
values of 6 close to 0. 


Radians 


Notation | In mathematics ‘small’ is a relative 


concept. Consequently, there is not a fixed set of 


numbers which are small and a fixed set which 


explore approximate values 


of sin @, cos @ and tan @ for values 


of 6 close to 0. 


y=tand 
A 


When @ is small, find the approximate value of: 


: sin26 + tand cos4é — 1 
20 6sin20 
sin20 + tan@ Mm 2040 F 
20 20 
_ 373 
~ 20° 2 
sin20+tand 3. 
When @ is small, 56 zs 
jc 
cos46 — 1 : 2 
@sin20 0x 206 
1602 
ani aaa, 
207 
1602 
ees ee 
~ 202 262 


If sin@ = @ then sin26 = 20 


are not. In this case, it is useful to think of small 
as being really close to 0. 


' Online ) Use technology to ey 


Note that this approximation is only valid when @ 


is small and measured in radians. 


2 2 
cosd~1~" so cosug~ 1- 
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Example 


a 
b 


Show that, when 6 is small, sin 50 + tan 20 — cos20 = 267+ 70-1. 
Hence state the approximate value of sin 50 + tan 26 — cos 20 for small values of 0. 


a For small values of 0: 


20 2 | 3 a smal jo) i i or si 
Pe ee eee re eee (1 _ (26) |. | Use the small angle approximations for sin, 
. | cos and tan. 
492 
= 70 —1+ ——e 
= 70-14 267 


When @ is small, 


sin56 + tan20 -— cos 20 = 20° + 70-1 I 
| When @ is small, terms in 62 and @ will also be 


b So, for small 6, sin5@ + tan 20 - cos 26 = -1-—— 


small, so you can disregard the terms 26% and 
70. 


Exercise 


1 


2 


() 4 


(Tp) 5 


When @ is small, find the approximate values of: 


: sin46 — tan20 1 —cos20 : 3 tand — 0 
30 tan20 sind sin20 


When @ is small, show that: 
sin3@ 3 cosé — 1 7) tan46 + 62 


* 6sin40 40 tan20. 4 © 36—sin20~ 


Find cos (0.244 rad) correct to 6 decimal places. 

Use the approximation for cos @ to find an approximate value for cos (0.244 rad). 
Calculate the percentage error in your approximation. 

Calculate the percentage error in the approximation for cos 0.75 rad. 


om Oo & & 


Explain the difference between your answers to parts ec and d. 
The percentage error for sin for a given value of 0 is 1%. Show that 1006 = 101 sin é. 


4cos36 — 2 + 5siné 
1 —sin20 


a When 0@ is small, show that the equation can be written as 99+ 2. (3 marks) 


b Hence write down the value of sees = 25 2 sal when @ is small. (1 mark) 
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Challenge 


1 The diagram shows a right-angled triangle ABC. ZBAC = 9. An arc, CD, of 
the circle with centre 4 and radius AC has been drawn on the diagram in 
blue. 


\ 
by 


A g 
a Write an expression for the arc length CD in terms of AC and 0. 
Given that 0 is small so that, AC= AD = ABand CD ® BC, 
b deduce that sin@ = @ and tan@ x 0. 


a Using the binomial expansion and ignoring terms in x* and higher 
powers of x, find an approximation for V1 — x2, |x| <1. 


2 
b Hence show that for small #, cos@ ~ 1 — _ You may assume that 
sind = 6. 


Mixed exercise (5) 


(P) 1 Triangle ABC is such that AB = Sem, AC = 10cm and ZABC = 90°. 


Esp) 2 


An arc of a circle, centre A and radius 5cm, cuts AC at D. 
a State, in radians, the value of ZBAC. 
b Calculate the area of the region enclosed by BC, DC and the arc BD. 


The diagram shows the triangle OCD with OC = OD= 17cm 
and CD = 30cm. The midpoint of CD is M. A semicircular 
arc A,, with centre M is drawn, with CD as diameter. 

A circular are A, with centre O and radius 17cm, is drawn 
from C to D. The shaded region R is bounded by the arcs 


Kg 
a the area of the triangle OCD (4 marks) 


A, and A). Calculate, giving answers to 2 decimal places: 
b the area of the shaded region R. (5 marks) 


The diagram shows a circle, centre O, of radius 6cm. 

The points A and B are on the circumference of the circle. 

The area of the shaded major sector is 80cm?. 

Given that ZAOB = @ radians, where 0 < 6 < 7, calculate: 

a the value, to 3 decimal places, of 0 (3 marks) 


b the length in cm, to 2 decimal places, of the minor 


arc AB. (2 marks) 


17cm 


Radians 


17cm 


& 
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4 The diagram shows a sector OAB of a circle, centre O and radius rcm. A 
The length of the arc AB is pcm and 7ZAOB is 6 radians. en 
a Find @ in terms of p and r. (2 marks) 
b Deduce that the area of the sector is 5 prem?. (2marks) 9 is 
Given that r = 4.7 and p = 5.3, where each has been measured to rom 
1 decimal place, find, giving your anwer to 3 decimal places: B 
c the least possible value of the area of the sector (2 marks) 
d the range of possible values of 0. (3 marks) 


© 5 The diagram shows a circle centre O and radius Scm. 3 
The length of the minor arc AB is 6.4cm. 
a Calculate, in radians, the size of the acute angle AOB. (2 marks) 
The area of the minor sector AOB is R,cm? and the area of the 
shaded major sector is R,cm?. 
b Calculate the value of R;. (2 marks) 
c Calculate R,:R, in the form | :p, giving the value of p to 
3 significant figures. (3 marks) - 
P 


6 The diagrams show the cross-sections of two 
drawer handles. Shape X is a rectangle ABCD A_d_B 
joined to a semicircle with BC as diameter. 2d 
The length 4B = dcm and BC = 2dcm. 
Shape Y is a sector OPO of a circle with dd O <q 
centre O and radius 2dcm. Angle POQ is 
0 radians. 


Given that the areas of shapes XY and Y are equal, 


TT 
4 (5 marks) 


Using this value of 6, and given that d = 3, Shape X Shape Y 
find in terms of 7: 


a prove that @=1+ 


b the perimeter of shape Y (3 marks) 
c the perimeter of shape Y. (3 marks) 
d Hence find the difference, in mm, between the perimeters of shapes X and Y. (1 mark) 


7 The diagram shows a circle centre O and radius 6cm. 


The chord PQ divides the circle into a minor segment R, of area 7 
A,cm? and a major segment R, of area A,cm?. The chord PQ 

subtends an angle @ radians at O. 

a Show that A, = 18(@ - sin 6). (2 marks) 

Given that A, = 3A), 

b show that sin 6 = 6 - a (4 marks) 
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EP) 8 


/P) 10 


© 11 


Triangle ABC has AB =9cm, BC = 10cm and CA = 5cm. A 
A circle, centre A and radius 3cm, intersects 4B and =. 
AC at P and Q respectively, as shown in the diagram. 


a Show that, to 3 decimal places, scm ta 
Z BAC = 1.504 radians. (2 marks) y 
b Calculate: 
i the area, in cm’, of the sector APO C ea = 
ii the area, in cm, of the shaded region BPOC 
iii the perimeter, in cm, of the shaded region BPQC. (8 marks) 


The diagram shows the sector OAB of a circle of radius rcm. 
The area of the sector is 15cm? and ZAOB = 1.5 radians. 


a Prove that r = 2/5. (2 marks) 


B 


b Find, in cm, the perimeter of the sector OAB. (3 marks) i 


The segment R, shaded in the diagram, is enclosed by the 
arc AB and the straight line AB. 


c Calculate, to 3 decimal places, the area of R. (2 marks) 


and radius AB, as shown in the diagram. The triangle ABC is Cc 


equilateral and has perpendicular height 3cm. 
a Find, in surd form, the length of AB. (2 marks) 
b Find, in terms of 7, the area of the badge. (2 marks) 


| Mf 
r 
O 
The shape of a badge is a sector ABC of a circle with centre A 
| | 
A 


c Prove that the perimeter of the badge is 2B + 6)cm. (4 marks) 


There is a straight path of length 70m from the point 4 
to the point B. The points are joined also by a railway 
track in the form of an arc of the circle whose centre 1s 
C and whose radius is 44m, as shown in the diagram. 
a Show that the size, to 2 decimal places, of ZACB 

is 1.84 radians. (2 marks) 
b Calculate: 

i the length of the railway track 

ii the shortest distance from C to the path 

iii the area of the region bounded by the railway track and the path. (6 marks) 


The diagram shows the cross-section ABCD of a glass prism. = 4cm__D 
AD = BC =4cm and both are at right angles to DC. ‘ 
AB is the arc of a circle, centre O and radius 6cm. ; 
Given that ZAOB = 20 radians, and that the perimeter of the ey 
cross-section is 2(7 + 7) cm, ss 

TT 


a show that (20 + 2sin@ —-1)=7 ee 


3 
b verify that 0 = = * 
6 B 4cm C 


c find the area of the cross-section. 


@) 13 


(E/P) 14 


15 


16 


(/P) 17 


@) 18 


19 
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Two circles C; and C,, both of radius 12cm have centres O; and O, respectively. O, lies on the 
circumference of C,; O, lies on the circumference of C,. The circles intersect at A and B, and 
enclose the region R. 


a Show that ZAO,B= = 


b Hence write down, in terms of 7, the perimeter of R. 
c Find the area of R, giving your answer to 3 significant figures. 


A teacher asks a student to find the area of the following sector. 
The attempt is shown below. 


Area = 3120 <0" 


=5x 32x 50 he, 
= 225 cm? 
a Identify the mistake made by the student. (1 mark) 
b Calculate the correct area of the sector. (2 marks) 
When @ is small, find the approximate values of: 
cosé — | 2(1 — cos) - 1 
9 tan20 tand — | 
: .  7+2cos26 ; 
a When @ is small, show that the equation ——————- can be written as 3 — 20. (3 marks) 
tan26 + 3 
b Hence write down the value of Lees! when @ is small. (1 mark) 
tan20 + 3 
a When @ is small, show that the equation 
32cos 50 + 203 tan 100 = 182 
can be written as 
4062 — 20360 + 15=0 (4 marks) 
b Hence, find the solutions of the equation 
32cos 50 + 203 tan 100 = 182 (3 marks) 
c Comment on the validity of your solutions. (1 mark) 


When @ is small, find the approximate value of cos*@ — sin*0. 


Solve the following equations for 0, giving your answers to 3 significant figures where 
appropriate, in the intervals indicated. 


a 3sind=2,0<0s7 b sin? =-cos@,-7 S07 
c nie") P26e>, d 2sin?@—-sin@-—1=sin?0,-7<@0<7 
tand 


20 


€) 21 


Ep) 22 


EP) 23 


/P) 24 


EP) 25 


Radians 


a Sketch the graphs of y = 5sinx and y = 3cosx on the same axes (0 S x S 277), marking on all 
the points where the graphs cross the axes. 


b Write down how many solutions there are in the given range for the equation 5sin x = 3cos x. 


c Solve the equation 5sin x = 3cosx algebraically, giving your answers to 3 significant figures. 


a Express 4sin@ — cos Gs - 0) as a Single trigonometric function. (1 mark) 
b Hence solve 4sin@ — cos (= - 6) = | in the interval 0 < 6 S 27. Give your answers to 
3 significant figures. (3 marks) 
Find the values of x in the interval 0 < x < “E which satisfy the equation 
sin2x + 0.5 
. = k 
1 -— sin2x (ome) 
A teacher asks two students to solve the equation 2cos?x = 1 for-7 <x <7. 
The attempts are shown below. 
Student A: Student B: 
epee nls 2 cos? x = +1 
v2 
1 
Reject co as cosine cannot be negative ——- ve 
1 T ye a en 
fp OM 3 3 3° 
a Identify the mistake made by Student A. (1 mark) 
b Identify the mistake made by Student B. (1 mark) 
c Calculate the correct solutions to the equation. (4 marks) 


A teacher asks two students to solve the equation 2tan 2x = 5 for0 <x <2r. 


The attempt is shown below. 


2tanex=5 

tan2x = 2.5 

2x = 1.19, 4.33 

x = 0.595 rad or 2.17 rad (3 5.) 


a Identify the mistake made by the student. 


Problem-solving 


Solve the equation yourself then compare your 


working with the student’s answer. 


b Calculate the correct solutions to the equation. 


a Show that the equation 
5sinx = 1 + 2cos*x 
can be written in the form 
2sin?x + 5sinx —-3=0 
b Solve, for 0 < x < 27, 
2sin?x + 5sinx -3=0 


(1 mark) 
(4 marks) 


(2 marks) 


(4 marks) 
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(/P) 27 a 


©) 28 a 


Chapter 5 


Show that the equation 


Asin?x + 9cosx -6=0 
can be written as 

A4cos*x - 9cosx + 2=0 
Hence solve, for 0 < x < 47, 

4sin*x + 9cosx -6=0 


giving your answers to | decimal place. 


Show that the equation 
tan2x = 5sin 2x 

can be written in the form 
(1 — Scos2x)sin2x = 0 

Hence solve, for0 <x <7, 
tan2x = 5sin2x 


giving your answers to | decimal place where appropriate. You must show clearly 
how you obtained your answers. 


Sketch, for 0 = x < 27, the graph of y = cos (x + ar 


Write down the exact coordinates of the points where the graph meets the 
coordinate axes. 


Solve, for 0 = x < 27, the equation 
TT 
y=cos (x + A = 0.65, 


giving your answers in radians to 2 decimal places. 


Challenge 


Use the small angle approximations to determine whether the following 
equations have any solutions close to @ = 0. In each case, state whether 

each root of the resulting quadratic equation is likely to correspond toa 
solution of the original equation. 

a 9sin0tané + 25tand = 6 

b 2tané0+3=5cos40 


c sin4@=37 —2cos20 
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(2 marks) 


(6 marks) 


(2 marks) 


(5 marks) 


(2 marks) 


(3 marks) 


(5 marks) 


Summary of key points 


1 + 2m radians = 360° 


W ne 
2: 30° =| radians 


* 90° => radians 


Z, 


* m radians = 180° 
« 45° =o radians 


+ 180° = 7 radians 


* 1 radian epee 


* 60° == radians 


* 360° = 27 radians 


Radians 


3 You need to learn the exact values of the trigonometric ratios of these angles measured in radians. 


sles 
on 
aoe 
Be one 
ae te 


6 2 
cos = 4 

Ra 2 
cose = 7 = 

4 V2 


fan 
Oma: 
eae 
tan, = 3 
ees 
tan7=1 


v3 


aie 


4 You can use these rules to find sin, cos or tan of any positive or negative angle measured in 
radians using the corresponding acute angle made with the x-axis, 0. 


- sin(z — 0) =sind 

* sin(az + 0) =—sind 

* sin (27a — 0) =—sin@ 
* cos(z — 8) = -cosé 
* cos(z + 0) = —cosé 
* cos(27 — 0) = cosé 
+ tan(a — 6) =—-tand 
+ tan(z +6) =tand 

> tan (2m — 9) = -tané 


5 To find the arc length / of a circle use the formula / = r0, 
where r is the radius of the circle and @ is the angle, in radians, 


contained by the sector. 


6 To find the area A of a sector of a circle use the formula A = 510, 


where r is the radius of the circle and 6 is the angle, in radians, 


contained by the sector. 


7 The area of a segment in a circle of radius r is 


A=5r°(6 - sind) 


8 When @is small and measured in radians: 


* sind=@ 


- tand=@ 


yA 
r-0 S A 0 
0 0 is 
0 0 38 
T+0 T C 2nr-0 
62 
* cosd=1—-— 
2 
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Trigonometric functions 


After completing this chapter you should be able to: 


@ Understand the definitions of secant, cosecant and cotangent and 
their relationship to cosine, sine and tangent — pages 143-145 


e@ Understand the graphs of secant, cosecant and cotangent and their 
domain and range — pages 145-149 


e Simplify expressions, prove simple identities and solve equations 
involving secant, cosecant and cotangent — pages 149-153 


@ Prove and use sec¢x = 1+ tan2x and cosec2x = 1 + cot¢x 
— pages 153-157 


e@ Understand and use inverse trigonometric functions and their 
domain and ranges. — pages 158-161 


baie 


| Prior knowledge check III 


— “a a a 
E — “aay ay i | 
1 Sketch the graph of y = sin x for —_ 
—180° < x < 180°. Use your sketch to 
solve, for the given interval, the equations: 
a sinx=0.8 b sinx =-0.4 


< Year 1, Chapter 10 


1 


2 Prove that — - 
sinx cosx tanx 


=tanx 


Trigonometric functions can be used to 
model oscillations and resonance in bridges. 
3 Find all the solutions in the interval You will use the functions in this chapter 

0 < x < 2m to the equation 3 sin*(2x) = 1. together with differentiation and integration 
€ Section 5.5 in chapters 9 and 12. 


< Year 1, Chapter 10 


Trigonometric functions 


(6.1) Secant, cosecant and cotangent 


Secant (sec), cosecant (cosec) and cotangent (cot) are known as the reciprocal trigonometric 


functions. 

™ secx= _ (undefined for values of x for which cos x = 0) 

™ cosec x = any (undefined for values of x for which sin x = 0) 
x 

= cotx= ne (undefined for values of x for which tan x = 0) 


You can also write cot x in terms of sin x and cos x. 


cos x 
sin x 


Example ee 


Use your calculator to write down the values of: 


= cotx= 


a sec 280° b cot 115° 
ne 1 _ 
a sec 260° = cos DBO 5.76 (3 5) = 4 
ee 1 a 
b cor ll>* = fan ee O.4GG6 (3 5.f) 


Example 2) 


Work out the exact values of: 


a sec 210° b cosec A - 


1 


a sec 210 = ae 21 


cog 30° = v3 50 —cos 30° = Bi 
2 2 
So sec 210° = - a 
V3 


143 


Chapter 6 


av 


St 
50: cosec — = 


a sin{— 
wT | 
sin() = 5 
renis = 
So cosec a v2 


Exercise 6A) 


1 Without using your calculator, write down the sign of the following trigonometric ratios. 
a sec 300° b cosec 190° ec cot 110° 
d cot 200° e sec 95° 


2 Use your calculator to find, to 3 significant figures, the values of: 


a sec 100° b cosec 260° ¢ cosec 280° 
d cot 550° e cot “ f sec2.4rad 
g cosec Me h sec 6rad 


3 Find the exact values (in surd form where appropriate) of the following: 


a cosec 90° b cot 135° c sec 180° 

d_ sec 240° e cosec 300° f cot(—45°) 

g sec 60° h _ cosec (—210°) i sec 225° 

: 4a lla 30 
j cot 3 k sec 6 1 cosec (- A 


@) 4 Prove that cosec(m — x) = cosec x. 


@) 5 Show that cot 30° sec 30° = 2. 


@) 6 Show that cosec = + seo = a+ by3 where a and bare real numbers to be found. 
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Challenge 


The point P lies on the unit circle, centre O. The radius OP makes an 
acute angle of @ with the positive x-axis. The tangent to the circle at P 
intersects the coordinate axes at points A and B. 


YA 


A 


Prove that 

a OB=sec6 

b OA=cosecé 
c AP=cotd 


6.2 | Graphs of sec x, cosec x and cot x 


Trigonometric functions 


You can use the graphs of y= cos x, y=sin x and y = tan x to sketch the graphs of their reciprocal 


functions. 


Sketch, in the interval —180° < 6 < 180°, the graph of y = sec 0. 


y=secdé 
YA 


145 


Chapter 6 


= The graph of y = sec x, x € R, has symmetry in the y-axis and has period 360° or 27 radians. 
It has vertical asymptotes at all the values of x for which cos x = 0. 


y=sec x 
: Notation | The domain can also be given as 
-450° -270° = -90° 90° 270° = 450° (2n + 1)r 
St 3ntiaCO!:S 31 Sr x IN Serer =e 
2 2 2 2 2 2 ; : 
a Z is the symbol used for integers, i.e. 
positive and negative whole numbers 
! including 0. 


¢ The domain of y = sec x is x € R, x # 90°, 270°, 450°,... or any odd multiple of 90° 
* In radians the domain is x € R, x # oI 22 >, 
¢ The range of y=secxisy<-lory=1 


.. or any odd multiple of 


= The graph of y = cosec x, x € R, has period 360° or 27 radians. It has vertical asymptotes at 
all the values of x for which sin x = 0. 


y =cosec x 
\ J y \/ \ 
14 
360° -180° 180° 360° 
t t t t > 
xX 


T en 


x O 
or 
[\ Notation ] The domain can also be given as 


xER xent,neZ. 


27 — 


\ 


¢ The domain of y = cosec x is x € R, x # 0°, 180°, 360°,... or any multiple of 180° 
¢ Inradians the domain is x € R, x # 0, z, 27,... or any multiple of z 
¢ The range of y=cosec xis y<-lory=1 
= The graph of y = cot x, x € R, has period 180° or z radians. It has vertical asymptotes at all 
the values of x for which tan x = 0. 


y=cotx 
yA 
1p 
-360° \ -180° 180° 360° 
{——» 


-20 1 O T ar Xx 
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¢ The domain of y = cotx is x € R, x # 0°, 180°, 


360°,... or any multiple of 180° 


Trigonometric functions 


{ Notation | The domain can also be given as 


xER xtn7,ne€Z. 


e Inradians the domain is x € R, x +0, 7, 277... 


or any multiple of 
¢ The range of y=cotxisy ER 


Example 


a Sketch the graph of y = 4cosec x, -7 <x <7. 


b On the same axes, sketch the line y = x. 


c State the number of solutions to the equation 4cosec x - x = 0, -7 SX ST. 


VA 
a4 
(a 
Ad 
24 


pe 


nmola-+ 


aa 


i 


c 4cosecx -x =O 


4coséc x= x 
y = 4co0sec x and y = x do not intersect 
for -t < x <7 so the equation has no 
solutions in the given range. 


Example (5) 


Sketch, in the interval 0 < 6 < 360°, the graph of y = 1 + sec 20. 


Problem-solving 


The solutions to the equation f(x) = g(x) 
correspond to the points of intersection of the 
graphs of y = f(x) and y = g(a). 


: : 


180° 270° 360° 


> 
0 


' Online ) Explore transformations cy 


of the graphs of reciprocal 
trigonometric functions using technology. 
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x 


1 


y Foe 


y=sec 20 


O 


-14 


y Uw 


1 1 1 1 1 1 > 
4" DOP 135" 180" 225°270" Sia" S60" ¢ 


y=1+s5ec 20 


, ———— — + 
45° BON35° 180° 225°27 315° 360° 8 


Exercise 6B) 


1 a Sketch, in the interval -540° < 6 < 540°, the graphs of: 
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i y=sec0 ii y =cosecd iii y =cotd 


Sketch, on the same set of axes, in the interval —7 < x < 7, the graphs of y = cot x and 
y=-x. 


Deduce the number of solutions of the equation cot x + x = 0 in the interval —7 = x < 1. 


Sketch, on the same set of axes, in the interval 0 < 0 < 360°, the graphs of y = sec 6 and 
y=-cos 6, 


Explain how your graphs show that sec 6 = —cos @ has no solutions. 


Sketch, on the same set of axes, in the interval 0 < 0 < 360°, the graphs of y = cot @ and 
y=sin 20. 
Deduce the number of solutions of the equation cot @ = sin 26 in the interval 0 = 6 < 360°. 


Sketch on separate axes, in the interval 0 < 0 < 360°, the graphs of y = tan @ and 
y=cot(™ + 90°). 
Hence, state a relationship between tan 6 and cot(@ + 90°). 


() 6 


€/P) 10 


Trigonometric functions 


a Describe the relationships between the graphs of: 


iy= tan(0 + a and y = tand ii y =cot(—0) and y = cot 0 
iii y= cosec( + 7 and y = cosec 0 iv y= sec(6 - 7) and y = sec 


b By considering the graphs of y = tan(6 + a y =cot(-A), y= cosec( 6 + a and y= sec(6 - "ae 


state which pairs of functions are equal. 


Sketch on separate axes, in the interval 0 < @ < 360°, the graphs of: 


a y=sec20 b y=-cosec c y=1+sec0 
d y=cosec(@ — 30°) e y=2sec (8 - 60°) f y=cosec(26 + 60°) 
g y =-cot (26) h y=1-2sec0 


In each case show the coordinates of any maximum and minimum points, and of any points at 
which the curve meets the axes. 


Write down the periods of the following functions. Give your answers in terms of 7. 


a sec 30 b cosec +) c 2cotd d_ sec(—0) 
a Sketch, in the interval -27 < x < 2r, the graph of y = 3 + Scosecx. (3 marks) 
b Hence deduce the range of values of & for which the equation 3 + 5 cosec x = k 

has no solutions. (2 marks) 
a Sketch the graph of y = 1 + 2 sec@ in the interval —7 < 6 < 2n. (3 marks) 
b Write down the @-coordinates of points at which the gradient is zero. (2 marks) 
c Deduce the maximum and minimum values of <P and give the smallest 

positive values of @ at which they occur. (4 marks) 


& Using sec x, cosec x and cot x 


You need to be able to simplify expressions, prove identities and solve equations involving sec x, 
cosec x and cot x. 


mw secx = k and cosec x = K have no solutions for -1 < k <1. 


Example 6) 


Simplify: 


a sin @ cot secé 


b sin @ cos @(sec 6 + cosec 0) 


149 


Chapter 6 


a 


b 


1 
_ a. cost. 1 
= x x . 
aa slat cost | 


=1 


1 1 


5ec 0 + cosec# = +—.- 
cos@ sin@ 


= 5in@d + cos@ 


_ 3in@ + cosé 
~ sin@ cos 8 
So sin@ cos 0(sec 6 + cosec 8) —_| 


Example @ 


cot 8 cosec 6 


a Prove that =cos}0. 


b Hence explain why the equation 


sec? 6 + cosec?6 


cot 6 cosec 0 


= 8 has no solutions. 


a 


b 


Consider LHS: 
The numerator cot @ cosec@ 


_ cosé 1 _cosé 


sec? 9 + cosec? 4 


~sin@ ~ sin@ sin26 
The denominator sec? @ + cosec?6@ 


1 i 
+ 
cos*@ sin? @ 


sin? @ + cos*@ 
cos? @ sin? @ 

ae ee, 

cos? @ sin? 6 


cot 6 cosec @ 
sec’ 6 + cosec* 6 


_ Ge A] a ( 1 
~ \sin?@/ ° \cos?@ sin? 6 


_ cos@_ cos?6@ sin? @ 


So 


~ sin? 6 i 
= cos*0 


cot@cosecO _ 
Since : ap Ces 6 we are 
sec? 6 + cosec?*@ 


required to solve the equation cos?6 = 6. 


cos? 6 = 8 > cos@ = 2 which has no 
solutions since -1 < cos@ <1. 


Write down the equivalent equation, and state 


the range of possible values for cos 6. 
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Example 


Solve the equations 
a sec =—-2.5 b cot 26 = 0.6 
in the interval 0 < 6 < 360°. 


y=Cosx 


, > 
360° 6 


0 = 113.6°, 246.4° = 114°, 246° (3 sf.) 


1 
tan 20 =e 
4 5 


tan20=GE=3 


Let X = 20, so that you are solving 


tanx = 2 in the interval O =< X¥ S 720°. 


X = 59.0%, 239.0%, 419.0°, 599.0° 
500 = 29.57, 120", 210", S00" Gist) 


| 
| © 
ri 4A 


Trigonometric functions 
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Exercise 6c) 


1 Rewrite the following as powers of sec @, cosec @ or cot 6. 


j 1 4 7 1 1 -— sin?6 
sin? 4 tan°@ 2cos?6 sin? 6 
sec 0 2 cosec? 6 tan? é 
pecan f 3 pee ee ee, 
e cost Vcosec} 6 cot 6 sec 6 g aa eed 


Write down the value(s) of cot x in each of the following equations. 


sinx _ cosx 
cosx sinx 


a 5sinx =4cosx b tanx =-2 


Using the definitions of sec, cosec, cot and tan simplify the following expressions. 


a sin@cotdé b tan coté 
c tan 20 cosec 20 d cos 6@ sin 6 (cot 6 + tan @) 
e sin? x cosec x + cos? x sec x f secA —secA sin? A 


g sec? x cos> x + cot x cosec x sin* x 


Prove that: 
a cos@+sin@ tan 6 = sec b cot + tan @ = cosec 0 sec @ 
c cosec@ — sin@ =cosé@ coté d (1 —cosx)(1 + sec x) = sin x tanx 
cos x De SI is cos 0 = sin 0 
l-sinx COS* l+cot? 1+tand 


Solve, for values of 6 in the interval 0 < @ < 360°, the following equations. 
Give your answers to 3 significant figures where necessary. 


a secO=V2 b cosec 0 = -3 ce 5cot@=-2 d cosec@ = 2 
e 3sec?6-4=0 f 5cos@ =3cot0 g cot?@-8tand=0 h 2sin 6 = cosec 0 


Solve, for values of @ in the interval —180° < @ < 180°, the following equations: 


a cosecé = | b secO=-3 ec coté = 3.45 
d 2cosec?6 — 3 cosecé = 0 e secO=2cos0 f 3cotd=2sin0 
g cosec20=4 h 2cot?@-cot@-5=0 


Solve the following equations for values of @ in the interval 0 < 6 < 27. Give your answers in 
terms of t. 


a secd=-l b coté=-v3 


c cosechg = 3 d sec = /2tano (04 5,0 4 =] 


8 In the diagram AB = 6cm is the diameter of the circle and BT is the 
tangent to the circle at B. The chord AC is extended to meet this 
tangent at D and ZDAB= 9. 


a Show that CD = 6(sec@ — cos @) cm. (4 marks) 
b Given that CD = 16cm, calculate the length of the 
chord AC. (3 marks) 


Problem-solving 


AB is the diameter of the circle, 
so ZACB= 90°. 


cosec x — cot x 
9 a Prove that ——————— = cosec x. 
l-—cosx 


cosec x — cotx _ 


b Hence solve, in the interval -7 < x = a, the equation Lcece 


10 a Prove fg =. 1 =secx. 
l-—cosx 


sin x tan x 


l= ee has no solutions. 
l-—cosx 2 


b Hence explain why the equation 


1+cotx _ 
l+tanx 


Problem-solving 


Use the relationship cot x = 


11 Solve, in the interval 0 = x < 360°, the equation 


equation in tan x. 


6.4) Trigonometric identities 


You can use the identity sin? x + cos? x = 1 to prove the following identities. 


Trigonometric functions 


tan 


(4 marks) 


(3 marks) 


(4 marks) 


(1 mark) 


(8 marks) 


- to form a quadratic 


€ Year 1, Section 10.5 


m 1+ tan’ x=sec? x NN = You can use the unit circle definitions of sin and cos to 


mw 1+ cot? x =cosec? x prove the identity sin? x + cos¢ x = 1. 


Example (9) 


a Prove that | + tan?x = sec? x. 
b Prove that 1 + cot? x = cosec? x. 


< Year 1, Section 10.5 
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a sin?x + cos*x =1 


sin®?x  cos*x _ 1 


b sin? x + cos*x 


cos? x cos®x cos*®x 


ea) 1=( | y 
cosx) + |= \cosx 


50. 0=—- 1 + tan? x = sec? x 


sin?x cos? x _ 


= 


sin?x  sin?x 


+ (S222)" ( 1 y : 
sinx] ~ \sinx 


50 14+ cot?x =cosec*x 


Given that tan A = -3, and that angle A is obtuse, find the exact values of: 


a secA b sinA 


a Using 1 + tan? A = sec? A 


2 = 25 _ 169 
sec’ A = 1 + 744 = 144 


13 
— re 
secA = +75 


13 
sec A = —75 
. _ sinA 
b Using tanA = cone 


sin A = tan A cos A 


Problem-solving 


You are told that A is obtuse. This means it lies 
in the second quadrant, so cos A is negative, and 
sec A is also negative. 


So sind = (~a3) x (75) - 


a 
mee 
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Example 


Prove the identities: 
1 + cos?6 
1 —cos?6 


b sec? 6 — cos? = sin? (1 + sec? 6) 


a cosect@-—cot*éd= 


Trigonometric functions 


a LHS = cosec*6@ — cot*é@ + 
= (cosec* @ + cot? 6)(cosec* 
= cosec? 6 + cot*@ 


| cos? @ 


8 — cot? 6) 


~ sin? @ sin? 0 


_ 1+ c0s570 


b RHS = sin? @ + sin? @ sec? - 


~ sin? 
= Se = RAS 
1 - cos? 


sin? 8 


sin? 8 + 


= (1 — cos*@) + (sec*@ — 1) 
5ec* @ — cos? @ 
= LHS 


cos? @ 
sin? 6 + tan? é 


Problem-solving 


You can start from either the LHS or the RHS when 
proving an identity. Try starting with the LHS using 
cos*?@=1-sin?@ and sec? =1 + tan20. 


Solve the equation 4 cosec? @ — 9 = cot @, in the interval 0 < 0 < 360°. 


The equation can be rewritten as 
A(1 + cot? @)-9=coté 

So 4A cot?@-cot#@-5=0 
(4A cot @ — 5)(cot@+1)=O0- 


ele) cot @ = 3 or cot@ = —-1 
tan@ = 4 or tan@ = —-1 


4 
For tan@ = = 


15 
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¢=35,7% 210° 
For tan@ = —1 


45° 


t Online ) Solve this equation 


numerically using your calculator. 


f= 135", 315° 


Exercise (6D) 


Give answers to 3 significant figures where necessary. 


1 Simplify each of the following expressions. 


a l+ tan?40 b (sec6 — 1)(sec6 + 1) c tan* (cosec?@ — 1) 
d (sec? — 1)coté e (cosec? é — cot? 6)? f 2-tan?6 + sec?6 
tan 0 sec0 ae . . cosec @ cot é 
1 +tan20 Pea 1 +cot20 
j (sec*@ — 2 sec? 6 tan? 6 + tan*@) k 4cosec? 20 + 4 cosec? 20 cot? 20 


where k > 1, find, in terms of k, possible values of cot x. 


k 
@) 2 Given that cosec x = G5geex> 


3 Given that cot @ = -V3, and that 90° < @ < 180°, find the exact values of: 
a sind b cos 


4 Given that tan @ = 3, and that 180° < 6 < 270°, find the exact values of: 
a secd b cosé ¢ sind 


5 Given that cos @ = a and that @ is a reflex angle, find the exact values of: 
a tang b cosec 6 


156 


() 6 


@) 7 
() 8 


CP) 11 


Prove the following identities. 


Trigonometric functions 


a sect — tan*@ = sec? 6 + tan?0 b cosec? x — sin? x = cot? x + cos? x 
c sec? A(cot? A — cos* A) = cot? A d 1 —cos?6 = (sec? @ — 1)(1 — sin? 6) 
= 2 
get d =1-2sin? A f sec? + cosec? 6 = sec? @ cosec? 6 
1+ tan?A 
g cosec A sec? A = cosec A + tan A sec A h (sec 0 — sin 6)(sec 6 + sin @) = tan? 6 + cos? 6 


Given that 3 tan? @ + 4 sec? @ = 5, and that @ is obtuse, find the exact value of sin 0. 


Solve the following equations in the given intervals. 


a sec?@ = 3tand,0 <6 < 360° b tan?0-—2sec6+1=0,-17<0<7 

c cosec?6 + 1 = 3cotd, -180° < 6 < 180° d cot@=1-cosec?6,0<@<27 

e 3sec46 = 2 tan?40, 0 <0 < 360° f (sec —cos0) = tand-sin?0,0<0<7 
g tan?26 = sec26- 1,0 <6 < 180° h sec26 — (1+ V3)tan6+ V3 =1,0<6 <2 


Given that tan?k = 2seck, 
a find the value of seck 
b deduce that cosk = V2 - 1. 


(4 marks) 
(2 marks) 


c Hence solve, in the interval 0 < k < 360°, tan*k = 2seck, giving your answers to 


1 decimal place. 


Given that a= 4 sec x, b=cosx and c=cotx, 
a express 4 in terms of a 


16 
a— 16 


b show that c? = 


Given that x = sec + tan 0, 
1 
a_ show that xX = sec 6 —tan 0. 


1 : re 
b Hence express x? + 52 + 2 in terms of 6, in its simplest form. 


-—1 
Given that 2 sec? 0 — tan? 6 = p show that cosec? 6 = = pHF2. 


(3 marks) 


(2 marks) 


(3 marks) 


(3 marks) 


(5 marks) 


(5 marks) 
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6.5 ) Inverse trigonometric functions 


You need to understand and use the inverse trigonometric functions arcsin x, arccos x and arctan x 
and their graphs. 


= The inverse function of sin x is called arcsin x. 


y =arcsinx 


Hint ) The sin“ function on your 


> . . . . 

x calculator will give principal 
values in the same range as 
arcsin. 


e@ The domain of y = arcsinx is-1<x <1. 


e The range of y = arcsin x is = <arcsinx < a or —90° < arcsin x < 90°. 


Sketch the graph of y = arcsin x. 


T us 
= sinx, -jT Sx SZ 
- 2 2 


y = arcsinx 
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= The inverse function of cos x is called arccos x. 


VA 

T-4 

a 

2 y = arccos.x 
T > 
-_1 O 1 x 


e The domain of y = arccos x is-1<x <1. 
e The range of y = arccos x is O < arccos x < z or 0° < arccos x < 180°. 


= The inverse function of tan x is called arctan x. 


yA 
aT ae y=arctanx ; E 
Unlike arcsin x and 


arccos x, the function arctan x is 
defined for all real values of x. 


e The domain of y = arctanxisx ER. 
e The range of y = arctan x is 7 <arctanx < > or —90° S arctan x < 90°. 


Example 14) 


Work out, in radians, the values of: 


a aresin(—"2) b arccos(—1) ¢e arctan(V3) 


AIS 


| 
NIA 


' Online ) Use your calculator to evaluate Es 


inverse trigonometric functions in radians. 


aresin( "2 = 
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arctan(V/3) = 


Exercise (6E) 


In this exercise, all angles are given in radians. 


1 Without using a calculator, work out, giving your answer in terms of 7: 


a arccos(0) b arcsin(1) c arctan(—1) d arcsin(—3] 
e arceos(—=5} f arctan( ——F) g arcsin(sin 3) h aresin{ sin == 
v2 v3 3 3 
2 Find: 
a arcsin(+) + arcsin(—3] b arccos(3} - arccos(—4} ec arctan(1) - arctan(-1) 


@) 3 Without using a calculator, work out the values of: 
a sin(arcsin 3] b sin(arcsin (-3)) 


ec tan(arctan(-1)) d_ cos(arccos 0) 


@) 4 Without using a calculator, work out the exact values of: 
‘ 1 : 1 v2 
a sin(arccos(5)) b cos(arcsin(—})) c tan( arccos(—"2)) 


d_ sec(arctan(V3)) e cosec(aresin(—1)) f sin (2aresin( 2 


ieee 
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@) 5 Given that arcsin k = a, where 0 < k < 1 and wis in radians, write down, in terms of a, the first 
two positive values of x satisfying the equation sin x = k. 


6 Given that x satisfies arcsin x = k, where0 <k< o 
a state the range of possible values of x (1 mark) 
b express, in terms of x, 
i cosk ii tank (4 marks) 
Given, instead, that aa <k <0, 
c how, if at all, are your answers to part b affected? (2 marks) 
() 7 Sketch the graphs of: 
a y= + 2aresin x b y= -arctanx 
c y=arccos(2x + 1) d y=-2 arcsin (—x) 


8 The function f is defined as f : x — arcsinx, -1 < x < 1, and the function g is such that 


g(x) = f(2x). 

a Sketch the graph of y = f(x) and state the range of f. (3 marks) 

b Sketch the graph of y = g(x). (2 marks) 

c Define gin the form g:x +> ... and give the domain of g. (3 marks) 

d Define g-! in the form g!:xh ... (2 marks) 
9 a Prove that for 0 < x < 1, arccosx = arcsiny1 — x? (4 marks) 

b Give a reason why this result is not true for-1 <x <0. (2 marks) 


Challenge 


a Sketch the graph of y = sec x, with the restricted domain 
O<x<mx45 


‘ : , F T 
b Given that arcsec x is the inverse function of secx,O<x<7,xF Py 


sketch the graph of y = arcsec x and state the range of arcsec x. 
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Mixed exercise 6) 


Give any non-exact answers to equations to 1 decimal place. 


1 


OMCMOMG) 


4 


@ 


10 
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Solve tan x = 2 cot x, in the interval —180° < x = 90°. 


2 Given that p = 2sec 6 and g = 4cos 9, express p in terms of q. 


3 Given that p = sin @ and q = 4 cot 6, show that p?q? = 16(1 — p’). 


a Solve, in the interval 0 < 6 < 180°, 
i cosec 6 = 2coté 
b Solve, in the interval 0 = 9 < 360°, 
i sec(20 — 15°) = cosec 135° 
c Solve, in the interval 0 < x < 27, 
TT 


i cosee( x + a =—/2 


ee 2 _4 
i fi sec?x =3 


Given that 5 sin x cos y + 4cos x sin y = 0, and that cot x = 2, find the value of cot y. 


Prove that: 
a (tan 6 + cot 6)(sin@ + cos @) = sec d + cosec 6 


ce (1 -sinx)(1 + cosec x) = cos x cot x 


ii sec? + tand = 3 


li 2cot2@ = 7 cosecé — 8 


(4 marks) 
(4 marks) 
(4 marks) 
(5 marks) 
cosecx ig 
—————— = sec’ x 
cosec x — sin x 
cot x COS X Lhasa 


cosecx-—1 1+sinx 


1 1 Se P (sec@ —tan@)(sec# + tané) | 26 

© ode come 1+ tan20 a 

a Prove that —~~ u + COS ¥ = 2cosec x. (4 marks) 

1+cosx sin x 
b Hence solve, in the interval —-27 < x < 27, ae : _ ae 2 (4 marks) 
1+cosx sin x V3 
Prove that EAEEOST = (cosec 6 + cot 6)? (4 marks) 
l-—cosé — 

Given that sec A = —3, where a <A<z7, 

a calculate the exact value of tan A (3 marks) 
b_ show that cosec A = 32 (3 marks) 


Given that sec 6 = k, |k| = 1, and that 0 is obtuse, express in terms of k: 


a cosé b tan?0 c coté 


d cosec 0 


11 


12 


13 


9 ® © 


14 


6 


15 


© § 


16 


17 


6 


€/P) 18 
/P) 19 


() 20 


EP) 22 


Solve, in the interval 0 < x < 27, the equation see( x +4) = 2, giving your answers in 


4 
terms of 7. 


Find, in terms of 7, the value of arcsin(3) - arcsin(—+). 


; . . 2 
Solve, in the interval 0 < x < 27, the equation sec? x — a8 tanx -2=0, 


giving your answers in terms of 7. 


a Factorise sec x cosec x — 2sec x — cosec x + 2. 
b Hence solve sec x cosec x — 2 sec x — cosec x + 2 = 0, in the interval 0 S x < 360°. 
Given that arctan(x — 2) = a find the value of x. 


On the same set of axes sketch the graphs of y = cos x, 0 < x < m7, and y = arccos x, 
—1 <x <1, showing the coordinates of points at which the curves meet the axes. 


a Given that sec x + tan x = —3, use the identity | + tan? x = sec? x to find the value 
of sec x — tan x. 


b Deduce the values of: 
i secx ii tanx 


c Hence solve, in the interval —-180° < x < 180°, secx + tanx = —3. 


OQ ]R 


Given that p = sec — tan 6 and q = sec@ + tan @, show that p = 


a Prove that sec* 4 — tan*@ = sec?@ + tan? 6. 
b Hence solve, in the interval —180° < @ S 180°, sec*@ = tan* 6 + 3 tan 0. 


a Sketch the graph of y = sinx and shade in the area representing i “sin x dx. 
i 
b Sketch the graph of y = arcsin x and shade in the area representing iF arcsin x dx. 


5 1 
c By considering the shaded areas explain why I sin x dx + I arcsin x dx = ; 


Show that cot 60° sec 60° = a3 


a Sketch, in the interval -27 < x < 27, the graph of y = 2 - 3 secx. 


b Hence deduce the range of values of & for which the equation 2 — 3secx =k has 
no solutions. 


T 


a Sketch the graph of y = 3 arcsin x — > showing clearly the exact coordinates 
of the end-points of the curve. 


b Find the exact coordinates of the point where the curve crosses the x-axis. 


Trigonometric functions 


(5 marks) 


(4 marks) 


(5 marks) 


(2 marks) 
(4 marks) 


(3 marks) 


(4 marks) 


(3 marks) 


(3 marks) 
(3 marks) 


(4 marks) 


(3 marks) 
(4 marks) 


(3 marks) 


(2 marks) 


(4 marks) 
(3 marks) 
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24 a Prove that for 0 < x < 1, arccosx = arctan 


Chapter 6 


b Prove that for -1 <x < 1, arccosx =k + arctan 


Summary of key points 


1 


° sec x= 


1 
O GS SIE 6 
SIN x 


1 
COS x 


2 


x 
— x? ; 
x Where & is a constant to be found. 


(undefined for values of x for which cos x = 0) 


(undefined for values of x for which sin x = 0) 


(undefined for values of x for which tan x = 0) 


2 The graph of y = sec.x, x € R, has symmetry in the y-axis and has period 360° or 27 radians. 
It has vertical asymptotes at all the values of x for which cos x = 0. 
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y=sec x 
i, oan 
-450° 270°  -90° 90° 270° =: 450° 
+ t + + t t > 
_5n Eu em Os em 3m Sn x 
2 2 2 2 2 2 
ees) ee 


- The domain of y=secxisx ER, 
me 902,210", 450°, ... on anyodd 
multiple of 90°. 


- In radians the domain is x € R, 


= =, 2, ... or any odd multiple 
AG 
ofS 


- The range of y=secxisy<-lory=1. 


The graph of y = cosec x, x € R, has period 360° or 27 radians. It has vertical asymptotes at all 
the values of x for which sin x = 0. 


360° 


—2T 


-180° 


Ar 


a? 
vi 


180° 


a 


= COSEC X 


\ 


360° 


en 


x 


* The domain of y = cosec x is x € R, 
x # 0°, 180°, 360°, ... or any multiple of 
180°. 


* In radians the domain is x € R, x £0, 7, 
27, ... or any multiple of a 


> The range of y =cosecx is y<—1or 
pe 1. 


Trigonometric functions 


4 The graph of y = cot x, x € R, has period 180° or x radians. It has vertical asymptotes at all the 
values of x for which tan x = 0. 


y=cotx * The domain of y=cotxisx € R, x 40°, 
vt : 180°, 360°, ... or any multiple of 180°. 


* In radians the domain is x € R, x £0, 7, 27, 
... or any multiple of 7. 


he * The range of y=cotxisyER. 
-360° \ -180° igor \\ 360° 

t + t > 
-27 —T O T an x 


5 secx=k and cosecx =k have no solutions for-1<k<1. 


6 You can use the identity sin? x + cos* x = 1 to prove the following identities: 
- 14+tan?x =sec? x 


* 1 cot? % =cosec* x 


7 The inverse function of sin x is called arcsin x. y =arcsinx 


- The domain of y=arcsinx is-1<x<1 


; 5 AC 6 TT 
- The range of y = arcsin x is -— Sarcsinx < 5 or 
—90° Sarcsin x S 90° 


yA 
8 The inverse function of cos x is called arecos x. un 
» The domain of y=arccosxis-1<x <1 
> The range of y =arccos x isO S arccosx <7 or x 
0° S arccos x < 180° = y =arccos.x 
T > 
=—1 © 1 * 
; : ; YA 
9 The inverse function of tan x is called arctan x. a. y =aretanx 
* The domain of y=arctanxisxeR 
. T 7 > 
- The range of y = arctan x is ~5 Sarctanx <> O x 
or—90° Sarctanx S90° ene 5 Sree eee ese 
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Trigonometry and 
modelling 


After completing this unit you should be able to: 
@ Prove and use the addition formulae — pages 167-173 
@ Understand and use the double-angle formulae — pages 174-177 


e Solve trigonometric equations using the double-angle and addition 
formulae — pages 177-181 
e Write expressions of the form acos 6 + bsin@ in the forms 
Rcos(6 + a) or Rsin(O + a) — pages 181-186 


e@ Prove trigonometric identities using a variety of identities 
— pages 186-189 


e Use trigonometric functions to model real-life situations 
— pages 189-191 


1. Find the exact values of: 
a sin45° b cos A c tan z € Section 5.4 


2 Solve the following equations in the interval 0 S x < 360°. 
a sin(x + 50°) =-0.9 b cos(2x — 30°) =5 
c 2sin?x—sinx -3=0 € Year 1, Chapter 10 


The strength of microwaves 
at different points within 
- a microwave oven can be 
modelled using trigonometric 
functions. — Exercise 7G Q7 


. EEE... -——=——~—~—<CS ¥ 


3 Prove the following: 
a cosx+sinxtanx=secx b cotxsecxsinx=1 
cos? x + sin? x 


= Sine x € Section 6.4 
1+ cot? x 


Trigonometry and modelling 


GBD Addition formulae 


The addition formulae for sine, cosine and ae 5 
The addition formulae are sometimes 


tangent are defined as follows: called the compound-angle formulae. 


= sin(A + B) =sin A cos B+ cos A sin B sin(A — B) =sin A cos B- cos A sinB 
= cos(4 + B) =cos 4 cos B- sin A sinB cos(A — B) =cos A cos B+ sin A sinB 
tan 4 +tanB tan 4 -tanB 
A+B)= tan(4 —- B) = 
a 1-tan A tanB a 1+tan A tan B 


You can prove these identities using geometric constructions. 


>) 


Example 


In the diagram 7BAC=a, ZCAE=( and AE=1. 
Additionally, lines 4B and BC are perpendicular, 
lines AB and DE are perpendicular, lines AC and 
EC are perpendicular and lines EF and FC are 
perpendicular. 

Use the diagram, together with known properties 
of sine and cosine, to prove the following identities: 
a sin(a + 3) =sina cos 3+ cosa sin 3 


b cos(a + 8) =cosacos Z — sina sin B 


A 


me 22CP Se = 4iCi7 =o? —@, So HC =o, 


C L EC sin GB 
So FC= sina sin £. 


The diagram can be labelled with the following 
eg using the properties of sine and intiansleiCreing = ee See! EC 
cosine. a AE ‘il 
So EC =sin @. 
Gusciceeuee see le oeeed 
; FE FE 
In triangle FEC, cosa =— => cosa = —— 
. _ EC o sin 3 
| So FE = cosa sin (3. 
Ss sinasin GB -« 
+ 
& In triangle FEC, ieee nee 
= 
oO 


sinacos B 1] ie Be 
In triangle ABC, sina =—= ina= 
n triangle ABC, sing om eaG 


A D B So BC =sina cos f. 
+m —cos acos 3 ————> 


3 AB AB 
| ABC, =——= = 
n triangle ABC, cosa AG ee B 


|. Intriangle ACE, cos B= a= cos 3 = AC 


1 So AB =cosa cos 
So AC =cos £2. 
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a Using triangle ADE Problem-solving 


DE = sin(a + §) You are looking for a relationship involving 
AD = cos(a + 8) sin (a + 3), so consider the right-angled triangle 
DE= DF + FE ADE with angle (a + 3). You can see these 


relationships more easily on the diagram by 


=> sin(a + 2) = sina cos 8 + cosa sinZ 
looking at AG = DE and GE= AD. 


as required 
b AD=AB- DB 
=> cos(a + 2) = cosa cos — sina sin 


7 Substitute the lengths from the diagram. 
as required 


' Online ) Explore the proof step-by-step cy 


using GeoGebra. 


Example 


Use the results from Example | to show that 
a cos(4 — B)=cosAcosB+sin A sin B 


tan A +tanB 
bens B= 1 —tanA tan B 


a Replace B by —B in 
cos(A + B)=cosAcosB -— sinA sinB 


cos(A + (-B)) = cos A cos(-B) - sinA sin(—B) , ; 
cos(—B) = cos B and sin (-B) = -sinB 


A-B)= A B+sindA sinB 
cos ( ) = cosA cos B+ sind sin € Year 1, Chapter 9 
_ sin(A + B) 
b ne EPS g(a Bi 


_ sind cos B+ cosA sinB 
~ cos A cosB-—sinA sinB 


Divide the numerator and denominator by 
cos A cos B. 
sin A cos B ‘i cosa sin B 
_ cosAcesB cesAcosB : 
Cancel where possible. 


_ “e0sAcosB sind sinB 
cesa ceosB cosAcosB 


_ tanA + tanB 
~ 1—tanA tanB 


Prove that 
cosA sind _ COS (A + B) 
sinB cosB sinBcosB 


as required 
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_©osA  sinA Write both fractions with a common denominator. 
LHS = = 
sin B cos B 


_cosAcosB sinAsinB . Problem-solving 


~ sinBcosB  sinBcosB When proving an identity, always keep an eye 
on the final answer. This can act as a guide as to 
what to do next. 


_ cosA cosB-sinA sinB 


a sin B cos B 
_ cos(A + B) _ 
= ose |___ Use the addition formula in reverse: 


cos A cos B- sin A sin B=cos (A + B) 


Given that 2 sin (x + y) = 3cos(x — y), express tan x in terms of tan y. 


Expanding sin(x + y) and cos(x — y) gives Remenbertan v= 
COS x 


2sinx cosy + 2cosx siny = 3cosx cosy + 3sinx siny r Dividing each term by cos x cos y 


2 sinx cosy 2 COSX siny [ 3 cosx cosy 3 sinx siny | will produce tan x and tan y terms. 
20 COS X COSV " COSX Cosy = COSX cosy COSX cosy 


2tanx + 2tany = 3 + 3tanx tany 
Collect all tan x terms on one side 


2tanx — 3tanx tany=3-2tany - 
of the equation. 


tanx(2 - 3tany)=3- 2tany - | 
3 -2tany : 
So tan = oo Factorise. 
1 Inthe diagram 7BAC= 8, ZCAF=a—- Gand AC=1. F C E 


Additionally lines 4B and BC are perpendicular. 


a Show each of the following: 


i ZFAB=a ii ZABD=aand ZECB=a 
iii AB=cosf iv BC=sinf 
b Use AABD to write an expression for the lengths OT 
i AD ii BD 
c Use ABEC to write an expression for the lengths 
i CE ii BE > 


d Use AFAC to write an expression for the lengths 
i FC ii FA 


e Use your completed diagram to show that: 
i sin(a— )=sinacos@-cosa sin Z 
ii cos(a—- 3)=cosacos 3+ sina sin 
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Use the formulae for sin (A — B) and cos (A — B) to show that 


tan 4 —tanB 


aaa 1+tanA tan B 


By substituting A = P and B = —OQ into the addition formula for sin (A + B), show that 
sin(P — Q)=sin PcosQ-cosP sin@Q. 


A student makes the mistake of thinking that t Watch out ) ae 
This is acommon 


sin(A + B) = sin A + sin B. mistake. One counter-example is 
Choose non-zero values of A and B to show that sufficient to disprove the statement. 


this identity is not true. 


Using the expansion of cos(A — B) with A = B = 0, show that sin? 6 + cos? = 1. 


a Use the expansion of sin(A — B) to show that sin e - 6) = cos 6, 
b Use the expansion of cos (A — B) to show that cos & - 6) = sind. 


Write sin (x + A in the form psin x + g cos x where p and g are constants to be found. 


Write cos (x + z) in the form acos x + b sinx where a and b are constants to be found. 


Express the following as a single sine, cosine or tangent: 
a sin 15° cos 20° + cos 15° sin 20° b sin 58° cos 23° — cos 58° sin 23° 


tan 76° — tan 45° 
1 + tan 76° tan 45° 


e cos 20 cos@ + sin 26 sind f cos 4@ cos 36 — sin 46 sin 30 


c cos 130° cos 80° — sin 130° sin 80° d 


tan 20 + tan 30 
1 — tan 20 tan 30 


a i 1 iy 3 
g sin50 cos256 + cos56 sin 250 


i sin(A + B) cos B-cos(A + B) sinB 


. (> 5*) (=5*) ; (>5*) ; (=>) 
j cos cos | —~—] - sin sin 


2 2 2 2 


Use the addition formulae for sine or cosine to write each of the following as a single 


trigonometric function in the form sin (x + @) or cos(x + #), where0 <0< 3 
a as (sin x + COs x) b =o (cos x — sin x) c Ce + V3 cos x) d a0 (sin x — cos x) 
v2 v2 2 v2 


Trigonometry and modelling 


() 11 Given that cos y = sin (x + y), show that tan y = sec x — tan x. 


() 12 Given that tan (x — y) = 3, express tan y in terms of tan x. 


@) 13 Given that sin x(cos y + 2 sin y) = cos x(2 cos y — sin y), Hint } First multiply 


find the value of tan(x + y). out the brackets. 


@) 14 In each of the following, calculate the exact value of tan x. 
a tan(x - 45°) = 4 b sin (x — 60°) = 3cos(x + 30°) ec tan(x — 60°) =2 


15 Given that tan (x + 5) = , show that tan x = 8 - 5V3. (3 marks) 


3 
16 Prove that 


cos + cos (0+ =) + cos (a+ =) =0 


You must show each stage of your working. (4 marks) 


Challenge 


This triangle is constructed from two 


right-angled triangles 7, and 7). Hint } For part a your 

a Find expressions involving x, y, expressions should all 
A and B for: 7 as involve all four variables. 
i the area of 7, © You will need to use the 
ii the area of 7> formula Area = sab sin @ in 


iii. the area of the large triangle. each case. 
b Hence prove that [> 


sin(4 + B)=sin A cosB+cosA sinB 


7.2) Using the angle addition formulae 


The addition formulae can be used to find exact values of trigonometric functions of different angles. 


; , ; v6 -V2 

Show, using the formula for sin(A — B), that sin 15° = - 

sin 15° = sin (45° — 30°) - You know the exact values of sin and cos for many 
= sin 45° cos 30° — cos 45° sin 30° = angles, e.g. 30°, 45°, 60°, 90°, 180° ...., so write 
~ (1ya\(4/3) — (Ly2\(2 15° using two of these angles. You could also use 
(3 Bile (3 )(3) sin (60° a 45°). 

= 1(V3V2 - v2) 
eae 
a | 
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Given that sin A = 2 and 180° < A < 270°, and that cos B = 4 and B is obtuse, find the value of: 


a cos(A — B) b tan(A + B) 


ce cosec(A — B) 


You know sin A and cos B, but 


a cos(A — B)=cosAcosB+sinA sinB « 


cos? A =1-— sin? A sin? B = 1 —- cos? 


ote) =1-(-8) 
> 5 a 13 
Se ees See 
25 169 
_ 16 _ 25 
= 25) 169 
cos A= +2 sinB= te 


180°< A <270° so cos A = -4 


cos (4 ~ B) = (-3)(-73) + (-3)(+23) - 


—— 


B is obtuse so sin B= = 


need to find sin B and cos A. 


Use sin? x + cos*x = 1 to 


determine cos A and sin B. 


Problem-solving 


Remember there are two 
*— _ possible solutions to 
cos? A = #. Use a CAST diagram 


_ 48 15 _ 33 


“65 65 65 


_ tanA + tanB 
B tant Bp 1 —tanA tanB 


a+ (aa) 


So tan(A + B) = 


to determine which one to use. 


cos x is negative in the third 
quadrant, so choose the 
negative square root -2 sin x is 
positive in the second quadrant 
(obtuse angle) so choose the 


c cosec(A - B) = 


sin(A — B) = sinA cos B-cosA sinB 


sin(d ~ B= (3)68)- F218) = 


cosec(A — B) Bg 2 
5 


positive square root. 


Substitute the values for sin A, 
|__ sin B, cos A and cos B into the 
formula and then simplify. 


3 
sind ~—5 3 
tan A= =—=5 
Cosi on 

sinB 3 5 

USL) aan = = oe 


Exercise 7B) 


1 Without using your calculator, find the exact value of: 


a cos 15° b sin 75° 
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ce sin(120° + 45°) 


il 
Remember cosec x = ——— 
sinx 


d tan 165° 


Q © 


Trigonometry and modelling 


Without using your calculator, find the exact value of: 


a_ sin 30° cos 60° + cos 30° sin 60° b cos 110° cos 20° + sin 110° sin 20° 
c sin 33° cos 27° + cos 33° sin 27° d cos - cos ; — sin : sing 
e sin 60° cos 15° — cos 60° sin 15° f cos 70° (cos 50° — tan 70° sin 50°) 

tan 45° + tan 15° 1 —tan 15° 

1 — tan 45° tan 15° 1+ tan 15° 

tana = tanZ 7 
i j V3cos 15° - sin 15° 

1+ tan us tan= 

12 3 

a Express tan (45° + 30°) in terms of tan 45° and tan 30°. (2 marks) 
b Hence show that tan 75° = 2+ V3. (2 marks) 


Given that cot A = + and cot (A + B) = 2, find the value of cot B. 


V2 -V6 
4 
(4 marks) 


a Using cos (@ + a) = cos@ cos a — siné sina, or otherwise, show that cos 105° = 


b Hence, or otherwise, show that sec 105° = —Va(1 + Vb), where a and b are constants to 
be found. (3 marks) 


Given that sin A = 4 and sin B = s, where A and B are both acute angles, calculate the exact 
value of: 


a sin(A + B) b cos(A - B) ce sec(A - B) 


Given that cos A = 4, and A is an obtuse angle measured in radians, find the exact value of: 


a sin A b cos(z + A) c sin (+ 4) d tan (7+) 


Given that sin A = “. where A is acute, and cos B = -< where B is obtuse, calculate the exact 
value of: 


a sin(A — B) b cos(A - B) ec cot(A - B) 


Given that tan A = x, where A is reflex, and sin B = =. where B is obtuse, calculate the exact 
value of: 


a sin(A + B) b tan(A — B) ce cosec(A + B) 


Given that tan A = - and tan B= 5, calculate, without using your calculator, the value of A+ B 
in degrees, where: 


a Aand Bare both acute, 
b A is reflex and Bis acute. 
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CE Double-angle formulae 


You can use the addition formulae to derive the following double-angle formulae. 


® sin2A = 2sinA cos A 


® cos2A = cos? A - sin? A = 2cos? A -1=1-2sin? A 


2tanA 
1 -—tan? A 


Example @ 


Use the double-angle formulae to write each of the following as a single trigonometric ratio. 


=» tan24 = 


2 tan= 
‘ 6 4 sin 70° 
a cos? 50° — sin? 50° ae se 
fagan? sec 70 
6 
a cos* 50° — sin? 50° = cos (2 x 50°) —— Use cos24 = cos? A — sin? J in reverse, with A = 50°. 
= cos 100° 
z tan= ene 
bo Sin (ee . Use tan 24 = ein reverse, with A a 
i= tan? = ( a) 1-tan?.A 6 
on T 
tan a tan 
Asin (O° a 5 5 pul & 
Sec 70° = 4sin 70° cos 70 SOCK = ps oO = cere 
= 2(2 sin 70° cos 70°) -— 
— Recognise this is a multiple of 2 sin A cos A. 
= 2sin(2 x 70°) = 2sin140° ——_—_ 


— Usesin2A = 2sin A cos A in reverse with A = 70°. 


Example 8) 


Given that x = 3 sin @ and y = 3 — 4cos 20, eliminate 6 and express y in terms of x. 


The equations can be written as t Watch out ) Be careful with this manipulation. 


es 3 AP M j 
a ens J any errors can occur in the early part of a 
3 4 solution. 


As cos 20 = 1 — 2sin?@ for all values of @, 


ay ee 2(2)" : 6 has been eliminated from this equation. We still 
4 3 need to solve for y. 
a x\? 4 
i 4723) -3 
XN ; 
or y= 8(3) -1-> The final answer should be in the form y=... 
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Given that cos x = 3, and that 180° < x < 360°, find the exact value of: 


a sin2x b tan 2x 


a sin? A=1-—-—cos?A - 


3 
=1-(3] 
ee 
76 
180" 2 AS S60* coun = — 
sin2x = 2sinx cosx 
_ o(-7)(3) = ev 
= 4/\4)" 8 
Vi 
sin x 4 
b Lae = ee = 3 
4 
_ v7 
~ 3 
Avy 
2tanx 3 
2x= = 
mated 1 — tan? x mea 
) 
__2v7 9 
3 2 
= -3/7 


Exercise 70) 


@) 1 Use the expansion of sin(A + B) to show that sin24 = 2sin A cos A. 


Trigonometry and modelling 


Use sin? A + cos¢ A = 1 to determine sin A. 


sin A is negative in the third and fourth quadrants, 
so choose the negative square root. 


Find tan x in simplified surd form, then substitute 
this value into the double-angle formula for 
tan 2x. 


Make sure you square all of tan x when working 
out tan? x: 


Hint } Sat = Al, 


@) 2 a Using the identity cos(A + B) =cos A cos B- sin A sin B, show that cos 24 = cos? A — sin? A. 


b Hence show that: 
i cos24 =2cos?A-1 
ii cos2A = 1 -2sin?A 


Problem-solving 


Use sin? A + cos?A=1 


@) 3 Use the expansion of tan (A + B) to express tan 2A in terms of tan A. 
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() 4 


@) 8 
@) 9 


@) 10 
@) u 
@) 12 
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Write each of the following expressions as a single trigonometric ratio. 


a 2sin 10° cos 10° b 1 —2sin?25° © cos?40° — sin2?40° 
_2tan 5" | l _— 
1 = tan?5° * 2 sin (24.5)° cos (24.5)° EBcossoU"= 9 
sin 8° 


7 aL Sa er ee 
8 sec 8° neo 16 — 16 


Without using your calculator find the exact values of: 


a 2sin 22.5° cos 22.5° b 2cos?15°- 1 
2 tang 
c (sin 75° — cos 75°)” d.-——_ = 
1 - tan?> 
8 
a Show that (sin A + cos A? = 14 sin2A. (3 marks) 
2 
b Hence find the exact value of (sing + COS a : (2 marks) 


Write the following in their simplest form, involving only one trigonometric function: 


2 tans 
a cos*36 — sin? 30 b 6sin 26 cos 20 c r 
_ 2 
1 - tan 5) 
d 2~4sin?S e V1 +cos26 f sin?@ cos?0 
g 4sin@ cos0 cos 26 i i sin*@ — 2 sin? 6 cos? 6 + cos*é 
sec? @ — 2 
Given that p = 2 cos @ and g = cos 26, express g in terms of p. 
Eliminate 0 from the following pairs of equations: 
a x =cos?6, y= 1-cos26 b x=tané, y=cot20 
ec x=sind, y=sin26 d x=3cos20+1,y=2sin0 
Given that cos x = ‘, find the exact value of cos 2x. 
Find the possible values of sin @ when cos 26 = 2 
Given that tan 0 = ;, and that @ is acute, 
a find the exact value of: i tan 20 ii sin 20 iii cos 20 


b deduce the value of sin 40. 


() 13 


€/P) 14 
/P) 15 
E/P) 16 


/P) 17 


/P) 18 


() 19 


Trigonometry and modelling 


Given that cos A = -t, and that A is obtuse, 


a find the exact value of: i cos2A ii sin A iii cosec2A 
b show that tan2A4 = 42 
Given that 7<0< = find the value of tan$ when tan 6 = - (4 marks) 


Given that cos x + sinx = mand cos x — sinx =n, where m and n are constants, write down, 
in terms of m and n, the value of cos 2.x. (4 marks) 


In APOR, PO =3em;.PR=6em, OR =Scm and £<OPR=28, 
a Use the cosine rule to show that cos 20 = 2 (3 marks) 


b Hence find the exact value of sin 0. (2 marks) 


The line /, with equation y = 3x, bisects the angle between the x-axis and the line y = mx, m> 0. 
Given that the scales on each axis are the same, and that / makes an angle 6 with the x-axis, 


a write down the value of tan 0 (1 mark) 


b show that m= 2 (3 marks) 


a Use the identity cos(A + B) = cos A cos B - sin A sin B, to show that cos 2A = 2cos* A - 1. 
(2 marks) 
The curves C, and C, have equations 
Ci: y =4cos2x 
C>: y = 6 cos? x —3 sin 2x 


b Show that the x-coordinates of the points where C, and C; intersect satisfy the equation 


cos 2x + 3sin2x -3=0 (3 marks) 
Ucthe etter" dene 
Pine eee ~ cos2A iad Hint ) Use the identities for sin 2A 


and cos 24 and then divide both the 
numerator and denominator by cos? A. 


formula for tan 2A in terms of tan A. 


7.4 | Solving trigonometric equations 


You can use the addition formulae and the double-angle formulae to help you solve trigonometric 
equations. 
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Solve 4 cos (6 — 30°) = 82 sin@ in the range 0 < @ < 360°. Round your answer to 1 decimal place. 


400s (9 — 30°) = 8V2 siné 
400580 cos 30° + 43in@ sin 30° = &V2 sin@— 


4.cos6("| + 4sin (5) = 8/2 siné - 


2V3 cos 0 + 2sin8 = BV2 sind 
2V3 cos@ = (6V2 —- 2)sin@ + 


_2v3 =tané - 
eV2 -2 
tan@ =O.3719;2: 


0 = 204°, 200.4° - 


Solve 3cos2x —cosx +2=0 for 0 <x < 360°. 


Use the formula for cos (A — B). 


— 


Substitute cos 30° = a and sin 30° = 5 


Gather cosine terms on the LHS and sine terms 
on the RHS of the equation. 


Divide both sides by cos 6 and by (8V2 — 2). 


Use a CAST diagram or a sketch graph to find all 
the solutions in the given range. 


Using a double angle formula for cos 2x 
3cos2x-cosx+2=0 
becomes 


3(2 cos*x — 1) - cosx+2=0 
6cos*x —-3 —-cosx+2=0O 


Problem-solving 


Choose the double angle formula for 
cos 2x which only involves cos x: 

cos 2x =2cos*x-1 

This will give you a quadratic equation 
in cos x. 


Gcos*x —-cosx-1=O- 
So (3cosx + 1)\(2cosx -1)=O 


Tee ow =m 
Solving: cosx=- 3 Or cOosx=>5 


yA 


y=Cosx 


cos“(-4) = 109.5° cos“(5) = 60° 


20 * = 60%, 109.5°, 250.5°, 300° 


This quadratic equation factorises: 
6X*- X¥-1= (3X + 1)(2X - 1) 
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Solve 2 tan 2y tan y = 3 for 0 S y S 27. Give your answers to 2 decimal places. 


2tan2y tany = 3 


2tany 
—— | tay = 3 
1 —tan*y 


A tan? y 
1—tan2y 


Atan* y= 3 -3tan?y - 


Use the double-angle identity for tan. 


This is a quadratic equation in tan y. Because 


7 tant y= 3 
tan? y = 3 
tany = +/3 


y = 0.58, 2.56, 3.72, 5.70 


there is a tan? y term but no tany term you can 
solve it directly. 


t Watch out | Remember to include the positive 


and negative square roots. 


a By expanding sin(2A + A) show that sin3A = 3 sin A — 4sin? A. 


b Hence, or otherwise, for 0 < 6 < 27, solve 16 sin? — 12 sin @ — 2/3 = 0 giving your answers in 


terms of 7. 


a LHS = sin3A4 = sin(2A + A) 
=sin2A cos A + cos2A sinA 

= (2 3in A cos A)cos A 

+ (1 — 2sin? A) sin A 


= 2sinA cos*A +sinA - 2sin° A 

= 2sinA(1 — sin? A) + sin A -— 2sin° A 
= 2ainA - 2sin° A + sind - 2sin° A 
= 39inA —- 4sin? A = RHS 


b 1G6sin?@ - 12sin0 - 2/3 =O 
16 sin? 6 -— 12 sind = 2V3 


-45in 30 = 2/3 
sin 30 = a 


369 = 4% Sm 10m tin 16m 17m 


9240 5x 10n 11m 16H 170 
1 ee eet IO 


——— Use the addition formula for sin (4 + B). 


@ Subsitute for sin 2A and cos 2A. As the answer is 


in terms of sin. A, cos2A = 1 - 2sin? A is the best 
identity to use. 


IL Use sin2.A + cos? A = 1 to substitute for cos? A. 


Problem-solving 


The question says ‘hence’ so look for an 
opportunity to use the identity you proved in 
part a. You need to multiply both sides of the 
identity by —4. 


oe oe a ae Use a CAST diagram or a sketch graph to find all 


answers for 30.0 <0@< 27 S00 < 30< 67. 
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Exercise @ 


® 


© 


Q © 


Q 


@ 


1 Solve, in the interval 0 < @ < 360°, the following equations. Give your answers to | d.p. 


a 3cos@=2sin(6 + 60°) b sin(@ + 30°) + 2sin9d=0 
c cos(#? + 25°) + sin(@ + 65°) = 1 d cos@ = cos (@ + 60°) 
2 a Show that sin (0 + ra = aha 9+ cos @) (2 marks) 
4) 2 
b Hence, or otherwise, solve the equation (sin 9+cos@)= a 0<6@S2r. (4 marks) 
c Use your answer to part b to write down the solutions to sin @ + cos 6 = | over the same 
interval. (2 marks) 


3 a Solve the equation cos @ cos 30° — sin @ sin 30° = 0.5, for 0 = 6 < 360°. 


b Hence write down, in the same interval, the solutions of V3 cos@ — sin@ = 1. 


4 a Given that 3 sin (x — y) — sin(x + y) = 0, show that tan x = 2 tan y. 
b Solve 3 sin (x — 45°) — sin (x + 45°) = 0, for 0 < x < 360°. 


5 Solve the following equations, in the intervals given. 


a sin20=sin0,0<@<27 b cos26 = 1 —cos6, —180° < 6 S 180° 
c 3cos26 =2cos?0, 0 <6 < 360° d sin40=cos20,0<0<7 

e 3.cosd - sing — 1=0,0< 0 < 720° f cos?@-—sin20=sin?6,0<@0<7 

g 2sind=sec0,0<0<27 h 2sin 20 = 3 tan 0, 0 <0 < 360° 


i 2tan@ = V3(1 —tané)(1 + tan@),0 <0 <2n j sin?6 = 2 sin 20, -180° < @ < 180° 
k 4tan 0 = tan 26, 0 = @ < 360° 


6 In AABC, AB=4cm, AC=5cm, ZABC = 26 and ZACB = 0. Find the value of 0, giving your 
answer, in degrees, to | decimal place. (4 marks) 


7 a Show that 5 sin 26 + 4sin @ = 0 can be written in the form asin 9 (bcos @ + c) = 0, 


stating the values of a, b and c. (2 marks) 

b Hence solve, for 0 = 6 < 360°, the equation 5 sin 20 + 4sin @ = 0. (4 marks) 

8 a Given that sin 20 + cos 26 = 1, show that 2 sin 6 (cos @ — sin @) = 0. (2 marks) 

b Hence, or otherwise, solve the equation sin 26 + cos 26 = 1 for 0 < @ < 360°. (4 marks) 

9 a Prove that (cos 26 - sin 20) = 1 - sin 40. (4 marks) 
b Use the result to solve, for 0 = 6 < 7, the equation cos 26 — sin 26 = a 

Give your answers in terms of 7. (3 marks) 
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() 10 a Show that: 


tie” Latent” 

ok 2 . 2 
i sind = ———— li cosd = 7 
eal aaa 

1+ tan 5 1+tan 5 


b By writing the following equations as quadratics in tae solve, in the interval 0 < 6 < 360°: 


i sind+2cosé=1 ii 3cos@ -4sin@ =2 
11 a Show that 3 cos?x — sin?x = 1+2cos2x. (3 marks) 
b Hence sketch, for -7 < x <7, the graph of y = 3 cos*x — sin? x, showing the 
coordinates of points where the curve meets the axes. (3 marks) 
12 a Express 2 costs -4 sin? in the form acos @ + b, where a and 4 are constants. (4 marks) 
b Hence solve 2 cost -4 sin? = —3, in the interval 0 < @ < 360°. (3 marks) 


13 a Use the identity sin? A + cos? A = 1 to show that sin* A + cos* A = 5(2 —sin?2A). (5 marks) 
b Deduce that sin* A + cost A = +(3 + cos4A), (3 marks) 


c Hence solve 8 sin*@ + 8 cost = 7, for0 <@< 7. (3 marks) 


Hint ) Start by squaring (sin? A + cos? A). 


14 a By writing 30 as 20 + 6, show that cos 30 = 4cos?6 — 3cos 0. (4 marks) 
b Hence, or otherwise, for 0 < 6 < 7, solve 6cos 6 — 8 cos? 6 + 1 = 0 giving your answer 
in terms of 7. (5 marks) 


7.5) Simplifying acos x + bsinx 
Expressions of the form acos x + bsinx, where a and b are constants can be written as a sine function 
only or a cosine function only. 
= You can write any expression of the form acos 6 + /sin@ as either 
e Rsin (x + a) where R>0Oand0<a< 90°, or 
e Rceos(x + 3) where R>0O and 0 < 3<90° 
where Rcosa =a, Rsina =b and R\ a? + b? 


Use the addition formulae to expand sin (x + qa) or cos (x + 3), then equate coefficients. 
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Example 


Show that you can express 3 sin x + 4cos x in the form: 


a Rsin(x +a) 
b Rceos(x - a) 


where R>0,0<a< 90°, 0 < G < 90° giving your values of R, a and G to | decimal place when 


appropriate. 


Let 3sinx + 4cosx = Rsinx cosa 
+ Rceosx sina 


Soe Rcosa=3 and Rsina=4- 


a Rsin(x + a) = Rsinx cosa + Rcosx sina 


Rsina _ 4 


leas, 
7 
= -1{_— 
a@ = tan (3 


So a = 53.1° (1 dip.) 


R2cos?a + R@sin?a = 3° + 42 - 


R2 (cos? a + sin? a) = 25 


R? = 25. so R=5 


3sinx + 4cosx = 5sin(x + 53.1°) 


b Rceos(x - 8) = Rcosx cos + Rsinx sin Be 


Let 3sinx + 4cosx = Rcosx cosf 


+ Rsinx sinZ 
So RcosB=4 and RsinB=3 
RsinB 3 
Rceos Bp name 4 


So B = 36.9° (1 dp) 
R* cos* 3 + R* sin? GB = 37 + 4¢ 
R? (cos? 3 + sin? G) = 25 

Re ='25,50 R= 5 2 


3sinx + 4cosx = 5cos(x - 36.9°) 
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Use sin (4 + B) =sin A cosB+cosA sin Band 
multiply through by R. 


Equate the coefficients of the sinx and cos x terms. 


Divide the equations to eliminate R and use tan-! 
to find a. 


Square and add the equations to eliminate a and 
find R?. 


Use sint?a + cos*a = 1. 


Use cos (A — B) = cos A cosB+sinA sin Band 
multiply through by R. 
Equate the coefficients of the cos x and sin x terms. 


Divide the equations to eliminate R. 


Square and add the equations to eliminate a and 
find R?. 


Remember sin? a + cos?a = 1. 


transform the graphs of y = sinx and 
y =cos x to obtain the graph of y= 3 sinx + 4cosx 
using technology. 


Trigonometry and modelling 


a Show that you can express sin x — V3 cos x in the form Rsin(x — a), where R>0,0<a< = 


2 


b Hence sketch the graph of y = sin x — V3 cos x. 


a Set sinx — /3 cosx = Rsin(x — a) 
sinx - V3. cosx = Rsinx cosa — Rcosx sina 4 


50 Rcosa=1 and Rsina=V3 


Dividing, tana = V3, s0a = a 


Squaring and adding: R= 2 


So sinx — V3 cosx = 2sin (x = a) 


b y=sinx -V¥3cosx = 2sin (x = a) 


yA 
pe 


a Express 2cos@ + 5sin in the form Rcos(@ — a), where R>0,0<a< 90°. 
b Hence solve, for 0 < 6 < 360°, the equation 2 cos @ + 5sin@ = 3. 


a Set 2cos@ + 5sin8d = Rcos@ cosa 
+ Rsind sina 


Se Rcosa=2 and Rsina=5 


Dividing tana = 2 50 a = 66.2° 
Squaring and adding: R = V¥29 
S50 2cos6 + 5sin@ = V29 cos (0 — 68.2°) 


b V29cos(0- 66.2°)=3 - 


3 
So cos (6 — 68.2°) = — - 
= 9 
cos" =| = 56.1...° 
V29 


So 6 -— 68.2° = -5G61...°, 56.1...° 
6 = 12.1°, 124.3° (to the nearest O.1°) 
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Example 


f(@) = 12cos 6+ 5sin 8 


a Write f() in the form Rcos (6 - a). {Online ) Pee EIN FES bO @ zaze 


maximums and minimums of curves 
in the form Ros (6 — a). 


b Find the maximum value of f(@) and the 
smallest positive value of @ at which it occurs. 


Equate sin x and cos x terms and then solve for 


a Set 12cosé + 5sin8 = Rcos(é- a) 
Randa. 


So 12cosé+5sin@? = Rcosé cosa 


+ Rsin@ sing 
S50 Rcosa=12 and Rsina=5 
R= 13 andtana=3 >a = 226° 
So 12.cos@ + 5sin@ = 13.cos(6 — 22.6") 


The maximum value of cos x is 1 so the maximum 


b The maximum value of 13.cos(@ — 22.6°) ———__ 
nba tere — ) value of cos (8 — 22.6°) is also 1. 


is-13, 

This occurs when cos(@ — 22.6°) = 1 
f= 226" = i -360°, O°, 360"... 
The smallest positive value of @ is 22.6% 


Exercise 7E) 


Unless otherwise stated, give all angles to 1 decimal place and write non-integer values of R in surd form. 


Solve the equation to find the smallest positive 
value of 6. 


1 Given that 5sin@ + 12cos9 = Rsin(6 + a), find the value of R, R> 0, and the value of tana. 
2 Given that V3 sin @ + V6 cos 6 = 3cos(@ — a), where 0 < a < 90°, find the value of a. 


3 Given that 2 sin @ — V5 cos @ = —3 cos (6 + a), where 0 < a < 90°, find the value of a. 


a, 

2 

b Hence sketch the graph of y = cos@ — V3 sin 0, 0 < a < 2r, giving the coordinates of points 
of intersection with the axes. 


4 a Show that cos 6 — /3 sin @ can be written in the form Rcos(@ — a), with R>0 and0<a< 


Express 7cos @ — 24sin 6 in the form Rcos(6 + a), with R > 0 and 0<a< 90°. 
The graph of y = 7cos 0 — 24sin 6 meets the y-axis at P. State the coordinates of P. 


Write down the maximum and minimum values of 7 cos 6 — 24 sin 0. 


a Oo & f 


Deduce the number of solutions, in the interval 0 < 6 < 360°, of the following equations: 
i 7cos@— 24sin@ = 15 i 7cos 6 — 24sin 0 = 26 iii 7 cos 6 — 24sin 6 = —25 


©) 6 (0) =sind +3cosé 


Given f(@) = Rsin(@+ a), where R>0Oand0<a< 90°. 
a Find the value of R and the value of a. (4 marks) 
b Hence, or otherwise, solve f(x) = 2 for0 = 6 < 360°. (3 marks) 
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Trigonometry and modelling 


us 
2 
Give the value of a@ to 3 decimal places. (4 marks) 


a Express cos 20 — 2 sin 24 in the form Rcos (20 + a), where R>Oand0<a< 


b Hence, or otherwise, solve for 0 < @ < 7, cos 26 — 2 sin 20 = —-1.5, rounding your 
answers to 2 decimal places. (4 marks) 


Solve the following equations, in the intervals given in brackets. 


a 6sinx + 8cos x = 5V3, [0, 360°] b 2cos 30 — 3 sin 36 = -1, [0, 90°] 
c 8cosé+ 15sin 6 = 10, [0, 360°] d 5 sin5 —12 cos 5 = -6.5, [-360°, 360°] 


a Express 3 sin 30 — 4cos 36 in the form R sin (30 — a), with R>O and0<a<90°. (3 marks) 


b Hence write down the minimum value of 3 sin 39 — 4cos 34 and the value of 0 
at which it occurs. (3 marks) 


c Solve, for 0 = 6 < 180°, the equation 3 sin 30 — 4cos 34 = 1. (3 marks) 


a Express 5 sin?6 — 3 cos?@ + 6sin 6 cos @ in the form asin 26 + bcos 20 + c, 
where a, b and c are constants to be found. (3 marks) 


b Hence find the maximum and minimum values of 5 sin? @ — 3cos?6+6sin@cos@. (4 marks) 


c Solve 5 sin?@ — 3 cos?6 + 6sin 6 cos 6 =-1 for 0 < @ < 180°, rounding your 
answers to | decimal place. (4 marks) 


A class were asked to solve 3 cos @ = 2 — sin @ for 0 < 0 < 360°. One student expressed the 
equation in the form Rcos(6 — a) = 2, with R> 0 and 0 <a < 90°, and correctly solved the 
equation. 


a Find the values of R and a and hence find her solutions. 


Another student decided to square both sides of the equation and then form a quadratic 
equation in sin 0. 


b Show that the correct quadratic equation is 10 sin? 9 — 4sin@ —- 5 =0. 
c Solve this equation, for 0 < @ < 360°. 
d Explain why not all of the answers satisfy 3 cos @ = 2 — sin 0. 


a Given cot @ + 2 = cosec @, show that 2sin@ + cos@= 1. (4 marks) 
b Solve cot 6 + 2 =cosecé for 0 < @ < 360°. (3 marks) 
a Given V2 cos (0 = 7 + (V3 — 1)sin@ = 2, show that cos 6 + V3 sin@ = 2. (4 marks) 
b Solve y2cos (6 = 7) + (V3 —1)sin@ =2 for 0 <@ <2r. (2 marks) 
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14 a Express 9cos @ + 40 sin 6 in the form Rcos (6 — a), where R> 0 and0 <a < 90°. 


Give the value of a@ to 3 decimal places. (4 marks) 
b 8) = S05 aes a0sing © = 9S 2" 

Calculate: 

i the minimum value of g(6) (2 marks) 

ii the smallest positive value of 6 at which the minimum occurs. (2 marks) 

15 p(x) = 12cos 20 - 5sin26 

Given that p(x) = Rcos (20 + a), where R> 0 and 0 <a < 90°, 
a find the value of R and the value of a. (3 marks) 
b Hence solve the equation 12 cos 26 — 5 sin 20 = —6.5 for 0 < a < 180°. (5 marks) 
c Express 24cos* 6 — 10 sin @ cos @ in the form acos 20 + b sin 26 + c, where a, b 

and c are constants to be found. (3 marks) 
d Hence, or otherwise, find the minimum value of 24 cos? @ — 10 sin @ cos 0. (2 marks) 


7.6 | Proving trigonometric identities 


You can use known trigonometric identities to prove other identities. 


oe 1 0 = 
a Show that 2sin 5 cos 5 cos 6 = 5 sin 26. 


b Show that 1 + cos 40 = 2cos? 20. 


a 9in2A = 2sinA cosA 


Zr Substitute A = : into the formula for sin 2A. 


a _ 6 
sind = 2sin5 COs 5 


ee 
LHS = 2sin 5 cos 5 cos @ 


Problem-solving 


= 5in@ cos@ > 


= sein 20 + 


= RHS 


b LHS =1+cos46 
=1+2cos?20-1. 


Always be aware that the addition formulae can 
be altered by making a substitution. 

L 5 te 

Use the above result for 2 sin 5 6085 

‘— Remember sin 20 = 2sin@ cos 0. 


= 2 cos? 20 
= RHS 
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i— Use cos2A =2c0s? A —-1 with A = 20. 


Prove the identity tan 20 = 


2 
cot 0 — tand 


tan @. 


LHS = tan 260 = 


Divide the numerator and denominator by 


So tan20 = 


2tan@é 
1 — tan? 6 


2 


i — tan@ 


tan@ 


a See 
cot@ — tané 


Prove that V3 cos 46 + sin 40 = 2 cos (40 = at 


6 


RHS 


=2 cos (46 - ral 


2 


= /3 cos 46 + 5in40 = LHS 


Exercise 7F) 


() 1 Prove the following identities. 


e 


g 


i 


cos A + sin A 


1—cos20 _ 


cos2A =cosA —sinA 


sin20 ee 


2(sin? 6 cos # + cos? 6 sin @) = sin 26 


cosec 6 — 2cot 20 cos @ = 2sin@ 


an(f-s) = tte 


Trigonometry and modelling 


Problem-solving 


Dividing the numerator and denominator by 
a common term can be helpful when trying to 
rearrange an expression into a required form. 


Problem-solving 


Sometimes it is easier to begin with the RHS of 


= 2 cos 40cos + 2sin 46sin = ———— the identity. 
= 240846|'=) + asinag(_ 
= 6 c05 40 \ ~~ sin 3) Use the addition formulae. 


Write the exact values of cos= and sin= 


6 6 
sinB cosB _ : 
b a ca 2cosec 2A sin (B-— A) 
sec? 
———._ = sec 20 
: 1—tan29~ ~~“ 


sin 30 _ COS 30 


sin 0 cos 60 == 
sec@ —1 au 
h sec @ + 1 tan 2 
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@) 2 Prove the identities: 


cosA sind _ cos(A + B) 


a sin(4 + 60°) + sin(4 — 60°) = sin A b Sab CoB anced 
sin(x+y) _ cos (x + y) _ 
c cos xcosyp = tanx + tany d ancy 
T ae T _ cotA cot B-1 
e cos (0+ a +V3sind= sin (0+ ,) f cot(4+B)=— a4 cot B 
g sin?(45° + 0) + sin? (45° - 0) = 1 h cos(A + B)cos(A — B) =cos* A — sin? B 
(E/P) 3 a Show that tan@ + cot 6 = 2 cosec 20. (3 marks) 
b Hence find the value of tan 75° + cot 75°. (2 marks) 
4 a Show that sin 36 = 3 sin 6 cos*6 — sin? 6. (3 marks) 
b Show that cos 30 = cos? 4 — 3 sin? cos 0. (3 marks) 
_ 3 
c Hence, or otherwise, show that tan 30 = ss (4 marks) 
1 — 3tan?0 
: ; 1 10/2 
d Given that @ is acute and that cos 6 = 3, show that tan 30 = 73 (3 marks) 
5 a Using cos2A = 2cos? A —- 1 = 1 — 2 sin? A, show that: 
i cos? = 14008 i gin? = 1= 908% 
2 2 a 2 
b Given that cos @ = 0.6, and that @ is acute, write down the values of: 
i cos u ii sin v lii tan ud 
2 2 2 
A_1 
c Show that cos* = ric + 4cos A + cos2A). 
6 Show that cos?@ = 24+ 4cos 20 ++cos 49. You must show each stage of your 
oo 2 8 
working. (6 marks) 
7 Prove that sin? (x + y) — sin?(x — y) = sin 2x sin 2y. (5 marks) 
(E/P) 8 Prove that cos 26 — V3 sin 20 = 2cos (26 + a). (4 marks) 
9 Prove that 4cos (2 = é) = 2/3 — 4V3 sin? + 4sin 0 cos 0. (4 marks) 
() 10 Show that: 
a cos@+sin@ = V2 sin (6 + 7 b v3 sin 26 — cos 20 =2sin (26 _ A 
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Challenge 


1 a Showthat cos (4 + B) —cos(4 —- B) =-2sinA sin B. 


(es OV ea Oo 
b Hence show that cos P — cos Q = —2 sin >} in|}. 


c Express 3 sinx sin 7x as the difference of cosines. 


’ nie ae) 
2 a Prove that sin P+ sin Q =2sin 5 cos aS: 


b Hence, or otherwise, show that 2 sin cos 27 = 3 = ve 


G&D Modelling with trigonometric functions 


You can use trigonometric functions to model real-life situations. In trigonometrical modelling 
questions you will often have to write the model using R sin (x + a) or Ros (x + 3) to find maximum 
or minimum values. 


Example 21) 


The cabin pressure, P, in pounds per square inch (psi) on an aeroplane at cruising altitude can be 
modelled by the equation P = 11.5 — 0.5 sin(t — 2), where ¢ is the time in hours since the cruising 
altitude was first reached, and angles are measured in radians. 


a State the maximum and the minimum cabin pressure. 

b Find the time after reaching cruising altitude that the cabin first reaches a maximum pressure. 

c Calculate the cabin pressure after 5 hours at a cruising altitude. 

d Find all the times during the first 8 hours of cruising that the cabin pressure would be exactly 11.3 psi. 


a Maximum pressure = 11.5 — 0.5 x (-1) = 12 psi -—1 Ssin(t— 2) <1. Use the maximum and 
Minimum pressure = 11.5 - 0.5 x 1 = 11 psi +———_ minimum values of the sine function to find the 


; maximum and minimum pressure. 
b 11.5 -O.5sin(t-2)=12 - 


=O5sint=2)= 05 E 


Set the model equal to 12, the maximum pressure. 


sin(t- 2) =-1 
t-2-..., “a =e Loe Remember the model uses radians. 
t= OA3 hours = 26min - Multiply 0.43 by 60 to get the time in minutes. 
oe te i mee) L— Substitute ¢ = 5. 
= 11.5 - 0.070... 
= 11.43 psi 


Online ) Explore the solution to this eg? 


modelling problem graphically using 
technology. 
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d 1.5 -O5sin(t - 2) = 11.3. ———_— Set the model equal to 11.3. 
-0.5 sin(t — 2) = -O.2 
sin(t — 2) =O4 Use sin-1(0.4) to find the principal solution, then 
t— 2 =-3.553..., O.4115..., 2.73..., ——_ use the properties of the sine function to find 
6.6947... other possible solutions in the range 0 <7 <8. 
t = 241 hours, 4.73 hours. - 
t= 2h 25min, 4h 44 min 0<t<8so-2<t-2 <6. There are two 


solutions in the required range. 


Exercise 7G) 


@) 1 The height, h, of a buoy on a boating lake can be modelled by h = 0.25 sin (18007)°, where h is 
the height in metres above the buoy’s resting position and f is the time in minutes. 


a State the maximum height the buoy reaches above its resting position according to this model. 


b Calculate the time, to the nearest tenth of a second, at which the buoy is first at a height of 
0.1 metres. 


c Calculate the time interval between successive minimum heights of the buoy. 


@) 2 The angle of displacement of a pendulum, 6, at time ¢ seconds after it is released is modelled 
as @ = 0.03 cos(25f), where all angles are measured in radians. 


a State the maximum displacement of the pendulum according to this model. 
b Calculate the angle of displacement of the pendulum after 0.2 seconds. 
c Find the time taken for the pendulum to return to its starting position. 


d Find all the times in the first half second of motion that the pendulum has a displacement of 
0.01 radians. 


() 3 The price, P, of stock in pounds during a 9-hour trading window can be modelled by 
P=17.4+42 sin (0.7t — 3), where ¢ is the time in hours after the stock market opens, and angles 
are measured in radians. 


a State the beginning and end price of the stock. 
b Calculate the maximum price of the stock and the time when it occurs. 


c A day trader wants to sell the stock when it firsts shows a profit of £0.40 above the day’s 
starting price. At what time should the trader sell the stock? 


@) 4 The temperature of an oven can be modelled by the equation T = 225 — 0.3 sin (2x — 3), where 
T is the temperate in Celsius and x is the time in minutes after the oven first reaches the desired 
temperature, and angles are measured in radians. 


a State the minimum temperature of the oven. 
b Find the times during the first 10 minutes when the oven is at a minimum temperature. 


c Calculate the time when the oven first reaches a temperature of 225.2 °C. 


5 a Express 0.3 siné — 0.4 cos @ in the form R sin (6 — a)°, where R > 0 and 0 < a < 90°. Give the 
value of a to 2 decimal places. (4 marks) 


190 


Trigonometry and modelling 


b i Find the maximum value of 0.3 sin @ — 0.4cos 0. (2 marks) 
ii Find the value of 6, for 0 < @ < 180 at which the maximum occurs. (1 mark) 


Jack models the temperature in his house, T°C, on a particular day by the equation 
T = 23 + 0.3 sin (18x)° — 0.4cos (18x)°, x = 0 
where x is the number of minutes since the thermostat was adjusted. 
ce Calculate the minimum value of T predicted by this model, and the value of x, to 2 decimal 


places, when this minimum occurs. (3 marks) 
d Calculate, to the nearest minute, the times in the first hour when the temperature is predicted, 

by this model, to be exactly 23 °C. (4 marks) 
a Express 65cos @ — 20sin@ in the form Rcos(@ + a), where R>0 and0<a< 3 

Give the value of a correct to 4 decimal places. (4 marks) 


A city wants to build a large circular wheel as a tourist attraction. The height of a tourist on the 
circular wheel is modelled by the equation 

H=70 - 65cos 0.2t + 20sin 0.2t 
where # is the height of the tourist above the ground in metres, tis the number of minutes after 
boarding and the angles are given in radians. Find: 


b the maximum height of the wheel (2 marks) 
c the time for one complete revolution (2 marks) 
d the number of minutes the tourist will be over 100 m above the ground in each 

revolution. (4 marks) 
a Express 200 sin @ — 150cos@ in the form Rsin(@ — a), where R>O and0<a< 5 

Give the value of a@ to 4 decimal places. (4 marks) 


The electric field strength, £ V/m, in a microwave of width 25cm can be modelled using the 
equation 

7 : — 7 (=) 

E= 1700 + 200 sin A 150 cos 35 


where x is the distance in cm from the left hand edge of the microwave oven. 


b i Calculate the maximum value of E' predicted by this model. 
ii Find the values of x, for 0 < x < 25, where this maximum occurs. (3 marks) 
c Food in the microwave will heat best when the electric field strength at the centre of the food is 
above 1800 V/m. Find the range of possible locations for the centre of the food. (5 marks) 


Challenge 


Look at the model for the electric field strength in a microwave oven 
given in question 7 above. For food of the same type and mass, the 
energy transferred by the oven is proportional to the square of the 
electric field strength. Given that a square of chocolate placed at a point 
of maximum field strength takes 20 seconds to melt, 


a estimate the range of locations within the oven that an identical 
square of chocolate will take longer than 30 seconds to melt. 


b State two limitations of the model. 
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Mixed exercise as 


® 


® 


@ 


1 
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a Without using a calculator, find the value of: 


i atthe five ia ust ° ae. he Poe Cee . | -—tan 15° 
i sin 40° cos 10° — cos 40° sin 10 ii oP oo iii Stan 15° 


541 
2 


, ; 1 ; 
Given that sin x = — where x is acute and that cos (x — y) = sin y, show that tan y = 


v5 


The lines /, and /,, with equations y = 2x and 3y = x — 1 respectively, are drawn on the same set 
of axes. Given that the scales are the same on both axes and that the angles /, and /, make with 
the positive x-axis are A and B respectively, 


a write down the value of tan 4 and the value of tan B; 
b without using your calculator, work out the acute angle between /, and /). 


In AABC, AB=5cmand AC=4cm, ZABC = (6 - 30°) and ZACB = (6 + 30°). Using the sine 
rule, show that tan @ = 373. 


The first three terms of an arithmetic series are V3 cos 0, sin (9 — 30°) and sin 6, where @ is acute. 
Find the value of 0. 


Two of the angles, A and B, in AABC are such that tan A = ;, tan B= - 
a Find the exact value of: i sin(A + B) ii tan 2B. 
b By writing C as 180° - (A + B), show that cos C = -23 


; 2 3 

The angles x and y are acute angles such that sin x = — and cos y = —= 
a Show that cos 2x = -2 
b Find the value of cos 2y. 
c Show without using your calculator, that: 

i tan(x+y)=7 iix-y=] 
Given that sin x cos y = = and cos x siny = i, 
a show that sin (x + y) = 5sin(x — y). 
Given also that tan y = k, express in terms of k: 
b tanx 
ec tan2x 
a Given that V3 sin 20 + 2sin?0 = 1, show that tan 20 = a (2 marks) 
b Hence solve, for 0 < @ < 7, the equation V3 sin 26 + 2 sin?4 = 1. (4 marks) 


10 


11 


12 


13 


14 


15 


16 
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a Show that cos 20 = 5 sin 6 may be written in the form asin? 6 + bsin @ + c = 0, where a, b 


and c are constants to be found. (3 marks) 
b Hence solve, for -7 < 6 S 7, the equation cos 26 = 5 sin 0. (4 marks) 
a Given that 2 sin x = cos (x — 60)°, show that tan x = rer (4 marks) 
b Hence solve, for 0 = x < 360°, 2 sinx = cos (x — 60°), giving your answers to 

1 decimal place. (2 marks) 
a Given that 4sin (x + 70°) = cos (x + 20°), show that tan x = -2 tan 70°. (4 marks) 
b Hence solve, for 0 = x < 180°, 4sin (x + 70°) = cos (x + 20°), giving your answers 

to 1 decimal place. (3 marks) 
a Given that a is acute and tana = 3 prove that 

3sin(9 + a) + 4cos(6 + a) = 5cosé 
b Given that sin x = 0.6 and cos x = —0.8, evaluate cos (x + 270°) and cos (x + 540°). 
a Prove, by counter-example, that the statement 
sec(A + B) =sec A + sec B, for all A and B 

is false. (2 marks) 
b Prove that tan 6 + cot 6 = 2cosec 26, 0+ e ne Z. (4 marks) 

: — 2tand _., : 
Using tan 20 = toon with an appropriate value of 6, 
a show that tang =/2-1. 
b Use the result in a to find the exact value of tan = 
a Express sin x — V3 cos x in the form R sin (x — a), with R>0and0<a< 90°. (4 marks) 


b Hence sketch the graph of y = sin x — V3 cos x, for —360° < x < 360°, giving the coordinates 
of all points of intersection with the axes. (4 marks) 


Given that 7cos 20 + 24sin 240 = Rcos(20 - a), where R>O and0<a< a find: 
a the value of R and the value of a, to 2 decimal places (4 marks) 
b the maximum value of 14cos?@ + 48 sin 6 cos 0. (1 mark) 


c Solve the equation 7 cos 26 + 24 sin 26 = 12.5, for 0 = 6 < 180°, giving your answers to 
1 decimal place. (5 marks) 
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18 a Express 1.5 sin 2x + 2.cos 2x in the form Rsin(2x + a), where R>Oand0<a< 


giving your values of R and a to 3 decimal places where appropriate. 


b Express 3 sin x cos x + 4cos* x in the form asin 2x + bcos 2x + c, where a, b and c 


are constants to be found. 


c Hence, using your answer to part a, deduce the maximum value of 
3 sin x cos x + 4cos? x. 


19 a Given that sin? = 2sin 0, show that 17 sin(6 + a) = 1 and state the value of a. 


b Hence, or otherwise, solve sin? = 2sin 0 for 0 <6 S 360°. 


a 


2° 


(4 marks) 


(3 marks) 


(1 mark) 


(3 marks) 


(4 marks) 


20 a Given that 2cos@ = 1+ 3sin9, show that Rcos(6 + a) = 1, where R and qa are constants 


to be found. (2 marks) 
b Hence, or otherwise, solve 2cos @ = 1 + 3sin@ for 0 < 6 < 360°. (4 marks) 
@) 21 Using known trigonometric identities, prove the following: 
a secé cosec 6 = 2 cosec 20 b tan Fi + x) — tan a - x) = 2 tan 2x 
4 4 
c sin(x + y) sin(x — y) = cos? y — cos? x d 1+2cos20 + cos40@ = 4cos?6 cos 26 
I C08 28 oe 
22 a Use the double-angle formulae to prove that -————— = tan? x. (4 marks) 
1+ cos 2x 


1 —cos2x 


b Hence find, for -7 < x <7, all the solutions of 
1 +cos2x 


in terms of 7. 


23 a Prove that cos* 26 — sin*20 = cos 40. 


b Hence find, for 0 < 8 S 180°, all the solutions of cos* 26 — sin4 26 = 3 


24 a Prove that io = tané. 
sin 20 


b Verify that 0 = 180° is a solution of the equation sin 26 = 2 — 2cos 26. 


c Using the result in part a, or otherwise, find the two other solutions, 0 < @ < 360°, 
of the equation sin 20 = 2 — 2cos 26. 


25 The curve on an oscilloscope screen satisfies the equation y = 2cos x — V5 sin x. 
a Express the equation of the curve in the form y = Rcos(x + a), where R and 


qa are constants and R>Oand0<a< 5 


b Find the values of x, 0 < x < 27, for which y = -1. 
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= 3, leaving your answers 


(2 marks) 


(4 marks) 
(2 marks) 


(4 marks) 


(1 mark) 


(3 marks) 


(4 marks) 
(3 marks) 


Trigonometry and modelling 


26 a Express 1.4sin @ — 5.6cos@ in the form R sin (@ — a), where R and a are constants, 


R>Oand0<a< 90°. Round R and a to 3 decimal places. (4 marks) 
b Hence find the maximum value of 1.4sin @ — 5.6 cos @ and the smallest positive value 
of @ for which this maximum occurs. (3 marks) 
The length of daylight, d(t) at a location in northern Scotland can be modelled using the equation 
3601) ° __ (3602\” 
A(t) =12+ 5.608 ( 365 + 1 Asin| 365 


where ¢ is the numbers of days into the year. 


ce Calculate the minimum number of daylight hours in northern Scotland as given by 
this model. (2 marks) 


d Find the value of t when this minimum number of daylight hours occurs. (1 mark) 


27 a Express 12sinx + Scosx in the form Rsin(x + a), where R and a are constants, 
R>Oand0<a< 90°. Round a to | decimal place. (4 marks) 


A runner’s speed, v in m/s, in an endurance race can be modelled by the equation 
50 


v(x) = 3 5 0<x < 300 
12 sin (=) + Scos (=) 
5 > 
where x is the time in minutes since the beginning of the race. 
b Find the minimum value of v. (2 marks) 
c Find the time into the race when this speed occurs. (1 mark) 


Challenge 


1 Prove the identities: 


cos 20 + cos 40 _ = eote 
sin20—sin40 — 


b cosx+2co0s 3x + cos 5x = 4cos* x cos 3x 


2 The points A, Band Clie on a circle with centre O and radius 1. AC isa 
diameter of the circle and point D lies on OC such that ZODB = 90°. 


B 
Hint ) Find expressions 


for ZBOD and AB, 
then consider the 
lengths OD and DB. 


Use this construction to prove: 
a sin20=2sin6 cosé b cos20=2cos?@-1 


195 


Chapter 7 


196 


Summary of key points 


1 The addition (or compound-angle) formulae are: 
- sin(4+ B) =sinAcosB+cosAsinB 
- cos(4 + B)=cosAcosB-sinAsinB 


sin (A — B) =sin A cosB-—cosA sinB 


cos (A — B)=cosAcosB+sinAsinB 
ences tan A +tanB 


tan A —tanB 
aaa nae Al = 13) = 
1—tanAtanB rank ) 


1+tanAtanB 
2 The double-angle formulae are: 


* sin2A =2sin A cosA 
* cos2A =cos? A — sin? A =2c0s*A-1=1-2sin2A 
2tanA 
° tan24 = SS] 
1—tan2A 
3 You can write any expression of the form asin @ + bcos @ as either: 

> Rsin (6 +a), with R>Oand0<a< 90° or 

- Rcos (@+)5), with R>Oand0<a<90° 
where Rcosa=a, Rsina=band R=Vva?+b?. 


Parametric equations 


After completing this chapter you should be able to: 
@ Convert parametric equations into Cartesian form by substitution 
— pages 198-202 
@ Convert parametric equations into Cartesian form using 
trigonometric identities — pages 202-206 


e Understand and use parametric equations of curves and sketch 
parametric curves — pages 206-208 


@ Solve coordinate geometry problems involving parametric 
equations — pages 209-213 


e Use parametric equations in modelling in a variety of contexts 
— pages 213-220 


1 Rearrange to make ¢ the subject: 
a x=4t-kt b y=3t c y=2-4|lnt d x=1+2e* 
< GCSE Mathematics; Year 1, Chapter 14 
Write in terms of powers of cos x: 
a 443sin?x b sin2x 
c cotx d 2cosx+cos2x € Section 7.2 
State the ranges of the following functions. 
Parametric equations a y=In(x+1),x>0 °) PS 2S O<se< we 
can be used to describe 


c y=x*+4x-2,-4<x<1 os ,xX>-2 
the path of a ski jumper 2x+5 
from the point of € Year 1, Chapter 6 
leaving the ski ramp to 4 Acircle has centre (0, 4) and radius 5. Find the coordinates of the 
the point of landing. points of intersection of the circle and the line with equation 

— Exercise 8E, Q8 2y-x-10=0. € Year 1, Chapter 6 
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& Parametric equations 


You can write the x- and y-coordinates of each point on a curve as functions of a third variable. 
This variable is called a parameter and is often represented by the letter 7. 


= Acurve can be defined using parametric equations x = p(t) and y = q(t). Each value of the 
parameter, t, defines a point on the curve with coordinates (p(f), q(7)). 


al [x= Fey =2t,t>0 These are the parametric equations of the curve. 
The domain of the parameter tells you the values 
z of t you would need to substitute to find the 
sl coordinates of the points on the curve. 
34 
2-4 
27+1 
al : When f= 2,x=">—~=25andy=2x2=4. 
This corresponds to the point (2.5, 4). 
joo ie3a5 6° OD saa Gee p point (2.5, 4) 
=e | 
0.5% + 1 
t Watch out | The value of the parameter f is When t= 0.5, x= i. 2sandy=2x05=1. 
generally not equal to either the x- or the This corresponds to the point (2.5, 1). 


y-coordinate, and more than one point on 
the curve can have the same x-coordinate. 


= You can convert between parametric Notation ] percecancetareninens 
equations and Cartesian equations by using dimensions involves the variables x and y only. 


substitution to eliminate the parameter. 
You can use the domain and range of the parametric functions to find the domain and range of the 
resulting Cartesian function. 
= For parametric equations x = p(t) and y = q(t) with Cartesian equation y = f(x): 

e the domain of f(x) is the range of p(7) 

e the range of f(x) is the range of q(7) 


A curve has parametric equations 
x=2i, per, —-3<f<3 
a Find a Cartesian equation of the curve in the form y = f(x). 
b State the domain and range of f(x). 
c Sketch the curve within the given domain for ¢. 


xs 4 _ A Cartesian equation only involves the variables x 
2 0) and y, so you need to eliminate 1. 

y=? (2) = 
Substitute (1) into (2): . 


a = 2rsor= 


Rearrange one equation into the form ¢ =... then 
—_ substitute into the other equation. 


Mie Re | pa 
y= (5) = | = 
This is a quadratic curve. 
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b x=26=3 <1< 3 
So the domain of f(x) is -G <x <6. 
y= h-3 <7 <3 
So the range of f(x) isO Sy <9. 


A curve has parametric equations 


x =In(t + 3), yams t>-2 


Parametric equations 


The domain of f is the range of the parametric 
function for x. The range of x = 2t over the 


domain -3 <t<3is-6<x<6. € Section 2.1 
The range of f is the range of the parametric 
function for y. Choose your inequalities carefully. 
y = f* can equal 0 in the interval —3 < t < 3,50 use 
<, but it cannot equal 9, so use <. 


The curve is a graph of y = tx, Use your answers 
to part b to help with your sketch. 


t Watch out ] Pay careful attention to the domain 


when sketching parametric curves. The curve is 
only defined for -3 < t < 3, or for—6< x <6. You 
should not draw any points on the curve outside 
that range. 


a Find a Cartesian equation of the curve of the form y = f(x), x > k where k is a constant to be found. 


b Write down the range of f(x). 


a x =In(t + 3) 
e=t+3 
208=—S=1 
Substitute t = e* — 3 into 
ee ae 1 
t+5 e*-3+ 
1 


5 Ei 
~ ex + 2 


When t = -2: x = In(t + 3) =|In1=0O 


y 


As t increases In (t + 3) increases, so the 
range of the parametric function for x is 
x > 0; 


—TL 


The Cartesian equation is 


1 


yeaag te! 


1 ] 


b Wie] "20 = eo 


As t increases y decreases, so the range 


foryisy<4 


of the parametric function 


The range of f(x) is y < 5 


’ Online ) Sketch this parametric 


ce) 


curve using technology. 
e* is the inverse function of In x. 


Rearrange the equation for x into the form f=... 
then substitute into the equation for y. 


To find the domain for f(x), consider the range of 
values x can take for values of t > —2. 


You need to consider what value x takes when 
t = —2 and what happens when ¢ increases. 


The range of f is the range of values y can take 
within the given range of the parameter. 


You could also find the range of f(x) by 
considering the domain of f(x). f(0) = 5 and f(x) 
decreases as x increases, so the range of f(x) is 
y< + € Section 2.1 
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Exercise (3) 


1 


Find a Cartesian equation for each of these parametric equations, giving your answer in the 
form y = f(x). In each case find the domain and range of f(x). 


ax=t-2, yp=P+l, -4<t<4 bx=5-t, y=f-1, tER 


c x4, y=3-t, t#0 Notation | If the domain of ris given as ¢ + 0, this 


implies that ¢ can take any value in R other than 0. 


a = : _p 
d x=2t+1, ee t>0 Cam y=, t>2 
1 1 
Et ae Pe 


For each of these parametric curves: 

i find a Cartesian equation for the curve in the form y = f(x) giving the domain on which the 
curve is defined 

ii find the range of f(x). 


ax=2In(5-0, y=?-5, t<4 b x=In(¢+3), y= t>-2 


t+5’ 


¢ x=e, p=ae «teER 


A curve C is defined by the parametric equations x=Vt, y=¢9-1), O<tS5. 


a Find a Cartesian equation of the curve in the form y = f(x), and determine the domain and 
range of f(x). 


b Sketch C showing clearly the Problem-solving 


coordinates of any turning : ate ; 
y = ¢(9 - 2) is a quadratic with a negative ¢* term and roots at 


oints, endpoints and intersections : : 
an es nena ages t=Oand¢=9. It will take its maximum value when ¢ = 4.5. 


For each of the following parametric curves: 

i find a Cartesian equation for the curve in the form y = f(x) 
ii find the domain and range of f(x) 

iii sketch the curve within the given domain of t. 


a x=2?-3, y=9-?, t>0 b x=3t-1, y=(t-1)(t+2), -4<1t<4 
ec x=t+l, yor, teR, t#l d x= /f-1, yH3vi, it>0 


e x=In(44-, y=t-2, t<3 
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() 5 The curves C; and C; are defined by the following parametric equations. 


oe 7 ee __t 
Ci: x=14+2t, y=2+3t 2<t<5 C3: X=57 3 V=573 


2<t<3 


a Show that both curves are segments of the 
e Notation ] Straight lines and line segments can 


same straight line. be referred to as ‘curves’ in coordinate geometry. 
b Find the length of each line segment. 


6 Acurve C has parametric equations 
x=342, y=2t-3-f/, teER, ¢t#0 
a Determine the ranges of x and y in the given domain of f. (3 marks) 
b Show that the Cartesian equation of C can be written in the form 
A(x? + bx + c) 
2 = 2p 


where A, b and c are integers to be determined. (3 marks) 


7 A curve has parametric equations 


x=In(t+3), y= t>-2 


t+5’ 

a Show that a Cartesian equation of this curve is y = f(x), x > k where k is a constant to be 
found. 

b Write down the range of f(x). 


8 A diagram shows a curve C with parametric equations YA 
x=3Vi, y=P-24, 0<1<2 =] Z 
a Find a Cartesian equation of the curve in the form / 
y = f(x), and state the domain of f(x). (3 marks) J 
b Show that a = 0 when ¢ = (2 (3 marks) | 5 
dt 3 O ae ae 
c Hence determine the range of f(x). (2 marks) 


9 Acurve C has parametric equations 
x=f-t, yp=4-P, teER 


a Show that the Cartesian equation of C can be written in the form 


x? =(a—y)(b- yy 
where a and b are integers to be determined. (3 marks) 


b Write down the maximum value of the y-coordinate for any point on this curve. (2 marks) 
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Challenge 


A curve C has parametric equations 


a Show that a Cartesian equation for this curve is x* + y*= 1. 


b Hence describe C. 


8.2 | Using trigonometric identities 


You can use trigonometric identities to convert trigonometric parametric equations into Cartesian 
form. In this chapter you will always consider angles measured in radians. 


A curve has parametric equations x =sint+2, y=cost-—3, tER 


a Show that a Cartesian equation of the curve is (x —2)?+ (y-3)? = 1. 


b Hence sketch the curve. 


a x=sint+2 
So sint=x-2 (1) 
y=cost-3 
cost=y+3 (2) 
Substitute (1) and (2) into 
sin? t + cos*t = 1 
(x - 2)? + (y+ 3)? =1 - 


b y 


O 


av 
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Problem-solving 


If you can write expressions for sint and cos ¢ in 
terms of x and y then you can use the identity 
sin? t + cos* tf = 1 to eliminate the parameter, ¢. 

< Year 1, Chapter 10 


Parametric equations 


Example 


A curve is defined by the parametric equations ' Online ) 
You can graph the 


x=sint, y=sin2zr, 5 Spe a parametric equations using 
technology. 
a Find a Cartesian equation of the curve in the form 


y=f), -k=x<k 
stating the value of the constant k. 


b Write down the range of f(x). 


a y=sin2t 
2 sintcost 


= 2xcost (1) 


sin?t + cos*t=1 - 


cos? t = 1 —- sin? t 


=1- xe 

= — 2 
scesdaa lie - WEVA Be careful when taking square 
Substitute (2) into (1): y= 2xv1 - x? roots. In this case you don't need to consider the 
Wh gen fas oe negative square root because cos £ is positive for 

ha eee (-3) — all values in the domain of the parameter. 
ne : T\ _ 

When t= 5.x =sin(5)=1 


The Cartesian equation is y = 2xv1 — x*, 
-1<=x<1s0k=1. 


A curve C has parametric equations 
x=cott+2 y=cosec?t-2, 0<t<m7 


a Find the equation of the curve in the form y = f(x) and state the domain of x for which the curve 
is defined. 


b Hence, sketch the curve. 
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a 


x=cott+2 Problem-solving 


cott=x-2 (1) The parametric equations involve cot ¢ and 
cosec* t so you can use the identity 
(2) - il 4b Coli f = Cos@e? i. € Section 6.4 


y=cosec*t - 2 


cosec*t=y+2 
Substitute (1) and (2) into 
1+ cot* t = cosec* t 
J+(x- 2)? =yp+2 
1+x*°-4x4+4=y+2 
y=x?-4x4+3 


The range of x = cott + 2 over the domain 
O<t<qT is all of the real numbers, so the 
domain of f(x) is x E R. 
yH=x*-4x4+3 =(x- 3)(x- lisa 
quadratic with roots at x = 3 and x =1 and 
y-intercept 3. The minimum point is (2, —1). 


VA onal the real nu 


' Online ) Explore this curve 


graphically using technology. 


Exercise 


1 


3 
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Find the Cartesian equation of the curves given by the following parametric equations: 


a x=2sint-1, y=Scost+4, 0<t<27 b x=cost, y=sin2t, 0<t<27 
ce x=cost, y=2cos2t, 0<t<27 d x=sint, y=tan2z, O2ie, 
e x=cost+2, y=A4sect, Gate, f x=3cott, y=cosect, 0<t<a7 


A circle has parametric equations x = sint-—5, y=cost+2 
a Find a Cartesian equation of the circle. 


b Write down the radius and the coordinates of the centre of Problem-solving 


the circle. 
Think about how x and y 


c Write down a suitable domain of t¢ which defines one full change as f varies. 


revolution around the circle. 


A circle has parametric equations x = 4sint+3, y=4costf-— 1. Find the radius and the 
coordinates of the centre of the circle. 


A curve is given by the parametric equation x =cost-2, y=sint+3, 
Sketch the curve. 


Parametric equations 


—7<t<T7. 


Find the Cartesian equation of the curves given by the following parametric equations. 


F TT TT 
a x=sint, y=sin(t+4], Quret 


T T 
b x=3co0st, y=2cos (: * al Gets = Hint ) Use the addition formulae 
and exact values. 


ec x=sint, y=3sin(t+7), O<t<27 


The curve C has parametric equations 


1 1 
x =8cost, Y= Gsec’t, ee a 


a Find a Cartesian equation of C. 


NIA 


b Sketch the curve C on the appropriate domain. 


A curve has parametric equations 


x= 3cot?21, y=3sin* 27, 0<1<7 


(4 marks) 
(3 marks) 


Find a Cartesian equation of the curve in the form y = f(x). State the domain on 


which f(x) is defined. 


A curve C has parametric equations 


fh ‘ T 
x= sin f, y=sin 31, O<i<5 


a Show that the Cartesian equation of the curve is given by 
y =ax(1 - bx?) 
where a and b are integers to be found. 


b State the domain and range of y = f(x) in the given domain of f¢. 


Show that the curve with parametric equations 
x =2cost, y=sin(t- 4), O<t<7 
can be written in the form 


y=4W2— 32 - x), 2<x<2 


A curve has parametric equations 


x=tan?t+5, y=5sint, 0<1<F 


a Find the Cartesian equation of the curve in the form y? = f(x). 


b Determine the possible values of x and y in the given domain of t. 


(6 marks) 


(5 marks) 
(2 marks) 


(6 marks) 


(4 marks) 


(2 marks) 
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11 Acurve C has parametric equations 


x=tant, y=3sin(t-—7), 0<1<5 


Find a Cartesian equation of C. 


Challenge 


Find the Cartesian equation of the curve given by the following 
parametric equations. 


x= 50521, yssin(t+2), O0<t<2n 


& Curve sketching 


(4 marks) 


Most parametric curves do not result in curves you will recognise and can sketch easily. You can plot 


any parametric curve by substituting values of the parameter into each equation. 


Draw the curve given by parametric equations 
x=3cost+4, y=2sint, 0<t<27 


T nH | St Om | OF 
: lala al | a |e 
x=3cost+4] 7 |612}) 4 |167]) 1 11.67) 4 | 612 
y = 2sint O |141} 2 | 141) O |-1.41} -2 | -1.41 
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Draw the curve given by the parametric equations x = 21, 


t -1| 0] 1 2|3 | 4 |5 Online ) Use technology to graph 


the parametric equations. 


y=, for-lsr<5., 


x=2t);-2}0);2]4]6 1] 8 | 10 


Exercise (8c) 


1 Accurve is given by the parametric equations 


x =2t, ye, t#0 


Copy and complete the table and draw a graph of the curve for -5 <t <5. 


t a5 a | 3 (2 |e lasts | ft 12 | 3s fa ls 
x=2t | -10 | -8 ai 
y=> | -1 |-1.25 10 


2 Accurve is given by the parametric equations 


B 
= 72 a 
x=, 5 
Copy and complete the table and draw a graph of the curve for -4 = ¢ = 4. 

t -4 -3 —2 -1 0 1 2 3 4 
x=? 16 

3 
ye 5 138 


3 Accurve is given by parametric equations 
x=tant+1, y=sint, “4=tSa 
Copy and complete the table and draw a graph of the curve for the given domain of tf. 
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t = 


wy 


AIA 
aA 
— 
i) 
_— 
i) 
aA 
AIA 


x=tant+1 0 


y=sint 0 


4 Sketch the curves given by these parametric equations: 
ax=t-2, p=P+l, -4<t<4 
b x=3Vf, y=P-2t, 0<t<2 
ec x=Pf, p=(2-2(t+3), -5<t<5 


d x=2sint-1, y=Scost+l, - 
e x=sec*t-3, y=2sinr+1, 


f x=t-3cost, y=l+2snt, 0St<20 


© 5 The curve C has parametric equations 

x=3-t, p=P?-2, -2<t<3 
a Find a Cartesian equation of C in the form y = f(x). (4 marks) 
b Sketch the curve C on the appropriate domain. (3 marks) 


6 The curve C has parametric equations 


x=9cost-2, y=9sint+1, -—~s<rt< 


R 
6 


a 
2 
a Show that the Cartesian equation of C can be w 


ritten as 
(x+ay’t+(y+bP=c 
where a, b and c are integers to be determined. (4 marks) 
b Sketch the curve C on the given domain of f. (3 marks) 
c Find the length of C. (2 marks) 


Challenge 


Sketch the curve given by the parametric equations on the given 
domain of f: 


Comment on the behaviour of the curve as ¢ approaches —1 from the 
positive direction and from the negative direction. 
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€& Points of intersection 


You need to be able to solve coordinate geometry problems involving parametric equations. 


The diagram shows a curve C with parametric equations 
t € R, where a is a non-zero 
constant. Given that C passes through the point (—4, 0), 


x=al?+t, y=a(t+8), 
a find the value of a 


b find the coordinates of the points A and B where 
the curve crosses the y-axis. 


a At point (-4, O), x = -4 andy =O 
Hence 
-A=ate+t (1) 

O= a(t? + 8) (2) 

Solving equation (1) for tf: 
O= a(t? + 8) 
O=+8 
B= 8 
—2=t 
So, at the point (-4, O), t = -2. 
Since t = -2 at (-4, O), then, from 
equation (1), + 


' Online ) Explore curves with 


-4 = a(-2) + (-2) + 


y =-7(09 + 8) 
=-4- 
ALi=2, 
y = -4(23 + 8) 
=-8 
Therefore, 


A is (O, —4) and B is (O, —-8). 


Parametric equations 


parametric equations of this form 
using technology. 
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A curve is given parametrically by the equations x = 7, 
curve at A. Find the coordinates of A. 


x+y+4 =0 
Substitute: 
?+4t+4=0 - 
(t+ 2) =O 
be 2 = 0 4 

50 iS+2 
Substitute: 
xe 

= (-2) 

=4 
y=4t 

= 4(-2) 

=-8 
The coordinates of A are (4, —8). 


The diagram shows a curve C with parametric equations 


= 25a" 
2 2 


zy 7 
2 


x =cost+sint, y=(t-% 


a Find the point where the curve intersects the line y = 7. 


b Find the coordinates of the points A and B where the 
curve cuts the y-axis. 


a Curve crosses the line y = 7° when 


Reject t = ~22 since this is outside of the 


domain of ¢. 


Reis 
When t = G° 
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y =4t. The line x + y + 4=0 meets the 


Parametric equations 


| + sin(Z) =e. ume . 


epee: (E E 2 


1 
The point of intersection is é 


b Curve cuts the y-axis when x = O. So, 


cost+sint=O 
sint = —cost 


tant = —1 

Since, “5 <t< = 
t= ae or et 

~ 4 4 

nm w\? 25r 
Rota e) aaa 
aes = (9&2) = 12t0 
Rr ee) hee Problem-solving 

; 25n ; 1219 When you are given a sketch diagram ina 

AN (0, aot ager ie (0. oa) question, you can’t read off values, but you can 


check whether your answers have the correct 
sign. The y-coordinates at both points of 


intersection should be positive. 


1 Find the coordinates of the point(s) where the following curves meet the x-axis. 


ax=5+t, y=6-t bx=2t+1, y=2t-6 

ex=Pf, y=(1-2(t+3) d x=, y=(t-1Qtr-1), t#0 
2t 

re y=t-9, t#-l 


2 Find the coordinates of the point(s) where the following curves meet the y-axis. 


ax=21, yer—5 b x=3t-4, ym t#0 

ec x=f4+2t-3, y=t(t-1) d x=27- 8, yoo t#1 
t-1 2t 

oS 557) ae t#-l 


() 3 Acurve has parametric equations x = 4at?,_y = a(2t — 1), where ais a constant. 
The curve passes through the point (4, 0). Find the value of a. 


@) 4 Acurve has parametric equations x = b(2t- 3), y= (1 —’), where b is a constant. 
The curve passes through the point (0, —5). Find the value of 5. 


5 Find the coordinates of the point of intersection of the line with parametric equations 
x=3t+2,y=1-tand the liney+x=2. 
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6 Find the values of ¢ at the points of intersection of the line 4x — 2y — 15 = 0 with the parabola 
x=, y=2tand give the coordinates of these points. 


@) 7 Find the points of intersection of the parabola x = f?, y = 2t with the circle x2 + y?- 9x +4=0. 


8 Find the coordinates of the point(s) where the following curves meet the x-axis and the y-axis. 
ax=f-1, y=cost, O0<t<7 
b x=sin2t, y=2cost+l, t<t<27 


ec x=tant, y=sint—-cost, Oates 
9 Find the coordinates of the point(s) where the following curves meet the x-axis and the y-axis. 
ax=e+5, y=lInt, ¢>0 
bx=Int, y=P-64, t>0 
ec x=e%4+1, yp=2e’-1, -l<t<l 


10 Find the values of ¢ at the points of intersection of the line y = —3x + 2 and the curve with 
parametric equations x = 7, y = t, and give the coordinates of these points. 


11 Find the values of ¢ at the point of intersection of the line y = x — In3 and the curve with 
parametric equations x = In(t— 1), y=In(2t— 5), t> 2, and give the exact coordinates of this 


point. 
@) 12 Acurve C has parametric equations vA 
x=6cost, y=4sin2t+2, a age 
2 2 C 
a Find the coordinates of the points where the curve 
intersects the x-axis. (4 marks) 


b Show that the curve crosses the line y = 4 where 


as _ ot > 
t= D and t= 2 (3 marks) O x 
c Hence determine the coordinates of points where 
y = 4 intersects the curve. (2 marks) 


13. Show that the line with equation y = 2x — 5 does not intersect the curve with parametric 
equations x=2t, y=4r(t-1). (4 marks) 


Problem-solving 


Consider the discriminant after substituting. 


14 The curve C has parametric equations x =sint, y=cos2t+1, O0<t<2r. 
Given that the line y = k, where k is a constant, intersects the curve, 


a show thatO <k <2 (3 marks) 
b_ show that if the line y = 4 is a tangent to the curve, then k = 2. (3 marks) 
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© 15 The curve C has parametric equations x =e”, y=e'— 1. The straight line / passes through the 
points A and B where ¢ = In2 and ¢ = In3 respectively. 


a Find the points A and B. 
b Show that the gradient of the line / is + 
c Hence, find the equation for line /in the form ax + by +c =0. 


(3 marks) 
(2 marks) 
(2 marks) 


16 The curve Chas parametric equations x = sint, y=cost. The straight line / passes through the 


T T 
—andt=— 


points A and B where t = 6 5) 


ax + by+c=0. 


17 The diagram shows the curve C with parametric equations 


t=) 


x pai 


y=t-4, ¢t#0 


The curve crosses the y-axis and the x-axis at points 
A and B respectively. 


a Find the coordinates of A and B. (4 marks) 


respectively. Find an equation for the line / in the form 


(7 marks) 


>< 


The line /; intersects the curve at points A and B. 
The lines /, and /, are parallel to /; and are distinct 
tangents to the curve. 


b Show that the two possible equations for /, and /; are 
y=4x-4andy=4x- 12 
c Find the coordinates of the point where each tangent meets C. 


Challenge 


The curve C, has parametric equations 
ae, peat il 

The curve C; has parametric equations 
vee, veil 


Find the coordinates of the points at which these two curves intersect. 


& Modelling with parametric equations 


>X 


— 


(6 marks) 
(4 marks) 


You can use parametric equations to model real-life situations. In mechanics you will use parametric 


equations with time as a parameter to model motion in two dimensions. 
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Example 


A plane’s position at time ¢ seconds after take-off can be modelled 
with the following parametric equations: 


x=(vcosé)tm, y=(vsind)tm, t>0 
where v is the speed of the plane, 6 is the angle of elevation of its 
path, x is the horizontal distance travelled and y is the vertical 
distance travelled, relative to a fixed origin. 
When the plane has travelled 600 m horizontally, it has climbed 120m 
a Find the angle of elevation, 0. 


Given that the plane’s speed is 50m s“!" 

b find the parametric equations for the plane’s motion 
c find the vertical height of the plane after 10 seconds 
d_ show that the plane’s motion is a straight line 

e explain why the domain of 1, ¢ > 0, is not realistic. 


600m 


Angle of elevation 


120 
GOO 


b x =(vcos@)t 
= (50 * cos 11.3..)t=429.01m (3 at) 
y =(vsin dt 
= (50 * sin 11.3...)t = De0rm (3 sf) + 
ec Att=10, 
y= S601 =3.60 x10 = 26m 
So, the plane has climbed 96m after 


d= tan( = 11.3° (1 dp) + 


10 seconds. 
d-x S407 
x —_ 
50: 49 =f ape 
y=9.8t (2) 
20; 
x i 
a aE 7 tal a . 


Since this is a linear equation, the motion 
of the plane is a straight line with 


i 
gradient 5 
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e t>Ois not realistic as this would mean Problem-solving 


the plane would continue climbing forever If you have to comment on a modelling 
at the same speed and with the same assumption or range of validity, consider whether 
angle of elevation. the assumption is realistic given the context of 


the question. Make sure you refer to the real-life 
situation being modelled in your answer. 


A stone is thrown from the top of a 25m high cliff with an 
initial speed of 5ms~! at an angle of 45°. Its position after 
t seconds can be described using the following parametric 
equations 


= 2 rm, y=(-492+ 521425) m, O<tsk 


where x is the horizontal distance, y is the vertical distance 
from the point of projection and k is a constant. 


Given that the model is valid from the time the stone is 
thrown to the time it hits the ground, 


a find the value of k 
b find the horizontal distance travelled by the stone once it hits the floor. 


a The stone hits the ground when y = O: ' Online ) Use the polynomial function 
ASP? + Sve | 5S 05 on your calculator to solve the 
es quadratic equation. 


- —— = 5 - 4(--4.9)(25) 
~ 2(-4.9) 


t=-1.92 ort = 2.646... 

t 2 O, so the stone hits the ground at 
t= 2.646... 

50k = 2.65 (2 ap) - 


b When t = 2.G46... 


ee DE, _ BB 
a 


= 9.362...m + 


So the horizontal distance travelled by the 
stone is 9.36 m (2 d.p.). 


x 2.648... 
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Example 


The motion of a figure skater relative to a fixed 
origin, O, at time ¢ minutes is modelled using the 
parametric equations 


x = 8cos 201, y= 12sin(107-3), t=0 


where x and y are measured in metres. 


a Find the coordinates of the figure skater at the 
beginning of his motion. 


b Find the coordinates of the point where the 
figure skater intersects his own path. 


c Find the coordinates of the points where the 
path of the figure skater crosses the y-axis. 


d Determine how long it takes the figure skater 


to complete one complete figure-of-eight motion. 


a Att=O, 
x=8cosO=68 
y=iesin (10 xO- a) = 12 sin i-a) 
=-6/3 


The coordinates of the figure skater at the 
beginning of his motion are (8, -G V3). 


b From the diagram, the figure skater 
intersects his own path on the x-axis, ie. 
when y = O. 


12 sin (108 - a =0 


sin (101 - 2) = 0 
10t ->=0, 7, 27, 
n An 70 
a a a 
pant an 70 
30° 15° 30" 
7 \ ae 
x = 6005 (20 x 2) = 6cos(S} 4 


So, the figure skater intersects his own 
path at the point (-4, O). 
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a12210-8 <n 


c The figure skater crosses the y-axis when 
x =0, 


Parametric equations 


O=6cost 
O=cost 
So, = on ST fr . 
Se a we Bee 
Substitute these t-values into y. 
TT 
a 
ail mT T\ if 
y= tasin(S x 5-2) = 12sin/ i) 
= =3.11 (2 die) 
Siig 
2 3 5 
Le ieigl ge SE oT) ee (2 
y= 12sin(d x 3 Z) = 12 sin(2] 
= 11.59 (2 dap) 


ie 


(OW WH) (10 
y= 12sin(4 x 5 - 2) = 12 sin (1) 


= 3.11 (2 dip.) 
poo 
fl 3 wR R\ _( 17m 
y=t2sin(4 x a =) = 12 sin| | 
= 11.59 (2 d.p.) 


So the skater crosses the y-axis at 


(O,=3.11), (0; 11.59), (Q,.3511), (QO) =11,52), 4 


Om « 
20° 
so the skater returns to his x-position 


d The period of x = &cos 20Ot is 


after ET aii aa, Said 


20 20 
odes) T) 4. Om 
The period of y = 12 sin (10% 5 IS 79: 
so the skater returns to his y-position 
after == min all 
1007 10,007" 


So the skater first completes a full 
figure-of-eight motion after 


=F mins = 0.628... mins or 38 seconds 


(2 s.f.). 


' Online ) Find points of intersection cy ==50 


of this curve with the coordinate axes 
using technology. 


Problem-solving 


In order for the figure skater to return to his 
starting position, both parametric equations 
must complete full periods. This occurs at the 
least common multiple of the two periods. 
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Exercise 8E) 


@) 1 
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A river flows from north to south. The position at time ¢ seconds of a rowing boat crossing the 
river from west to east is modelled by the parametric equations 


x=0.9tm, y=-3.2tm 
where x is the distance travelled east and y is the distance travelled north. 
Given that the river is 75 m wide, 
a find the time taken to get to the other side 
b find the distance the boat has been moved off-course due to the current 
c show that the motion of the boat is a straight line 
d determine the speed of the boat. 


The position of a small plane coming into land at time ¢ minutes after it has started its descent 
is modelled by the parametric equations 


x=807, y=-9.1¢+ 3000, 0=7¢= 329 


where x is the horizontal distance travelled (in metres) and y is the vertical distance travelled 
(in metres) from the point of starting its descent. 


a Find the initial height of the plane. 
b Justify the choice of domain, 0 < t < 329, for this model. 
c Find the horizontal distance the plane travels between beginning its descent and landing. 


A ball is kicked from the ground with an initial speed of 20ms7! at an angle of 30°. 
Its position after t seconds can be described using the following parametric equations 


x=10V3tm, y=(-4924+10)m, 0<t<k 
a Find the horizontal distance travelled by the ball when it hits the ground. 
A player wants to head the ball when it is descending between 1.5 m and 2.5 m off the ground. 
b Find the range of time after the ball has been kicked at which the player can head the ball. 


c Find the closest distance from where the ball has been kicked at which the player can head 
the ball. 


The path of a dolphin leaping out of the water can be modelled with the following parametric 
equations 


x=2tm, y=-4.97+10¢m 
where x is the horizontal distance from the point the dolphin jumps out of the water, y is the 
height above sea level of the dolphin and f is the time in seconds after the dolphin has started 
its jump. 
a Find the time the dolphin takes to complete a single jump. 
b Find the horizontal distance the dolphin travels during a single jump. 
c Show that the dolphin’s path is modelled by a quadratic curve. 
d Find the maximum height of the dolphin. 


() 5 


Parametric equations 


The path of a car on a Ferris wheel at time ¢ minutes is modelled using the parametric 
equations 


x=12sint, y=12-12cost 


where x is the horizontal distance in metres of the car from the start of the ride and y is the 
height in metres above ground level of the car. 


a Show that the motion of the car is a circle with radius 12m. 
b Hence, find the maximum height of the car during the journey. 


c Find the time taken to complete one revolution of the Ferris wheel and hence calculate the 
average speed of the car. 


The cross-section of a bowl design is given by the vA 
following parametric equations 


x=t-4sint, y=1-2cost, - 


a Find the length of the opening of the bowl. (3 marks) 


je) 
xy 


b Given that the cross-section of the bowl 
crosses the y-axis at its deepest point, find 
the depth of the bowl. (4 marks) 


A particle is moving in the xy-plane such that its a 

position after time ¢ seconds relative to a fixed 

origin O is given by the parametric equations 
ads) ee 


i. pa £20 


The diagram shows the path of the particle. 


a Find the distance from the origin to the particle at 
time ¢ = 0.5. 


xy 


b Find the coordinates of the points where the O 
particle crosses the y-axis. 


Another particle travels in the same plane with its path given by the equation y = 2x + 10. 
c Show that the paths of these two particles never intersect. 


The path of a ski jumper from the point of leaving the ramp to the point of landing is modelled 
using the parametric equations 


x=187, y=-4.97+4t+10, 0O<tsk 
where x is the horizontal distance in metres from the point of leaving the ramp and y is the 
height in metres above ground level of the ski jumper, after ¢ seconds. 
a Find the initial height of the ski jumper. (1 mark) 


b Find the value of k and hence state the time taken for the ski jumper to complete 
her jump. (3 marks) 
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c Find the horizontal distance the ski jumper jumps. (1 mark) 
d Show that the ski jumper’s path is a parabola and find the maximum height above ground 
level of the ski jumper. (5 marks) 
@) 9 The profile of a hill climb in a bike race is modelled by vA 


the following parametric equations 
x=50tantm, y=20sin2tm, 0<ts o 


a Find the value of ¢ at the highest point of the hill climb. 
b Hence find the coordinates of the highest point. 


9 
xy 


c Find the coordinates when ¢t = 1 and show that at this 
point, a cyclist will be descending. 


10 A computer model for the shape of the path of a vA 
rollercoaster is given by the parametric equations 
x=54In¢t, y=S5sin2t, Vat, 


uy 
6 
Given that one unit on the model represents 5 m in real life, 


a Find the coordinates of the point where t = (2 marks) 


b find the maximum height of the rollercoaster ‘(1 mark) 


c find the horizontal distance covered during the 
descent of the rollercoaster. (4 marks) 


d Hence, find the average gradient of the descent. (1 mark) 


Mixed exercise 8) 


1 The diagram shows a sketch of the curve with vt 
parametric equations B 


x=4cost, y=3sint, 0<t<27 Cc 
a Find the coordinates of the points A and B. 


b The point C has parameter f = a Find the exact 


coordinates of C. 
c Find the Cartesian equation of the curve. 


2 The diagram shows a sketch of the curve with VA 
parametric equations 


x =cost, y =4sin2t, 0<t<27 
The curve is symmetrical about both axes. O 
Copy the diagram and label the points having 
T 37 


5 f= mand t=" 


“xv 


parameters ¢ = 0, f= 
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A curve has parametric equations 


xeettle1, pat+in2, t>1 


a Find a Cartesian equation of this curve in the form y = f(x), x > k where k is a constant to be 
found in exact form. 


b Write down the range of f(x), leaving your answer in exact form. 


A curve has parametric equations 
1 1 1 
*= Be ya2in(re3), 13 


Find a Cartesian equation of the curve in the form y = f(x), and state the domain and range 
of f(x). 


A curve has parametric equations x =sint, y=cos2t, 0<t<27 
a Find a Cartesian equation of the curve. 

The curve cuts the x-axis at (a, 0) and (4, 0). 

b Find the values of a and b. 


1 


1 
inc? "Gander 


A curve has parametric equations x = 


2 
2x -—1 


Express ¢ in terms of x, and hence show that a Cartesian equation of the curve is y = 


A circle has parametric equations x =4sint-3, y=4cost+5, 0<1<27 
a Find a Cartesian equation of the circle. 
b Draw a sketch of the circle. 


c Find the exact coordinates of the points of intersection of the circle with the y-axis. 


The curve C has parametric equations 


2-3t 3+2t 
A> fap) Page Oe 
a Show that the curve Cis part of a straight line. (3 marks) 
b Find the length of this line segment. (2 marks) 


A curve C has parametric equations 
x=f?-2, y=2t, 0<t<2 


a Find the Cartesian equation of C in the form y = f(x). (3 marks) 
b State the domain and range of y = f(x) in the given domain of ¢. (3 marks) 
c Sketch the curve in the given domain of f. (2 marks) 


221 


€/P) 10 


Gp) 11 


GP) 12 


EP) 13 


EP) 14 


@ip) 15 
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A curve C has parametric equations 


x=2cost, y=2snt-5, 0<t<7 


a Show that the curve C forms part of a circle. (3 marks) 
b Sketch the curve in the given domain of f. (3 marks) 
c Find the length of the curve in the given domain of f. (3 marks) 


The curve C has parametric equations 

x=t-2, y=f-2P, teER 
a Find a Cartesian equation of C in the form y = f(x). (3 marks) 
b Sketch the curve C. (3 marks) 


Show that the line with equation y = 4x + 20 is a tangent to the curve with parametric 
equations x =¢-3,y=4-?P. (4 marks) 


The curve C has parametric equations x=2Int, y=?-1, t>0 


a Find the coordinates of the point where the line x = 5 intersects the curve. 
Give your answer as exact values. (4 marks) 


b Given that the line y = k intersects the curve, find the range of values for k. (3 marks) 


The diagram shows the curve C with parametric equations 
x=1+2t, yp=4-1 

The curve crosses the y-axis and the x-axis at points A 

and B respectively. 

a Find the coordinates of A and B. (4 marks) 

The line / intersects the curve at points A and B. 


b Find the equation of /in the form ax + by+ c=0. 
(3 marks) 


The diagram shows the curve C with parametric equations vA 

TT 

z 

The curve crosses the y-axis and the x-axis at points A 

and B respectively. The line / intersects the curve at points B 

A and B. Find the equation of /in the form ax + by + c=0. O 
(7 marks) 


x= Int—In( ) y=sint, 0<t<27 


sy 


E/P) 16 


/P) 18 


Parametric equations 


A plane’s position at time ¢ seconds during its descent can be modelled with the following 
parametric equations 


x=801, y=3000-301, 0<t<k 


where x is the horizontal distance travelled in metres and y is the vertical height of the plane in 
metres. 


a Show that the plane’s descent is a straight line. (3 marks) 
Given that the model is valid until the plane is 30 m off the ground, 

b find the value of k (2 marks) 
c determine the distance travelled by the plane in this portion of its descent. (3 marks) 


The path of an arrow path at time ¢ seconds from being fired can be described using the 
following parametric equations 
x=50V2t, y=15-4924+50V21, 0<t<k 


where x is the horizontal distance from the archer in metres and y is the vertical height of the 
arrow above level ground. 


a Find the furthest distance the arrow can travel. 

A castle is located 1000 m away from the archer’s position. The height of the castle is 10m. 
b Show that the arrow misses the castle. 

c Find the distance the archer should step back so that he can hit the top of the castle. 


A mountaineetr’s hike at time ¢t hours can be modelled with y 
the following parametric equations 
x=300Vtr, y=244(4-1, O<t<k 


where x represents the distance travelled horizontally in 
metres and y represents the height above sea level in metres. 


a Find the height of the peak and the time at which the 


mountaineer reaches it. (3 marks) 
Given that the mountaineer completes her walk when 
she gets back to sea level, O x 
b find the horizontal distance from the beginning of 
her hike to the end. (2 marks) 
A bridge is designed using the following parametric y 
equations: 
t : T 37 
x= -2sint, y= -cost, 7 <b< 
Given that | unit in the design is 10m in real life, 
a find the highest point of the bridge 
O x 


b find the width of the widest river this bridge can cross. 
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20 A BMX cyclist’s position on a ramp at time 
t seconds can be modelled with the parametric 
equations 


x=3(e'-1), y=10(7¢-1%, O0O<tS1.3 
where x is the horizontal distance travelled in metres 
and y is the height above ground level in metres. 
a Find the initial height of the cyclist. 
b Find the time the cyclist is at her lowest height. 
Given that after 1.3 seconds, the cyclist is at the end 


of the ramp, 
c find the height at which the cyclist leaves the ramp. 


Challenge 


Two particles A and B move in the x-y plane, such that their positions 
relative to a fixed origin at a time ¢ seconds are given, respectively, by 
the parametric equations: 


Ax=5, y=3tl, 130 


Bix=5-2t, y=2t?+2k-1, t>0 
where k is a non-zero constant. 
Given that the particles collide, 


a_ find the value of k 
b find the coordinates of the point of collision. 


Summary of key points 


1 Acurve can be defined using parametric equations x = p(2) and y = q(z). Each value of the 
parameter, ¢, defines a point on the curve with coordinates (p(t), q(Z)). 


2 You can convert between parametric equations and Cartesian equations by using substitution 


to eliminate the parameter. 


3 For parametric equations x = p(t) and y = q(t) with Cartesian equation y = f(x): 
* the domain of f(x) is the range of p(2) 
> the range of f(x) is the range of q(z) 


4 You can use parametric equations to model real-life situations. In mechanics you will use 
parametric equations with time as a parameter to model motion in two dimensions. 
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© 1 


©) 2 


The diagram shows the curve with 


equation y = sin(x + =r), —-27 Sx <2r. 


Calculate the coordinates of the points at 
which the curve meets the coordinate axes. 
(3) 


€ Section 5.1 


a Sketch, for 0 < x < 27, the graph of 


3) 


b Write down the exact coordinates of 
the points where the graph meets the 
coordinate axes. 


c Solve, for 0 = x < 27, the equation 
TT 


3) 
answers in radians to 2 decimal places. 


(5) 


€ Section 5.1 


(2) 


y= cos(x - 


cos (x — =] =-0.27, giving your 


In the diagram, A and B are points on 
the circumference of a circle centre O and 
radius 5cm. 
ZAOB = 6 radians 
AB=6cm 


(3) EP) 5 


a Find the value of 0. (2) 
b Calculate the length of the minor arc 
ABto3s¥f. (2) 


€ Section 5.2 


In the diagram, ABC is an equilateral 
triangle with side 8cm. 

PQisanarc of acircle centre, A, radius 6cm. 
Find the perimeter of the shaded region in 
the diagram. 


(5) 


< Section 5.2 


In the diagram, AD and BC are arcs of 
circles with centre O, such that 

OA = OD=rcm, AB = DC = 10cm and 
ZBOC = 6 radians. 


10cm 


10cm C 
a Given that the area of the shaded 
region is 40 cm, show that r = 4 -5. 
(4) 


b Given also that r = 60, calculate the 
perimeter of the shaded region. (6) 
€ Sections 5.2, 5.3 
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Review exercise 2 


In the diagram, 
AB=10cm, AC= 13cm. 
ZCAB = 0.6 radians. 


BD is an arc of a circle centre A and radius 


10cm. 


B< 10cm >A 


a Calculate the length of the arc BD. 


(2) 


b Calculate the shaded area in the diagram 


to 1 d.p. 


(3) 


EP) 8 


€ Sections 5.2, 5.3 9 


The diagram shows the sector OAB of a 


circle with centre O, radius rcm and angle 


1.4 radians. 


The lines AC and BC are tangent to the 
circle with centre O. OFB and OFA are 


straight lines. The line ED is parallel to BC 


and the line FD is parallel to AC. 

a Find the area of sector OAB, giving 
your answer to | decimal place. 

The region R is bounded by the arc AB 

and the lines AC and CB. 

b Find the perimeter of R, giving your 
answer to | decimal place. 


€ Sections 5.2, 
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(4) 


(6) 


5.3 


@ u 


The diagram shows a square, ABCD, 
with side length r, and 2 arcs of circles 
with centres A and B. 

A r B 


- 


D C 
Show that the area of the shaded region 
2 = 
(x - V3). (5) 


is 
2 
€ Sections 5.2, 5.3 


a Show that the equation 
3sin?x + 7cosx +3 =0 can be 
written as 3cos*x — 7cosx -6=0. (2) 
b Hence solve, for 0 < x < 27, 
3 sin*x + 7cosx + 3 = 0, giving your 
answers to 2 decimal places. (3) 
© Section 5.4 


a Show that, when @ is small, 
sin 40 — cos 40 + tan30 = 867 + 70-1 
(3) 
b Hence state the approximate value of 
sin 46 — cos 46 + tan36 for small values 
of 0. (1) 
€ Section 5.5 


a Sketch, in the interval —27 < x < 27, 
the graph of y = 4 — 2cosecx. 
Mark any asymptotes on your graph. 
(3) 
b Hence deduce the range of values of k 
for which the equation 4 — 2cosec x = k 
has no solutions. (2) 
< Sections 6.1, 6.2 


EP) 12 


/P) 13 


The diagram shows the graph of 
y=ksec(@- a) 
The curve crosses the y-axis at the point 


(0, 4), and the 6-coordinate of its 
T 


minimum point is 3 


VA 


& 


y=ksec(@-a) 


a State, as a multiple of 7, the value of a. 
(1) 
b Find the value of k. (2) 


c Find the exact values of 6 at the points 
where the graph crosses the line 
y=-2y2. (3) 


€ Section 6.2 


a Show that 
CcOsx 1 -—sinx 
; =2secx 
1 -—sinx cosx 


(4) 
b Hence solve, in the interval 
cosx ,lesinx __ 47 
1 -sinx cOSx 
(4) 


€ Section 6.3 


0O<x<4r 


a Prove that 
sin 0 
cos 0 


cos 6 


—— = 2 cosec 26, 0 + 90n° 
sin 0 


(3) 

b Sketch the graph of y = 2 cosec 26 for 
0° < 6 < 360°. (3) 

c Solve, for 0° < 6 < 360°, the equation 
sind  cos@ 
cos@ sind 
1 decimal place. 


= 3, giving your answer to 


(4) 


€ Section 6.3 


€p) 15 


@ 1 


@) 17 


EP) 18 


© 19 


Review exercise 2 


In the diagram, 4B = 10cm is the 
diameter of the circle and BD is the 
tangent to the circle at B. The chord AC 
is extended to meet this tangent at D and 
ZABC= 8. 


a Show that BD = 10coté. (4) 
b Given that BD = ae cm, calculate the 
v3 
exact length of DC. (3) 


€ Section 6.4 


a Given that sin? 6 + cos*@ = 1, 
show that 1 + tan?@ = sec? 6. 


(2) 
b Solve, for 0° = 6 < 360°, the equation 
2tan?6 + secd = | 


giving your answers to | decimal place. 
(6) 
< Section 6.3 

Given that a = cosec x and b = 2sin x. 


a express a in terms of 5 


b find the value of 


2 
in terms of b. 
a*—1 
€ Section 6.4 
Given that 


y=aresinx,-l1<x<1,-7~< 


ait 
y= 
(2) 

b Hence find, in terms of 7, the value of 
arcsin x + arccos x. (1) 


€ Section 6.5 


a express arccos x in terms of y. 


a Prove that for x = 1, 
Vx2—] 


1 : 
arccos > = arcsin 


(4) 


b Explain why this identity is not true for 
05 < 4, (2) 


<€ Section 6.5 
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Review exercise 2 


@) 20 a Sketch the graph of y = 2 arccos x — 5 ; 
showing clearly the exact endpoints of 

the curve. (4) 

b Find the exact coordinates of the point 

where the curve crosses the x-axis. (3) 


€ Section 6.5 


© 21 Given that tan (x + a — : , show that 


72 —111V¥3 
tanx=—— (5) 


€ Section 7.1 


22 Given that sin (x + 30°) = 2 sin (x — 60°) 


a show that tanx = 8 + 5V3. (4) 
b Hence express tan (x + 60°) in the form 
at by3, (3) 


€ Section 7.1 


23 a Use sin(?+ a) =sin@cosa+cosésin a, 
or otherwise, to show that 
sin 165° = whe i 2 (4) 


b Hence, or otherwise, show that 
cosec 165° = Va + Vb , where a and b 
are constants to be found. (3) 


€ Sections 7.1, 7.2 


24 Given that cos A = < where 270° < A < 360°, 
a find the exact value of sin2A (3) 


b show that tan2A4 = -3V7. (3) 
€ Section 7.3 


25 Solve, in the interval -180° < x < 180°, 
the equations 
a cos2x+sinx = 1 (3) 
b sin x(cos x + cosec x) = 2cos? x (3) 
giving your answers to | decimal place. 
< Section 7.4 


© 26 f(x) =3sinx + 2cosx 
Given f(x) = R sin(x + a), where R > 0 
and0<a< oe 
a find the value of R and the value of a. (4) 
b Hence find the greatest value 
of (3 sin x + 2 cos x)4 (2) 
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© 27 


E/P) 30 


c Hence, or otherwise, solve for 
0 <6 < 2r, f(x) = 1, rounding your 
answers to 3 decimal places. (3) 
€ Section 7.5 


a Prove that 
nT 


cot @ — tan? =2 cot 20,0 5 (3) 


b Solve, for -7 < @ <7, the equation 
cot @-tané=5, 
giving your answers to 3 significant 
figures. (3) 
< Sections 6.3, 7.6 


a By writing cos 36 as cos(20 + 0), show 
that 


cos 36 = 4cos* 6 — 3. cos 6 (4) 


V2 
b Given that cos 6 = 3° find the exact 
value of sec 39. Give your answer in 
the form kV2 where k is a rational 
constant to be found. igadeds 
< Sections 6.3, 7.1 
Show that sin+@ = 3-4 cos 20+ ‘ cos 46. 
You must show each stage of your 
working. (6) 
€ Section 7.6 


a Express 6sin@ + 2cos 6 in the form 
Rsin (9 + a), where r < 0 and 


0<a<F 


Give the value of a@ to 2 decimal places. 
(4) 
b i Find the maximum value of 
6 sind + 2 cosd (2) 
ii Find the value of 0, for0 <0< 7, 
at which the maximum occurs, 
giving the value to 2 d.p. (1) 


The temperature, in T °C, on a particular 
day is modelled by the equation 
. (at Tt 
T=9+ 6sin( + 2e0s( 75), 
0 St S 24 where ¢ is the number of hours 


after 9a.m. 


€) 31 


©) 32 


(E/P) 34 


c Calculate the minimum value of t 
predicted by this model, and the value 
of t, to 2 decimal places, when this 
minimum occurs. (3) 

d Calculate, to the nearest minute, 
the times in the first day when the 
temperature is predicted by this model, 
to be exactly 14°C. (4) 

< Section 7.5, 7.7 


A curve C has parametric equations 
x=1 2 yar 34 1tER,t40 
a Determine the ranges of x and y in the 
given domain of f. (3) 


b Show that the Cartesian equation of C 
can be written in the form 
_ axrt+bx +e 
~ (=x) 
integers to be found. 


, Where a, b and c are 


(3) 


€ Section 8.1 


A curve has parametric equations 


a Find a Cartesian equation of this 
curve in the form y = f(x), x > k, where 
k is an exact constant to be found. (4) 

b Write down the range of f(x) in the 
form a < x < b, where a and b are 
constants to be found. (2) 


€ Section 8.1 


A curve C has parametric equations 
1 1 
= =—, -| =< f= 

x 2 a ae 1<t<l 


Show that a Cartesian equation of C is 


(4) 


€ Section 8.1 


_ xX 
> Fal 


A curve C has parametric equations 
TT 
x =2cost,y=cos3t,0<t< > 


a Find a Cartesian equation of the curve 
in the form y = f(x), where f(x) is a 
cubic function. (5) 

b State the domain and range of f(x) for 
the given domain of f. (2) 


€ Section 8.2 


EP) 35 


EP) 37 


Review exercise 2 


The curve shown in the figure has 
parametric equations 


x = sint = sin(r +] ee ea 
ov) 6 ) 2 
VA 


B 


a Show that a Cartesian equation of the 
curve 1s 


y= Bee T=), -1 <x<1@ 


b Find the coordinates of the points A 
and B, where the curve intercepts the 
x- and y-axes. (3) 

< Section 8.2 


The curve C has parametric equations 
x=3cost,y=cos2t,0<t<a7 
a Find a Cartesian equation of C. (4) 
b Sketch the curve C on the appropriate 
domain, labelling the points where the 
curve intercepts the x- and y-axes. (3) 


€ Section 8.2, 8.3 


The curve C has parametric equations 
x=4t,y=822t-1),tER. 
Given that the line with equation 
y = 3x +, where c is a constant, does 
not intersect C, find the range of possible 
values of c. (5) 
< Section 8.4 
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@ » 


Review exercise 2 


A curve has parametric equations 


ee ee ee 
2 2 
y 
> 
x 


a Find the coordinates of the points 
where the curve intersects the x-axis. (4) 


b Show that the curve crosses the line 


p= 
<€ Section 8.4 


A golf ball is hit from an elevation of 
50m, with an initial speed of 50ms" at 
an angle of 30° above the horizontal. Its 
position after ¢ seconds can be described 
using the following parametric equations: 


x = (25V3)t,y = 25t- 4.972 + 50,0<t<k 


where x is the horizontal distance in 
metres, y is the vertical distance in metres 
from the ground and k is a constant. 


VA 


50m 


O Xx 


Given that the model is valid from the 
time the golf ball is hit until the time it 
hits the ground, 


a find the value of & to 2 decimal places. 
(3) 
b Find a Cartesian equation for the path 
of the golf ball in the form y = f(x), 
and determine the domain of f(x). 
Give your answer to | d.p. (5) 
< Section 8.5 
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Challenge 


1 Achord of a circle, centre O and radius r, divides 


the circumference in the ratio 1:3, as shown in 
the diagram. Find the ratio of the area of region 
P to the area of region Q. 

x 


axe 


€ Section 5.3 


2 The diagram shows a circle, centre O. The radius 


of the circle, OC, is 1, and ZCDO = 90°. 


Given that ZCOD = x, express the following 
lengths as single trigonometric functions of x. 
a CD b OD c OA 

d AC e CB f OB 


€ Section 6.1 


3 The curve C has parametric equations 


x= 4sint+3,y=4c0st-1,-<1<7 


a_ By finding a Cartesian equation of Cin the 
form (x -— a)? + (y — 6)? = ¢, or otherwise, 
sketch C, labelling the endpoints of the 
curve with their exact coordinates. 

b Find the length of C, giving your answer in 
terms of 7. € Section 8.3 


After completing this chapter you should be able to: 


e@ Differentiate trigonometric functions — pages 232-234, 246-251 
e@ Differentiate exponentials and logarithms — pages 235-237 
e Differentiate functions using the chain, product and 
quotient rules — pages 237-245 
Differentiate parametric equations — pages 251-254 


Differentiate functions which are defined implicitly — pages 254-257 
Use the second derivative to describe the behaviour 
of a function — pages 257-261 


e@ Solve problems involving connected rates of change 
and construct simple differential equations — pages 261-264 


Differentiate: 
a 3x*-5x b oe vx 
(6 &52(il = 32) € Year 1, Chapter 12 


Find the equation of the tangent to the 
curve with equation y = 8 — x* at the point 
(3, -1). € Year 1, Chapter 12 


The curve C is defined by the parametric 
equations 
le. o. x=3-5t, y=fP+2, tER 
Loe Se Find the coordinates of any points where 
: i We Fase , 6 “ 
C intersects the coordinate axes. 
© Section 8.4 


You can use differentiation to find rates of 
change in trigonometric and exponential 

models. The velocity of a wrecking ball could 4 Solve 2 cosec x — 3 sec x = O in the interval 
be estimated by modelling its displacement 0 < x S27, giving your answers correct to | by 


then differentiating. 3 significant figures. € Section 6.3 ieee 


Chapter 9 


[9.1 ) Differentiating sin x and cos x 


You need to be able to differentiate sin x and cos x from first principles. You can use the following 
small angle approximations for sin and cos when the angle is measured in radians: 


a SInNXY RX t Watch out ) You will always need 


m cosx~1- ix? to use radians when differentiating 
dad , trigonometric functions. 
This means that lim —— = lim —=1, and 
hao h haoh 
1 
tosh? =1 

+ COSH=1 _ 4: 2 _ Pe 
Ce ee ee 


You will need to use these two limits when you differentiate sin and cos from first principles. 


Prove, from first principles, that the derivative of sin x is cos x. 
sinh cosh —1 


You may assume that as h — 0, ae l and 3 0. 
Let f(x) = sinx Problem-solving 
P(x) = lim flx + A) — Fox) Use the rule for differentiating from first 
AO h principles. This is provided in the formula booklet. 
_ ,. sinlx +h) — sinx If you don’t want to use limit notation, you could 
ae h write an expression for the gradient of the chord 
.. SH eeeh = oases aa joining (x, sin x) to (x +, sin (x + h)) and show 
= ae h : that as h — 0 the gradient of the chord tends to 
cos x. < Year 1, Section 12.2 
(ee ~ ‘ (= 4) 
= 1m | |————]siInx + cos xX 
h+0 h h 
Since seta t — O and ant = Ene. 


expression inside the limit tends to 
(O x sinx +1 x cosx) - 


_ sin(ix + A) - sinx 
Se jim =cosix 
h+O 


h 


Hence the derivative of sinx is cosx. ——! | 


dy 
# If y=sinkx, then——=kcoskx 
dx ’ Online ) Explore the relationship cy 


You can use a similar technique to find the between sin and cos and their 

derivative of cos x. derivatives using technology. 
dy : 

# If y=cos kx, then ae -k sin kx 
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Differentiation 


Find avenditer 
in ag given that: 


a y=sin2x b y=cos5x ec y=3cosx+2sin4x 


a y=sin2x 


ay 


—— = 2606.2% * 
dx 

b y=cos5x 
a 
a eySes 
Ax 


— = 3 x (-sinx) + 2 x (4cos 4x) 


= -3sinx + 8cos4x 


A curve has equation y = 4x — cos 2x. Find the stationary points on the curve in the interval 
OSx<7. 


es (-2 sin2x)=44 2sin2 
ae eo sin x)= a+ SIN eX « 
dy 
Let —— = O and solve for x: 
dx 


$+ 2 sin2x=0 
; 1 

2 sin2x =->3 

. 1 
sin2x = -| 


2x = 3.394..., 6.030... + 


| 


x = 1.70, 3.02 (3 sf.) 


When x = 1.70: « EMSS Whenever you are using calculus, 
you must work in radians. 


y = 31.70) - cos (2 x 1.70) = 1.62 (3 54) 
When x = 3.02: 


y= 43.02) -— cos(2 x 3.02) = 0.539 (3 5.f) 


The stationary points of y= 3x — cos 2x in 


the interval O S x S m are (1.70, 1.82) and 
(3.02;0.539); 
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@) 1 a Given that f(x) = cos x, show that Problem-solving 


f'(x) = tim (°2° = “eos ¥= sinh in x] Use the definition of the 
h—0 h h derivative and the addition 

b Hence prove that f’(x) = —sin x. formula for cos(4 + B). 
2 Differentiate: 

a y=2cosx b y = 2sin3x c y=sin8x d y = 6sin$x 
3 Find f’(x) given that: 

a f(x)=2cosx b f(x) = 6cos ox c f(x) =4cos tx d f(x) =3cos 2x 
4 Hin” pieentiae 

ind | given that: 
a y=sin2x + cos 3x b y=2cos4x — 4cosx + 2cos7x 
ec y=x? + 4cos 3x ps 


x 


5 Acurve has equation y = x — sin3x. Find the stationary points of the curve in the interval 
O<xS7. 


6 Find the gradient of the curve y = 2 sin 4x — 4cos 2x at the point where x = 


NIA 


@) 7 Acurve has the equation y = 2 sin 2x + cos 2x. Find the stationary points of the curve in the 
intervalO0 <x <7. 


(E/P) 8 Acurve has the equation y = sin 5x + cos 3x. Find the equation of the tangent to the curve at 
the point (7, -1). (4 marks) 


(E/P) 9 Acurve has the equation y = 2x? — sin x. Show that the equation of the normal to the curve at 
the point with x-coordinate 7 is 


x + (4r + l)y -— r(87? + 27 + 1) =0 (7 marks) 


10 Prove, from first principles, that the derivative of sin x is cos x. 


You may assume the formula for sin(A + B) and that as h — 0, mae — land et > 0. 


h h 
(5 marks) 


Challenge 


Prove, from first principles, that the derivative of sin(kx) is kcos(kx). 
sinkh 
h 


You may assume the formula for sin (A + B) and that as h — 0, sk 
coskh—1 
Vier ey 


h 


and 0. 
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Differentiation 


[9.2 ) Differentiating exponentials and logarithms 


You need to be able to differentiate expressions involving exponentials and logarithms. 


dy 
— ek oe calfoak 
= If y=e", then a ke** t Watch out ) For any real constant, k, 


dy 4 Inkx =|Ink + Inx. Since Ink is alsoa 


# If y=lnx, then aye constant, the derivative of In kx is 


You can use the derivative of e** to find the derivative of 
ak* where a is any positive real number. 


Show that the derivative of a* is a* Ina. ‘Ontine ) Explore the function a* 
and its derivative using technology. 


also L 
x 


Let y= a* 
= elnia’) 


— exina 
=e 


ay = Inder". 
ae 


= |Inade"™ 


=a*\|na 


d 
= If y= a**, where k is areal constant and a > 0, then - =a*kina 


Bind Syentht 
in AG given that: 


a y=e** + 23% b y= n(x) + In7x ey= 


a poe +25" 


d 
= Bee 2392) 4 
Ax 


b y= In(x9) + In7x 


y= 3lnx4+I[n7 4+ Inx =4Inx + In7 


dy 1 4 
Pie tae: 
_2-3e” 

aah Aes 
= A say 3 Ax 
= ae ae 
dy 1 =Bx 3 Ax 
ax = 2 * (Se Se 


= -Ze% a 3e4 vs 
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Exercise (9B) 


1 


© 
5 
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d 
a Find iL for each of the following: 
a al b y=3* e y=(5) d y=In5x 
; 1 x)2 
e y=4(3) f y=In(2x°) g y=e3*— 3x ie +e 
Find f’(x) given that: 
* Tx x 


Hint ) In parts ¢ and d, rewrite the terms so that they 
all have the same base and hence can be simplified. 


Find the gradient of the curve y = (e?* — e~?*) at the point where x = In 3. 
Find the equation of the tangent to the curve y = 2* + 2~* at the point (2, Z), (6 marks) 


A curve has the equation y = e?* — In x. Show that the equation of the tangent at the point with 
x-coordinate | is 


y=(2e?-1)x-e? +1 (6 marks) 


A particular radioactive isotope has an activity, R millicuries at time ¢ days, given by the 
dR 


di , when f= 8. 


equation R = 200 x 0.9’. Find the value of 


The population of Cambridge was 37 000 in 1900, and was about 109 000 in 2000. Given that 
the population, P, at a time ¢ years after 1900 can be modelled using the equation P = Pyk’, 


a find the values of Py) and k 
b evaluate a in the year 2000 
c interpret your answer to part b in the context of the model. 


A student is attempting to differentiate In kx. The student writes: 


eee ae 
tlc Bo NKX 


Explain the mistake made by the student and state the correct derivative. 


Prove that the derivative of a‘ is a*k Ina. You may assume that the derivative of e is ke*. 
(4 marks) 


Differentiation 


10 f(x) =e - In(x2) +4, x>0 


a Find f’(x). (3 marks) 
The curve with equation y = f(x) has a gradient of 2 at point P. The x-coordinate of P is a. 
b Show that a(e*“ - 1) = 2. (2 marks) 


11 A ccurve Chas equation 
y=5sin3x + 2cos3x,-7Sx<T7 


a Show that the point P (0, 2) lies on C. (1 mark) 
b Find an equation of the normal to the curve C at P. (5 marks) 


12 The point P lies on the curve with equation y = 2(34*). The x-coordinate of P is 1. 
Find an equation of the normal to the curve at the point P in the form y = ax + b, where a and 
b are constants to be found in exact form. (5 marks) 


Challenge 


A curve C has the equation y = e** — 5x. Find the equation of the 
tangent to C that is parallel to the line y = 3x + 4. 


9.3) The chain rule 


You can use the chain rule to differentiate composite functions, or functions of another function. 


= The chain rule is: 
dy dy du 
— = —_ X — 


dx du dx 


where y is a function of wu and uv is another function of x. 


d 
Given that y = (3x4 + x), find i using the chain rule. 


Let u= 3x4 +x: 


Using the chain rule, 
dy dy du 
dx ~ du ™ dx 


= 5u4(12 x3 + 1) 


— = 5(3x4 + x)4(12x5 + 1) + 
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; dy 
Given that y = sin‘* x, find — 


dx 


y= saint x = (sin x)* 


Let u = sinx: 


Using the chain rule, 
dy dy du 


dx du dx 


= 4u?(cos x) 


Ma : 
— = Asin°x cosx - 
ax 


You can write the chain rule using function notation: 


= The chain rule enables you to differentiate a function of a function. In general, 


oe n(f(x))"~1 f(x) 


e if y = (f(x))” then i 


d 
- ify =f(g(x)) then =F (g(x))e'(x) 


d 
Given that y = V5x? + 1, find ma 


as at (4, 9). 


y=v5x2 +1 - 
Let f(x) = 5x? +1 
Then f'(x) = 10x 


Using the chain rule: 


ay 1 2 ed 
ax a + 1) 2x 10x 


= 5x(5x2 + 1)-2 


a b/ 
At (4, 9), > = 5(4)(5(4)2 + 17 = 
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Differentiation 


The following particular case of the chain rule is useful for differentiating functions that are not in the 


form y = f(x). 
Hint } This is because: 


d 1 
PL ae dx dy _ 


= — dy 
7 dx“ dy dy 


dy 


dy 
Find the value of —— 


re at the point (2, 1) on the curve with equation y? + y= x. 


dx _ 


2 e 
ay oy #1 


Exercise (9c) 


1 Differentiate: 


a (1 +2x)4 b (3 -2x2)-5 ce (34+4x) d (6x + x2) 
1 4 6 
ea f /7-x g 4(2 + 8x) h 3(8—x) 


2 Differentiate: 


a. eboss b cos (2x - 1) c vinx d (sin x + cos x)> 
e sin (3x? - 2x + 1) f In(sin x) o Jeo" h cos (e?* + 3) 
3 Given that y = on find the value of > at (4 ;] 
Y* (4x +1)? dx * \4 4: 


4 Acurve C has equation y = (5 — 2x)’. Find the tangent to the curve at the point P with 


x-coordinate 1. (7 marks) 
3 dy Ks 
5 Given that y = (1 + In 4x), find the value of ac at x= qc (5 marks) 
_ , dy . 
6 Find dn for the following curves, giving your answers in terms of y. 
ax=y+y b x=e?+4y © 7 =sm2y d 4x=Iny+y 
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@®) 7 


€/P) 10 


11 


€/P) 12 


EP) 13 


Chapter 9 


dy 


Ay at the point (8, 2) on Problem-solving 


d 
Your expression for — will be in terms of y. 
xX 


Find the value of 


the curve with equation 3)? — 2y = x. 
Remember to substitute the y-coordinate into 
the expression to find the gradient. 


dy 


ak at the point (5, 4) on the curve with equation y2 + yr =X. 


Find the value of 


a Differentiate e” = x with respect to y. 


; dy 1 
b Hence, prove that if y = 1n x, then an x 


The curve C has equation x = 4cos 2y. 


a Show that the point Q (2 A lies on C. (1 mark) 
b Show that ” =- = at O. (4 marks) 
dx 4,3 
c Find an equation of the normal to C at Q. Give your answer in the form ax + bx + c=0, 
where a, b and c are exact constants. (4 marks) 
Differentiate: 
a sin?3x b etl? ¢ In(cos x)? 
— e sin (4) 
3 + cos 2x x 


4 1 
(2 — 4x)?’ 2 


The point A on C has x-coordinate 3. 
Find an equation of the normal to C at A in the form ax + by + c= 0, where a, b and 
c are integers. (7 marks) 


The curve C has equation y = 


Find the exact value of the gradient of the curve with equation y = 3* at the point with 
coordinates (1, 3). (4 marks) 


Challenge 


dy 
Find — given that: 
dx 
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y=vsinvx b Iny=sin3 (3x + 4) 


Differentiation 


& The product rule 


You need to be able to differentiate the product of two functions. 


dy ody, du 
= If y=uy then dy de dx’ t Watch out | Make sure you can spot 
; the difference between a product 
where uw and v are functions of x. of two functions and a function of a 
The product rule in function notation is: function. A product is two separate 


functions multiplied together. 
@ If f(x) = g(x)h(x) then f’ (x) = g(x)h’ (x) + h(x)g’ (x) 


Given that f(x) = x2V3x — 1, find f"(x). 


Let u= x2 and v= V3x —1 = (3x - 1)? 
CL ae eR ee 
Then ie at and aoe 1) 


Usin ay = ml + PL 
Sax ~ “ax dx 


f(g) =F 2(3x =i) 4/3x—=1 * 2x 


— 3x? + 12x? - 4x 
2V3x -1 


_ 15x? — 4x 
2V3x -1 

_ x(15x - 4) 

~ 23x —1 


d 
Given that y = e** sin? 3x, show that 7s = e** sin 3x (A cos 3x + Bsin 3x), where A and B are 


constants to be determined. 


Let u = e4* and v = sin? 3x = (sin 3x) 
. dy : 
= 4e** and a 2(sin 3x) x (3 cos 3x) 


dv du 


= e** x (6 sin 3x cos 3x) + sin? 3x x 4e4* 


= Ge** sin 3x cos 3x + 4e** sin? 3x Problem-solving 


Write out the value of any constants you have 
or determined at the end of your working. 
Te eel ane tend ora in Sa You can use this to check that your answer is in 


B=4. the required form. 


Bul “CLG. Oe 
=|& So oe 


= e** sin 3x (6cos 3x + 4sin 3x) 
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Exercise (9D) 


1 
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Differentiate: 

a x(1 + 3x) b 2x(1 + 3x?)3 c x3(2x + 6)4 d 3x*(5x - 1)"! 
Differentiate: 

a e?Q2x = 1) b sin 2x cos 3x c e*sinx d_ sin (5x) In (cos x) 


d 
a Find the value of i at the point (1, 8) on the curve with equation y = x7(3x — 1)?. 


dy 
dx 
dy 
dx 


b Find the value of — at the point (4, 36) on the curve with equation y = 3x(2x + 1). 


1 


c Find the value of —— at the point (2, | on the curve with equation y = (x — 1)(2x + 1)"!. 


Find the stationary points of the curve C with the equation y = (x — 2)?(2x + 3). 


5 
A curve C has equation y = (x - a sin2x, 0 <x <7. Find the gradient of the curve at the 


point with x-coordinate ri 


A curve C has equation y = x?cos(x’). Find the equation of the tangent to the curve C at the 


point P (= a2) in the form ax + by + c=0 where a, b and c are exact constants. (7 marks) 


Given that y = 3x?(5x — 3), show that 


dy 
— = Ax (5x -— 3)"(Bx + C) 
dx 
where n, A, B and C are constants to be determined. (4 marks) 


A curve C has equation y = (x + 3)? e**. 


d 
a Find i using the product rule for differentiation. (3 marks) 
b Find the gradient of C at the point where x = 2. (3 marks) 


Differentiate with respect to x: 


a (2sin x — 3cos x) In3x (3 marks) 
bh ate? (3 marks) 
dy ; 
Find the value of an at the point where x = | on the curve with equation 
y=x°v 10x +6 (6 marks) 


Differentiation 


Challenge 


d 
Find = for the following functions. 
xX 


a y=ersin*x cosx b y=x(4x — 3)§(1 — 4x)? 


[9.5 | The quotient rule 


You need to be able to differentiate the quotient of two functions. 


pot cl 
d sa 
a lfy= ” then 22 Ue = ee where w and y are functions of x. 
v dx v2 
The quotient rule in function notation is: t Watch out ] There is a minus sign 
g(x) h(x)g’ (x) - g(x)h’ (x) in the numerator, so the order of 
= If f(x) = hay’ then f' (x) = (h(x)? the functions is important. 
Example G 
dy 
: * 
Given that y = a5 fin as 


Letu=xX andv=2x+4+5:- 


Oy exe 5) el=x2x 2 
Ax (2x + 5)? 


3 ee 
(2x + 5) 


Example &© 


A curve C with equation y = 


sin x 
e2x 


,0<x<T7, 


t Online ) Explore the graph of this 


has a stationary point at P. Find the coordinates fiveroniieineeennoleey 


of P. Give your answer to 3 significant figures. 


Let u = sinx and v = e®*. 
Au = av = ex. 
vie cos x and oe 2e 
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Using the quotient rule, 


dy _ e®*cosx — sinx(2e*) 


Ax (eae 
_ 6% cosx — 2e°*sinx 
= etx 
_ €eesx = 2 sing 
> etx 
= e-*(cosx — 2sinx) + 
d 
When =O: 
Ax 


e-(cosx — 2s) 
e-**¥ = O or cosx — 2sinx =O 
e-8* = O has no solution. 


cosx —-2sinx =O 


cosSx = 2sinx 
+= tanx 
ee 


x = 0464 (3 sf) - 


Problem-solving 


If the product of two factors is equal to 0 then 
one of the factors must be equal to 0. 


_ sinx 
es e2x 
sin (0.464) 
y= g2x0464 =SO17 7 (3 5.f) 


So the coordinates of P are (0.464, 0.177). 


Exercise (9) 


1 Differentiate: 


; 5x b 2% Pe: 3 d ae 6x 
x+1 3x —2 2x +1 (2x - 1) (5x + 3)2 
2 Differentiate: 
e4* b In x e72% + e2% (e* +3)? sin? x 
4 ‘cos x Al Inx COs x Inx 
3 Find the value of od at the point (1 ;] on the curve with equation y = 
dx “s 3x+1 
: dy : : ; x+3 
4 Find the value of —— at the point (12, 3) on the curve with equation y = ————, 
dx (2x + 1)? 
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: : . . . genes 
5 Find the stationary points of the curve C with equation y = ——, x # 0. 


6 Find the equation of the tangent to the curve y = at the point (3, te). (7 marks) 
: dy : T : ; Inx 
7 Find the exact value of — at the point x = — on the curve with equation y = — 
dx 9 sin 3x 
8 Th Ch c 
e curve C has equation x = 3+ Dy 
a Find the coordinates of the point P where the curve cuts the x-axis. (1 mark) 
b Find an equation of the normal to the curve at P, giving your answer in the form y = mx + ¢, 
where m and ¢ are integers to be found. (6 marks) 
: : — : 
9 Differentiate with respect to x. (4 marks) 
cos 3x 


2% 


10 A curve Chas equation y = a 


(x — 2)?” 
a Show that 
dy — Ae?“Bx - C) 
dx” = (x - 2) 
where A, B and C are integers to be found. (4 marks) 
b Find the equation of the tangent of C at the point x = 1. (3 marks) 
11 Given that 
2x 6x 
MOS Sas ate ig 
a_ show that f(x) = ae (4 marks) 
aa oy) 
b Hence find f’(3). (3 marks) 


12 The diagram shows a sketch of the curve with equation 


y = f(x), where 


2 cos 2x 
e2-*x 2 


x)= 


O<x<7 


The curve has a maximum turning point at A anda 
minimum turning point and B as shown in the diagram. 
a Show that the x-coordinates of point A and point B 

are solutions to the equation tan 2x = = (4 marks) 


b Find the range of f(x). (2 marks) 
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(9.6 | Differentiating trigonometric functions 


You can combine all the above rules and apply them to trigonometric functions to obtain standard 
results. 


Example 14) 
dy 


If y = tan x, find as 


st _ sinx 
ya k= Cos x 
Let u = sinx and v= cosx 


du dv : 
—— = cosx and —— = =—sinx 
dx dx 


dx ye 


AY _ cosx xX cosx — sinx(-sinx) 
AX £OS* % 


AY _ cos*x + sin? x 
dx cos* x 


a 


dX cos?x 


= 5e€C° x 


You can generalise this method to differentiate tan Ax: 


d 
= If y=tankx, then -. =ksec? kx 


Differentiate a y=xtan2x b y=tan*x 


a y=xtanex - 
d 
eee 25ec* 2x + tan 2x 
Ax 


= 2xs5ec* 2x + tan2x 


b po tantx = Canx)* 


dy 


— = A(tanx)3(sec2 x) - 
dx 


= 4tan? x sec? x 
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Differentiation 


d 
Show that if y = cosec x, then 7 = —cosecx cot x. 


peicoses 1 = — 
sin x 


Let u=1andv=sinx 


au Cai = cos x| 
ax dx 
du dy 
ay dx ax 
dx ve 


ay _sinx x O-1x cosx 


dx sin? x 
AY _ cosx 
dx sin? x 
ay 1 COSX 
=-— x = = —cosecx cotx 
dx sinx sinx 


You can use similar techniques to differentiate sec x and cot x giving you the following general results: 


dy 
= If y =coseckx, then ane -k cosec kx cot kx EER While the standard 
dy results for tan, cosec, sec and cot 
® If y=seckx, then 7“ -k seckx tankx are given in the formulae booklet, 
x 


learning these results will enable 
you to differentiate a wide range of 


dy 
= =e 2 
= If y=cotkx, then > k cosec? kx Gicrcnscue andronncenty: 


_ cosec 2x 


Differentiate: a y si b y=sec?x 
x 
COSEC 2x 
2 
x 
So dy _ x*(=2co0sec 2x cot 2x) = coséc 2x * 2x 


ax x 


_ —2cosec 2x(x cot 2x + 1) 


x3 


b p= seco x= (seex) 


Ay 
— = 3(5ec x)* (sec x tan x) 
ax 


= 35ec?x tanx 
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d 
You can use the rule bs = = to differentiate arcsin x, arccos x and arctan x. 


dx dx 
Example 18) 


dy 
Show that the derivative of arcsin x “ae 


ne ——_— 
Sox =siny 


dx 
—— = COs) « 


dy 
1 
dx cosy 


sin’y + cos*y =1 


cosy =/1—sint?y =V1— x2 - 


ax (fa ye Problem-solving 


Use the identity sin 6 + cos? @ = 1 to write cos y 
in terms of sin y. This will enable you to find an 


You can use similar techniques to differentiate 


dy. 
arccos x and arctan x giving you the following expression ie in terms of x. 
results: 
— Ee 
# If y =arcsin x, then a 
dx 1—- x2 
d 
= If y =arccos x, then ee 
dx 1- x2 
dy 1 
= If y = arctan x, then —— 
y : dx 14+x? 
Example 19) 
Gi nx? find dy 
Iven y = arcsin x? find — 
y dx 
“a ~ 7 = ; ; a eee | 
d 
Then a = = 2x ad = I 
Ax dt W-# Problem-solving 
ad = a y dt You could also write x@ = sin y and therefore 
- F ee x = /siny. Then you could use the chain rule to 
ox dy 
= find — in terms of y and use sin*x + cos*x = 1 to 
ee dx : 


write the answer in terms of x. 
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: l-x dy 
Given that y = arctan|-—— ], find —— 
l+x dx 
= arctan(j = ~) 
a= 1+x 
Let w= (=) 
1+x 
du (1+ x) x (-1)-(1- x) x 1 
dx (1 + x)@ 
pal at loa Rca. 2 
(1 + x)@ (1 + x)2 
y= arctanu 
dy 1 
du 14+u2 
a ae 
dx” du” dx 
ay 1 ec 2 
= pa = 
dx 14+ u2 (1+ u2)(1 + x)? 


“YS Bye gp? (= Oe $5 


eee ee 
~ 2 + 2x2 
grees ae 

1+ x? 


Exercise (oF) 


1 Differentiate: 


a y=tan3x b y=4tan?x 
2 Differentiate: 
a cot4x b sec5x 
2, 
e xcot3x f a 


3 Find the function f’(x) where f(x) is: 


a (sec x)? b Vcotx 
e sec?x f cot?x 


c y=tan(x- 1) 


g cosec*2x 


d y= x? tan $x + tan (x -4) 


c cosec4x d sec? 3x 


h cot?(2x - 1) 


¢ cosec? x d tan? x 
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4 Find f’(x) where f(x) is: 


2 
a x*sec 3x b ae _ d e*sec3x 
tan x 
In x f etanx 
tan x COS X 
5 The curve C has equation 
y= — 0<x=T 
cos x sin x 
Find S 4 mark: 
a Fin an (4 marks) 
b Determine the number of stationary points of the curve C. (2 marks) 
c Find the equation of the tangent at the point where x = a giving your answer in the 
form ax + by + c= 0, where a, b and c are exact constants to be determined. (3 marks) 
dy 
6 Show that if y = sec x then aye 7 SOx tanx. (5 marks) 
dy 
7 Show that if y = cotx then aa —cosec? x. (5 marks) 
@) 8 Assuming standard results for sin x and cos x, prove that: 


a the derivative of arccos x is — 


-—x 
b the derivative of arctan x is 5 
l+x 
9 Differentiate with respect to x: 
x . 
a arccos 2x b arctan > e arcsin 3x 
d arccot x e arcsecx f arccosec x 
; x 5 : 
g arcsin ai) h arccos x i e*arccosx 
j arcsin x cos x k x? arccos x IL search 


10 Given that the curve C has equation 


_ arctan 2x 
= x 
d o 
a show that the value of i when x = 3 is Bana (4 marks) 
b find the equation of the normal to the curve C at x = 3 (3 marks) 
11 a Curve C has equation x = (arccos y)”. Show that 
dy 1-cos? vx 
=— (5 marks) 


dx 2/x 
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12 Given that x = cosec Sy, 


d 
a find i. in terms of y. (2 marks) 
dy , 
b Hence find a terms of x. (4 marks) 


€& Parametric differentiation 


When functions are defined parametrically, you can find the gradient at a given point without 
converting into Cartesian form. You can use a variation of the chain rule: 


dy 
dy dt Hint ) You can obtain this 


i i a dy dx d 
= If x and y are given as functions of a parameter, f: dx dx TR IGLINE :. 5 = = o 


Find the gradient at the point P where t = 2, on the curve given parametrically by 
x=H+t, y=Pt+l, teER 


So the gradient at P is zi 


13 
Example (22) 


Find the equation of the normal at the point P where 6 = zi to the curve with parametric 


equations x = 3sin@, y = 5cos@. 


d 
& = 3038, = -5 ind O=0<2n + 
dy _ -5sin0 
dx 3cos0 


At point P, where @ = = 
1 
dy “9X2 -5 
dx 3 33 Online ) Explore the graph of this 
o % oe curve and the normal at this point 
using technology. 
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The gradient of the normal at P is ae 
3 bye 
and at P,x=3.¥=—5— 


The equation of the normal is 


eel ae 


2° #5 2 


5y = 3V3x + 8/3 


Exercise (9G) 


d 
1 Find i for each of the following, leaving your answer in terms of the parameter ¢. 
a x=2t,y=?-3t+2 b x=3P, y= 28 ¢ x=1+3?,y=4 
d x=-2,y=3f ee ae f x= ! y= a 
, t? 2t- 1? 2t-1 
jae et h x= Pel, y=2¢ i x=4sin3z, y =3cos3t 
Sia ep tan a ae ~ “= 
j x=2+sint,y=3-4cost k x=sect,y=tant ] x=2t-sin2t, y=1-cos2t 
mx=e'-5,y=Int,t>0 n x=Intz,y=?-64,t>0 0 x=e"4+1,y=2e'-1,-l1<t<l 


@) 2 a Find the equation of the tangent to the curve with parametric equations x = 3 — 2sint, 


y =tcost, at the point P, where t= 7. 


b Find the equation of the tangent to the curve with parametric equations x =9-?, y= + 
62, at the point P, where ¢ = 2. 


@) 3 a Find the equation of the normal to the curve with parametric equations x = e’, y=e’ +e, 
at the point P, where ¢ = 0. 


b Find the equation of the normal to the curve with parametric equations x = 1 — cos 2t, 
y =sin 2t, at the point P, where t = . 


@) 4 Find the points of zero gradient on the curve with parametric equations 


t er 


a fag Oe 


You do not need to establish whether they are maximum or minimum points. 


@) 5 Thecurve C has parametric equations x =e”, y=e’-1,tER. 
a Find the equation of the tangent to C at the point A where ¢ = In2. 
b Show that the curve C has no stationary points. 


252 


6 
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8 


Differentiation 


The curve C has parametric equations 


2. = 
yo St y=2t, t>0 


The line /, is a tangent to C and is parallel to the line with equation y = x + 5. 
Find the equation of /,. (8 marks) 


A curve has parametric equations 


x=2sin*t, y=2cott, O=r<5 


d 
a Find an expression for 7s in terms of the parameter f. (4 marks) 
b_ Find an equation of the tangent to the curve at the point where t = 7 (4 marks) 
The curve C has parametric equations 
x=4sint, y = 2cosec2t, O0O<ts7 
: : : ~4 
The point A lies on C and has coordinates (2y 3 ey) 
a Find the value of tat the point A. (2 marks) 
The line /is a normal to C at A. 
b Show that an equation for /is 9x — 6y — 10/3 = 0. (6 marks) 
The curve C has parametric equations 
x=P+t, p=?-10t+5, teER 
where ¢ is a parameter. Given that at point P, the gradient of C is 2, 
a find the coordinates of P (4 marks) 
b find the equation of the tangent to C at point P (3 marks) 
c show that the tangent to C at point P does not intersect the curve again. (5 marks) 


Problem-solving 


Substitute the equations for x and y into the equation of your tangent, 
and show that the resulting quadratic equation has no real roots. 


The curve C has parametric equations 
x=2sint, y=V2cos2t, 0<t<7 


d 
a Find an expression for 7s in terms of ¢. (2 marks) 
The point A lies on C where ¢ = z The line / is the normal to C at A. 
b Find an equation for /in the form ax + by + c = 0, where a, b and c are exact constants 
to be found. (5 marks) 


c Prove that the line / does not intersect the curve anywhere other than at point A. (6 marks) 
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11 A curve has parametric equations 


x =cost, y =4sin 21, 0<t<27 


d 
a Find an expression for x in terms of ¢. (2 marks) 
b Find an equation of the tangent to the curve at point A where t = . (4 marks) 


The lines /; and /, are two further distinct tangents to the curve. Given that /; and /, are both 
parallel to the tangent to the curve at point A, 


c find an equation of /; and an equation of J, (6 marks) 


€ Implicit differentiation 


Some equations are difficult to rearrange into Notation | An equation in the form y = f(x) is 
the form y = f(x) or x = f(y). You can sometimes given explicitly, 


differentiate these equations implicitly without 


rearranging them. Equations which involve functions of both x 


and y such as x? + 2xy =3 or cos (x + y) = 2x 
In general, from the chain rule: are called implicit equations. 


d ence’ 
7 af) =f Way 


The following two specific results are useful for implicit differentiation: 


da ny — ni W 
= a dx 


dps a 
my arg ty 


When you differentiate implicit equations 


d t Watch out ) | 
your expression for x will usually be given You need to pay careful attention to 
x 


the variable you are differentiating with respect to. 
in terms of both x and y. 


dy 


Find ce 


in terms of x and y where x7 + x + )2 + 3y=6. 


dy dy 
oe) cae ees 
3x* 414 3y ae oe O 
pk tseneme sine, 
mee + 3) = -3x* -1 


a 3x? +1 
dx 3(1 + y?) 
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: d 
Given that 4xy? + o = 10, find the value of is at the point (1, 1). 
cae eae 
[4x x 2p 4 ay (2 - z 2) <0 


Substitute x = 1, y = 1 to give 


at 4)+ (2-7) 
(a2 +4) + (12-62) -0 


d 
Find the value of 7. at the point (1, 1) where e*Iny=x+y—-2. 
2x 1a Oe es dy es 
é x 5G, t Iny x 2e = 


Substitute x = 1, y = 1 to give 


Exercise (9H) 


d 
@) 1 By writing uw = y”, and using the chain rule, show that £( ys nye i 


d dy 
@) 2 Use the product rule to show that as (xy) =x dx +y. 
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d 
Find an expression in terms of x and y for a given that: 


a x+yi=2 b x?+5y°=14 ce x°+6x -8y t+ 5y? = 13 
2y 

d y>+3x*y — 4x =0 e 3y°-2y+2xy=x3 f es, 

g (x-yyt=xtyt5 h e*y = xe” i yxytx+y?=0 


Find the equation of the tangent to the curve with implicit equation x? + 3xy? — y? = 9 at the 
point (2, 1). 


Find the equation of the normal to the curve with implicit equation (x + y)} = x? + y at the 
point (1, 0). 


Find the coordinates of the points of Problem-solving 


zero gradient on the curve with implicit 5 
equation x? + 4y? — 6x — l6y + 21 =0. Find na 
xX 


the x-coordinate at the points of 0 gradient. You 
need to find two corresponding y-coordinates. 


then set the numerator equal to 0 to find 


A curve C is described by the equation 
2x? + 3y?-x+ Oxy +5=0 
Find an equation of the tangent to C at the point (1, —2), giving your answer in the form 
ax + by +c =0, where a, b and c are integers. (7 marks) 


A curve C has equation 


3* = y -— 2xy 


d 
Find the exact value of i. at the point on C with coordinates (2, —3). (7 marks) 


Find the gradient of the curve with equation 
In (v2) =4xIn(x-1), x>1, y>0 


at the point on the curve where x = 4. Give your answer as an exact value. (7 marks) 


A curve C satisfies sin x + cos y = 0.5, where -7 <x <a and-17<y<r7. 


d 
a Find an expression for iL (2 marks) 
b Find the coordinates of the stationary points on C. (5 marks) 


The curve C has the equation ye~3* — 3x = y”. 


d 
a Find i in terms of x and y. (5 marks) 
b Show that the equation of the tangent to C at the origin, O, is y = 3x. (4 marks) 


Differentiation 


Challenge 


The curve C has implicit equation 6x + py? + 2xy = x2. 


d 
a Show that there are no points on the curve such that wee 0. 
xX 


b Find the coordinates of the two points on C such that = = 0. 


&® Using second derivatives 


You can use the second derivative to determine whether a curve is concave or convex on a given 
domain. 


= The function f(x) is concave on a given interval if and only if f’(x) < 0 for every value of x in 
that interval. 


= The function f(x) is convex on the interval [a, 5] if and only if f’(x) = 0 for every value of x 
in that interval. 


Links d2y 
To find the second derivative, f’(x) or ae you differentiate twice with respect to x. 
xX 


< Year 1, Chapter 12 


y=x-6x°-9x 


“Vv 


d@ dé d@ 

ae —2 so the curve is alae e* which is always ae 2 6x — 12 so the curve is 

dxé dxé dx? 

concave for all x € R. positive, so the curve is concave for all x < 2 and 
convex for all x € R. convex for x = 2. 


Find the interval on which the function f(x) = x3 + 4x + 3 is concave. 


f(x) = x3 +4x+ 3 
f(x) = 3x2 +4 
T(x) = 6X» 


For f(x) to be concave, f(x) < O + 
6x = 0 


eee, { Notation | You can also write this interval as 


So f(x) is concave for all x S O. (00, OJ. 
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Show that the function f(x) = e** + x? is convex for all real values of x. 


F(x) = €2* + x? 
f(x) = 2e2* + 2x 
f(x) = 4e°% + 2 


e** > O for all x € R, 50 4e°* + 2 > 2 for all . 
xeER Problem-solving 


Hence f"(x) = O, so f is convex for all x € R. Write down the condition for a convex function 
and a conclusion. 


The point at which a curve changes from being concave to convex (or vice versa) is called a point of 
inflection. The diagram shows the curve with equation y = x7 — 2x*- 4x + 5. 


In the interval [-2, 0] the curve is concave. 


In the interval [1, 3], the curve is convex. 


At some point between 0 and 1 the curve changes from being concave to being convex. This is the 
point of inflection. 
= A point of inflection is a point at which f"(x) changes sign. t Watch out | haoneer 


To find a point of inflection you need to show that f”(x) = 0 at that inflection does not have to 
point, and that it has different signs on either side of that point. be a stationary point. 


The curve C has equation y = x3 — 2x?- 4x +5. 
a Show that C is concave on the interval [—2, 0] and convex on the interval [1, 3]. 
b Find the coordinates of the point of inflection. 


d 
a ~~ =3x?-4x-4 

ax 

a2 

or Gx -4 

dx 

d*y 

— ap 2 ex - 4 = Opral-2s2= 0 

Ax 
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Therefore, y = x° — 2x? -4x + 5 is 


concave on the interval [—2, O]. 
dey 

snp = 6x —- 4 = O for all 1 =x = 3, 
Ax 


Therefore, y= x? — 2x*-4x +5 


is convex on the interval [1, 3]. 


a 
oF =6x-4=0- 
AX 
6x =4 
_4_2 
Se Se 


Substitute x into y gives 


ye ay Sie ey = (2) ee a ' Online ) Explore the solution to this 


example graphically using technology. 


So the point of inflection of the curve C 


_ (2 47 
= e a 


Exercise 91) 


@) 1 


For each of the following functions, find the interval on which the function is: 


i convex li concave 
a f(x) =x3- 3x7+x-2 b f(x) =x4 - 3x3 +2x-1 ¢ f(x) =sinx,0<x< 27 
d f(x) =-x?+3x-7 e f(x) =e - x7 f f(x)=Inx,x>0 


f(x) = aresinx, -l<x< 1 
a Show that f(x) is concave on the interval (-1, 0). 
b Show that f(x) is convex on the interval (0, 1). 


c Hence deduce the point of inflection of f. 


Find any point(s) of inflection of the following functions. 
x3-—2x72+x-1 


a f(x) =cos?x - 2sinx,0<x <2 b fx=- a0 -e#2 
3 
c fix) = 4, x #2 d f(x) = arctan x 


iS 237 lng x > 0 
Show that f has exactly one point of inflection and determine the value of x at this point. 


The curve C has equation y = e*(x? — 2x + 2). 
a Find the exact coordinates of the stationary point on C and determine its nature. 
b Find the coordinates of any non-stationary points of inflection on C. 
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@) 6 The curve C has equation y = xe*. 
a Find the exact coordinates of the stationary point on C 


and determine its nature. Problem-solving 


b Find the coordinates of any non-stationary points of Consider how C behaves 
inflection on C. for very large positive and 
e Hence sketch the graph of y = xe*. negative values of x. 


@) 7 For each point on the graph, state whether: 
i f’(x) is positive, negative or zero 
ii f’(x) is positive, negative or zero 


TT TT 
@) 8 f(x) = tanx, ~5 <x <5 


Prove that f(x) has exactly one point of inflection, at the origin. 


@) 9 Given that y = x(3x - 1), 


fin an 4 mark 
a qx an dx? (4 marks) 
b find the points of inflection of y. (4 marks) 


10 A student is attempting to find the points of inflection on the curve C with equation 
y=(x- 5) 
The attempt is shown below: 


d 
oY = Ax — 5)3 
Ax 
de 
OF = 12 (x — 5) 
dx 
d2 
When “2 =0 
dx? 
12(x -— 5)? =O 
(x - 5)? =O 
x-5=0 
x=5 
Therefore, the curve C has a point of inflection at x = 5. 


a Identify the mistake made by the student. (2 marks) 
b Write down the coordinates of the stationary point on C and determine its nature. (2 marks) 
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11 A curve Chas equation 


y=tx7Inx—2x +5, x>0 


Differentiation 


Show that the curve C is convex for all x = e7?. (5 marks) 


Challenge 


1 Prove that every cubic curve has exactly one point of inflection. 


2 Thecurve C has equation y = ax* + bx? + cx? +dx+e,a#0 


a Show that C has at most two points of inflection. 


b Prove that if 3b? < 8ac, then C has no points of inflection. 


ED Rates of change 


= You can use the chain rule to connect rates of change in situations involving more than two 


variables. 


Given that the area of a circle A cm? is related to its radius rcm by the formula A = zr’, and that 


the rate of change of its radius in cms"! is given by a = 5, find ed when r = 3. 


dt 


A= ar? Problem-solving 
dA _ a In order to be able to apply the chain rule to 
77 
" vi = find 4 you need to know “ You can find it by 
ik Goo ae differentiating A = zr? with respect tor. 
dA 
era’ =20r <5 
= 307, when r = 3. 


The volume of a hemisphere V cm? is related to its radius rcm by the formula V = oar and the 
total surface area Scm/? is given by the formula S = mr? + 27r? = 3772. Given that the rate of 


. . dV . ds 
increase of volume, in cm?s7!, deo 6, find the rate of increase of surface area —— 


V= Ears and S= 3nr? - 


dt 


La 2mr? and As = Gar - 
ar 


ar 
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dS _ dS. dr. a 


Nee ap ae ae 
1 
=6 6 
Tr X Duce x 
_ 18 
= 
An equation which involves a rate of change is called a Qouesceomiece con meone 


differential equation. You can formulate differential 
equations from information given in a question. 


In the decay of radioactive particles, the rate at which particles decay is proportional to the number 
of particles remaining. Write down a differential equation for the rate of change of the number of 
particles. 


differential equations. — Section 11.10 


Let N be the number of particles and let t be 
time. The rate of change of the number of 


particles ee is proportional to N. 


aN 
dt 
The minus sign arises because the number of 


= -KN, where k is a positive constant. - 


particles is decreasing. 


Newton’s law of cooling states that the rate of loss of temperature of a body is proportional to the 
excess temperature of the body over its surroundings. Write an equation that expresses this law. 


Let the temperature of the body be 0 degrees 
and the time be t seconds. 


The rate of change of the temperature a 


is proportional to @ — 4, where 0) is the == 


temperature of the surroundings. 


i.e. =~ = —k(0 - @), where k is a positive 


constant. 
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Differentiation 


Example 


The head of a snowman of radius Rem loses volume by evaporation at a rate proportional to its 
surface area. Assuming that the head is spherical, that the volume of a sphere is 2 R3 cm} and that 
the surface is 47 R*cm2, write down a differential equation for the rate of change of radius of the 
snowman’s head. 


The first sentence tells you that a = -kA, 


where Vcm? is the volume, t seconds is time, 
k is a positive constant and A cm? is the 
surface area of the snowman’s head. 


Since r= SaR? . 


a = 4rR* 


dV_dV_ dR 


di aR” ae 


at 


dr dA 


@) 1 Given that A = nr? and that — = 6, find a 


apo when r =2. 


: dx dy 
@) 2 Given that y = xe* and that aa 5, find ai when x = 2. 


Laie a aes 


3 Given that r= 1 + 3cosé@ and that ae = 3, find a 6 


dt 


4 Given that V= snr and that * = 8, find & when r = 3. 
5 A population is growing at a rate which is proportional to the size of the population. 
Write down a differential equation for the growth of the population. 


oS @©@ © 


6 Acurve C has equation y = f(x), y > 0. At any point P on the curve, the gradient of C is 
proportional to the product of the x- and the y-coordinates of P. The point A with coordinates 
(4, 2) is on C and the gradient of C at A is = 


dy xy 
Show that de ie 
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@) 10 


@) 11 


@) 12 


264 


Chapter 9 


Liquid is pouring into a container at a constant rate of 30cm?s~!. At time f seconds liquid is 
leaking from the container at a rate of 75 *-Vcem3s-!, where Vcm} is the volume of the liquid in 
the container at that time. 


Show that 1s =2V -— 450. 

An electrically-charged body loses its charge, Q coulombs, at a rate, measured in coulombs per 
second, proportional to the charge Q. 

Write down a differential equation in terms of Q and ¢ where ¢ is the time in seconds since the 
body started to lose its charge. 


The ice on a pond has a thickness x mm at a time ¢ hours after the start of freezing. The rate of 
increase of x is inversely proportional to the square of x. 
Write down a differential equation in terms of x and ¢. 


The radius of a circle is increasing at a constant rate of 0.4cm per second. 


a Find “ where C is the circumference of the circle, and interpret this value in the context of 
the model. 
b Find the rate at which the area of the circle is increasing when the radius is 10 cm. 


c Find the radius of the circle when its area is increasing at the rate of 20 cm? per second. 


The volume of a cube is decreasing at a constant rate of 4.5 cm? per second. Find: 
a the rate at which the length of one side of the cube is decreasing when the volume is 100 cm? 


b the volume of the cube when the length of one side is decreasing at the rate of 2mm per 
second. 


Fluid flows out of a cylindrical tank with constant cross section. At time ¢ minutes, t > 0, 
the volume of fluid remaining in the tank is Vm. The rate at which the fluid flows in m? min7! 
is proportional to the square root of V. 


Show that the depth, / metres, of fluid in the tank satisfies the differential equation a =-kvh, 
where k is a positive constant. 


At time, ¢ seconds, the surface area of a cube is A cm? and the volume is Vcm?. 
The surface area of the cube is expanding at a constant rate of 2cm?s"!. 


a Write an expression for V in terms of A. 


b Find an expression for = 
ieee 


dV 
c Show that i) V3 
An inverted conical funnel is full of salt. The salt is allowed to leave by a small hole in the 
vertex. It leaves at a constant rate of 6cm?s"!. 
Given that the angle of the cone between the slanting edge and the vertical is 30°, show that 
the volume of the salt is sh}, where /: is the height of salt at time ¢ seconds. Show that the rate 
of change of the height of the salt in the funnel is inversely proportional to h?. Write down a 
differential equation relating / and ¢. 


Differentiation 


Mixed Exercise (9) 


© 1 Differentiate with respect to x: 


© 


© &§ 


a Inx? (3 marks) 

b x?sin 3x (4 marks) 
d 

a Given that 2y = x - sin x cos x, 0 < x < 27, show that 7s = sin? x (4 marks) 

b Find the coordinates of the points of inflection of the curve. (4 marks) 


Differentiate, with respect to x: 


a oe x>0 (4 marks) 
1 
b In 249 (4 marks) 
x 
f(x) == 
(x) 40? xER 
a Given that f(x) is increasing on the interval [—k, k], find the largest possible value of k. 
(4 marks) 
b Find the exact coordinates of the points of inflection of f(x). (5 marks) 
The function f is defined for positive real values of x by 
f(x) = 12Inx + x2 
a Find the set of values of x for which f(x) is an increasing function of x. (4 marks) 
b Find the coordinates of the point of inflection of the function f. (4 marks) 
Given that a curve has equation y = cos? x + sin x, 0 < x < 27, find the coordinates 
of the stationary points of the curve. (6 marks) 


The maximum point on the curve with equation y = xV/sinx, 0 < x <7, is the point A. 
Show that the x-coordinate of point A satisfies the equation 2 tanx + x = 0. (5 marks) 


f(x) = e®* - x7,x ER 


a Find f’(x). (3 marks) 
b By evaluating f'(6) and f'(7), show that the curve with equation y = f(x) has a stationary 
point at x = p, where 6<p <7. (2 marks) 


f(x) =e sin 2x, 0< x <7 


a Use calculus to find the coordinates of the turning points on the graph of y = f(x). (6 marks) 


b Show that f"(x) = 8e2* cos 2x. (4 marks) 
c Hence, or otherwise, determine which turning point is a maximum and which is a 

minimum. (3 marks) 
d Find the points of inflection of f(x). (2 marks) 
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@/p) 11 


Ep) 12 


EP) 13 


ip) 14 


ip) 15 


EP) 16 
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The curve C has equation y = 2e* + 3x? + 2. Find the equation of the normal to C at the point 
where the curve intercepts the y-axis. Give your answer in the form ax + by + c = 0 where a, b 
and c are integers to be found. (5 marks) 


The curve C has equation y = f(x), where 


f(x) =3Inx +>, x>0 
The point P is a stationary point on C. 
a Calculate the x-coordinate of P. (4 marks) 
The point Q on C has x-coordinate 1. 
b Find an equation for the normal to C at Q. (4 marks) 


The curve C has equation y = e?*cos x. 
a Show that the turning points on C occur when tan x = 2. (4 marks) 
b Find an equation of the tangent to C at the point where x = 0. (4 marks) 


Given that x = y?Iny, y > 0, 


a find : (4 marks) 
d 
b Use your answer to part a to find in terms of e, the value of = aty =e. (2 marks) 


dx 


A curve has equation f(x) = (x3 — 2x)e~. 

a Find f’(x). (4 marks) 
The normal to C at the origin O intersects C again at P. 

b Show that the x-coordinate of P is the solution to the equation 2x? = e* + 4. (6 marks) 


The diagram shows part of the curve with equation y 
y = f(x) where f(x) = x(1 + x) Inx, x > 0 
The point A is the minimum point of the curve. 
a Find f’(x). (4 marks) 
b Hence show that the x-coordinate of A is 

the solution to the equation x = ents (4 marks) 


The curve C is given by the equations 


x= 4t—-3, ye5 t>0 


where ¢ is a parameter. 
At A, t= 2. The line /is the normal to C at A. 


d 
a Find i: in terms of f. (4 marks) 
b Hence find an equation of /. (3 marks) 


/P) 17 


/P) 18 


(/P) 19 


E/P) 20 


() 21 
(P) 22 


() 23 


() 25 


Differentiation 


The curve C is given by the equations x = 2t, y = #*, where f is a parameter. 
Find an equation of the normal to C at the point P on C where t = 3. (7 marks) 


The curve C has parametric equations 
cer, ver, 1>0 
Find an equation of the tangent to C at A (1, 1). (7 marks) 


A curve Cis given by the equations 
x=2cost+sin2t, y=cost—2sin2t, 0<t<7 
where f¢ is a parameter. 


és aX dy , 
a Find di and qy 0 terms of f. (3 marks) 
d 
b Find the value of iL at the point P on C where t = 4 (3 marks) 
c Find an equation of the normal to the curve at P. (3 marks) 


A curve is given by x = 2t + 3, y= f — 4t, where ¢ is a parameter. The point A has parameter 
t = —1 and the line /is the tangent to C at A. The line / also cuts the curve at B. 


a Show that an equation for /is 2y + x =7. (6 marks) 
b Find the value of ¢ at B. (5 marks) 


A car has value £V at time t years. A model for V assumes that the rate of decrease of V at time 
t is proportional to V. Form an appropriate differential equation for V. 


In a study of the water loss of picked leaves the mass, M grams, of a single leaf was measured 
at times, ¢ days, after the leaf was picked. It was found that the rate of loss of mass was 
proportional to the mass M of the leaf. 

Write down a differential equation for the rate of change of mass of the leaf. 


In a pond the amount of pondweed, P, grows at a rate proportional to the amount of 
pondweed already present in the pond. Pondweed is also removed by fish eating it at a constant 
rate of Q per unit of time. 

Write down a differential equation relating P to t, where t is the time which has elapsed since 
the start of the observation. 


A circular patch of oil on the surface of some water has radius r and the radius increases over 
time at a rate inversely proportional to the radius. 

Write down a differential equation relating r and t, where ¢ is the time which has elapsed since 
the start of the observation. 


A metal bar is heated to a certain temperature, then allowed to cool down and it is noted 
that, at time ¢, the rate of loss of temperature is proportional to the difference between the 
temperature of the metal bar, #, and the temperature of its surroundings 6). 

Write down a differential equation relating @ and f. 
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The curve C has parametric equations 


: TT T 
x=4cos21, y=3sint, ma <b <5 


A is the point (2, 3), and lies on C. 
a Find the value of tat the point A. (2 marks) 


d 
Grind x in ier oF ¥ (3 marks) 


c Show that an equation of the normal to Cat A is 6y — 16x + 23 =0. (4 marks) 
The normal at A cuts C again at the point B. 
d Find the y-coordinate of the point B. (6 marks) 


The diagram shows the curve C with parametric vA 
equations 


x=asin?t, y=acost, 0<t<4n A 
where a is a positive constant. The point P lies 
on C and has coordinates (3a, sa). 


d 
a Find a giving your answer in terms of t. (4 marks) I 


b Find an equation of the tangent to Cat P. (4 marks) 


The tangent to C at P cuts the coordinate axes 
at points A and B. 


c Show that the triangle AOB has area ka? where k is a constant to be found. (2 marks) 


This graph shows part of the curve C with 
parametric equations 


x=(t+ 1)’, y=th 3, t>-l 


P is the point on the curve where ¢ = 2. 
The line / is the normal to C at P. 


Find the equation of /. (7 marks) 


Find the gradient of the curve with equation 5x? + 5y? —- 6xy = 13 at the point (1, 2). (7 marks) 


d 
Given that e?* + e?” = xy, find x in terms of x and y. (7 marks) 
Find the coordinates of the turning points on the curve y? + 3xy? — x3 = 3. (7 marks) 
dy , 
a If (l+x)(2+y) =x? + y’, find ait terms of x and y. (4 marks) 


EP) 33 


(E/P) 34 


/P) 35 


E/P) 36 


EP) 37 


EP) 38 


(/P) 39 


Differentiation 


b Find the gradient of the curve (1 + x)(2 + y) = x? + y” at each of the two points 
where the curve meets the y-axis. (3 marks) 


c Show also that there are two points at which the tangents to this curve are 
parallel to the y-axis. (4 marks) 


A curve has equation 7x? + 48xy — 7y? + 75 =0. A and B are two distinct points on the curve 
and at each of these points the gradient of the curve is equal to 2. Use implicit differentiation 
to show that the straight line passing through A and B has equation x + 2y = 0. (6 marks) 
Given that y = x*, x > 0, y > 0, by taking logarithms show that 


dy 
Fs (1 + Inx) (6 marks) 


a Given that a* = e**, where a and k are constants, a > 0 and x € R, prove that 


k=Ina. (2 marks) 
b Hence, using the derivative of e**, prove that when y = 2* 
dy 
der 2*In2 (4 marks) 
c Hence deduce that the gradient of the curve with equation y = 2* at the point (2, 4) 
is In 16. (3 marks) 


A population P is growing at the rate of 9% each year and at time t years may be approximated 
by the formula 


P=P,(1.09)'",¢2=0 
where P is regarded as a continuous function of t and Pp is the population at time ¢ = 0. 


a Find an expression for ¢ in terms of P and Pp. (2 marks) 

b Find the time 7 years when the population has doubled from its value at ¢ = 0, giving your 
answer to 3 significant figures. (4 marks) 

c Find, as a multiple of Po, the rate of change of population a at time ¢ = T. (4 marks) 


Given that y = (arcsin x)? show that 


( — a2 tg, 72 = 0 (8 marks) 
Given that y = x — arctan x prove that 


ne dy\? 
ia as 2x i ©) (8 marks) 


Differentiate arcsin (8 marks) 


1+x2 
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A curve C has equation 


y=lIn(sinx), O0<x<7 
a Find the stationary point of the curve C. (6 marks) 
b Show that the curve C is concave at all values of x in its given domain. (3 marks) 


The mass of a radioactive substance ¢ years after first being observed is modelled by the 
equation 


m = 40e~0.244t 


a Find the mass of the substance nine months after it was first observed. (2 marks) 
b Find m (2 marks) 


c With reference to the model, interpret the significance of the sign of the value of 

a found in part b. (1 mark) 
The curve C with equation y = f(x) is shown in the 
diagram, where 


_ cos2x 


f(x) ex 


,0<xs7 


The curve has a local minimum at 4 and a local 
maximum at B. 


a Show that the x-coordinates of A and B satisfy the 


equation tan 2x = —0.5 and hence find the coordinates of A and B. (6 marks) 
b Using your answer to part a, find the coordinates of the maximum and minimum 

turning points on the curve with equation y = 2 + 4f(x — 4). (3 marks) 
c Determine the range of values for which f(x) is concave. (5 marks) 


Challenge 


Th 
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e curve C has parametric equations 


y=2sin2t, x= 5cos(1+ 5), O=sts27 


Hint ) The points on C where 


Pe Ache 
Find — in terms of ¢. d 
dx 7 = 0 correspond to points 
Wy 


d 
Find the coordinates of the points on C where =e 0. 
dx where a tangent to the curve 


Find the coordinates of any points where the curve cuts or would be a vertical line. 
intersects the coordinate axes, and determine the gradient of the 
curve at these points. 


Find the coordinates of the points on C where “ = (0), 
y 
Hence sketch C. 


Summary of key points 


1 Forsmall angles, measured in radians: 


* Sin = Xx 


= cos y= Il — ix? 
; dy 
2 it p=sinkx then = cos kx 
dx 
dy , 
- If y= cos kx, then — =-—ksinkx 
dx 
d 
3 + Ify=e", then — = ket 
dx 


dy 1 
Sie een 
Gb 38 


d 
4 lf y=a, where k is a real constant and a> 0, then = = ak Inia 
xX 


; _ dy dy du 
5 The chain rule is: — =— x — 
@be Cl bs 
where y is a function of wu and wis another function of x. 
6 The chain rule enables you to differentiate a function of a function. In general, 


j = n dy Wale 
* ify = (f(x)? then Ae =x) =o (x) 


d 
- if y = f(g(x)) then — = f'(g(x))g’ (x) 


dy 1 
7 ae at 
dx dx 
dy 


8 The product rule: 


d d d 
- If y=uythen ae u i +V as where uw and v are functions of x. 
dx dx dx 


+ If f(x) = g(x)h(x) then f’(x) = gh’ (x) + h(x)g' (x) 


9 The quotient rule: 
du _| dv 
dy dx d 


- ify =4 then—= ~ where wand v are functions of x. 
u dx Ve 


/ 


h(x)g'(x) — gox)h (x) 
(h(x)? 


> If f(x) = Eee then f(x) = 
h(x) 


Differentiation 
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dy 
10 - If y=tankx, then Fie ksec* kx 
xX 


d 
: If y=coseckx, then = =—kcoseckx cotkx 
xX 


d 
- If y=seckx, then a =kseckx tankx 
xX 


dy 
: If y=cotkx, then aaa —kcosec? kx 
x 


d 
11 - If y=arcsinx, then sa Eee 


che a eee 


dy 1 
Ty—caccosx, .1e0 ———$————— 
dx ¥1—x2 
d 
> i y=arctamx, then — = : 
@bs il 4b xe¢ 
dy 
, ; dy a 
12 If x and yare given as functions of a parameter, t: — = — 
dx dx 
dt 


d dy 
v fi = fi 
13 5 (f(y) (y) d 


do MD = yee ay 
ae a dx 
d d 
——— =x—t+ 
ieee!) x d y 


14 - The function f(x) is concave on a given interval if and only if f"(x) < 0 for every value of x 
in that interval. 


* The function f(x) is convex on a given interval if and only if f’(x) = 0 for every value of x in 
that interval. 


15 A point of inflection is a point at which f’(x) changes sign. 


16 You can use the chain rule to connect rates of change in situations involving more than two 
variables. 
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After completing this chapter you should be able to: 
e@ Locate roots of f(x) = 0 by considering changes of sign > pages 274-277 
e Use iteration to find an approximation to the root of the 


equation f(x) =0 — pages 278-282 
@ Use the Newton-Raphson procedure to find approximations 

to the solutions of equations of the form f(x) = 0 — pages 282-285 
e@ Use numerical methods to solve problems in context — pages 286-289 


(a 
“— “ 
tse eee 


ee 61COf(x) = x* — 6x + 10. Evaluate: 


a f(1.5) b f(—0.2) € GCSE Mathematics 
>» a 2 Find f’(x) given that: 
You can use numerical methods to a f(x) =3Vx + 4x2 — 2 © Year 1, Chapter 12 
find solutions to equations that are a 7 ; 
hard or impossible to solve exactly. b f(x) =5in (x +2) +7e ene. 
c f(x) =x*sinx -—4cosx € Section 9.4 


The Newton-Raphson method was 


developed 400 years ago to describe 1 6,08" 
the positions of planets as they orbit °*, eC a 7a cane Cae oe 000 


the sun. — Exercise 100Q1 \— find the values of w;, up oe i: € Section 3.7 co 
™ = ‘RR a? = — Sra 
me = \ date ae Fe SS a } er 8 
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10.1) Locating roots 


A root of a function is a value of x for The following two things are identical: 
which f(x) = 0. The graph of y = f(x) will » the roots of the function f(x) 
cross the x-axis at points corresponding * the roots of the equation f(x) =0 < Year 1, Section 2.3 


to the roots of the function. 
You can sometimes show that a root exists within a given interval by showing that the function 
changes sign (from positive to negative, or vice versa) within the interval. 


® If the function f(x) is continuous on the Notation | eeeuniguem nce 
interval la, b] and f(a) and f(b) have function does not ‘jump’ from one value to 
opposite signs, then f(x) has at least another. If the graph of the function has a 
one root, x, which satisfies a < x <b. vertical asymptote between a and b then 


the function is not continuous on [a, 5]. 
Example 


The diagram shows a sketch of the curve y = f(x), 
where f(x) = x3 — 4x7 + 3x41. f(x) = x3 - 4x2 + 3x41 


a Explain how the graph shows that f(x) has 
a root between x = 2 and x = 3. 


b Show that f(x) has a root between 
x=14andx=1.5. 


a The graph crosses the x-axis between ; 
The graph of y = f(x) crosses the x-axis whenever 


x = 2 and x = 3. This means that a root of ——— 
nes) SO 


f(x) lies between x = 2 and x = 3. 

b (1.4) = (14)? - 4(1.4)* + 3(14) + 1 = 0.104 
f(1.5) = (1.5)8 - 4(1.5)? + 3(1.5) + 1 = -0125 ~——— 
There is a change of sign between 1.4 and 


f(1.4) > O and f(1.5) < 0, so there is a change of 
sign. 


1.5, so there is at least one root between 


Gere el eat f(x) changes sign in the interval [1.4, 1.5], so f(x) 


must equal zero within this interval. 


There are three situations you need to watch out for when using the change of sign rule to locate 
roots. A change of sign does not necessarily mean there is exactly one root, and the absence of a sign 
change does not necessarily mean that a root does not exist in the interval. 


There are multiple roots within the There are multiple roots within the There is a vertical asymptote within 
interval [a, b]. In this case there is interval [a, b], but a sign change interval [a, b]. A sign change does 
an odd number of roots does not occur. In this case there occur, but there is no root. 


is an even number of roots. 
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The graph of the function vA = AG) 
f(x) = 54x3 — 225x? + 309x — 140 is shown in 14 
the diagram. 
A student observes that f(1.1) and f(1.6) are 
both negative and states that f(x) has no roots O 1 ye 
in the interval (1.1, 1.6). 
a Explain by reference to the diagram why 4 
the student is incorrect. 
b Calculate f(1.3) and f(1.5) and use your answer 
to explain why there are at least 3 roots in the interval 1.1 <x < 1.7. 
a The diagram shows that there could be Notation ] The interval (1.1, 1.6) is the set of all 
two roots in the interval (1.1, 1.6). real numbers, x, that satisfy 1.1<x< 1.6. 
b f(1.1) = -O.476 < O 
f(1.3) = 0.086 > O 
f(1.5) = -O0.5 <O 
ti/) =O.352 >0 


There is a change of sign between 1.1 and 
1.3, between 1.3 and 1.5 and between 1.5 
and 1.7, so there are at least three roots in 
the interval 1.1 < x < 1.7. 


a Using the same axes, sketch the graphs of y = Inx and y = = Explain how your diagram shows 


that the function f(x) = Inx - 1 has only one root. 
b Show that this root lies in the interval 1.7 < x < 1.8. 
c Given that the root of f(x) is a, show that a = 1.763 correct to 3 decimal places. 


a 


y=lInx 


1 eel 
We == O ae lta = 


The equation Inx = : has only one solution, 


50 f(x) has only one root. «+ 
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b 


' Online ) Locate the root of 


f(x) = Inx - ‘ using technology. 


f(1.7) < O and f(1.8) > 0, so there is a change of 


f(x) = Inx - 4 
1 

(1.7) = In7 - <> = -0.0576 
1 

(1.8) = In. - 2 = 0.0322... 


There is a change of sign between 1.7 and 
1.6, 50 there is at least one root in the 


sign. 


You need to state that there is a change of sign in 


interval 1.7 <x < 1.8. + 
(1.7625) = —-O.00064... < O 

(1.7635) = 0.00024... > O 

There is a change of sign in the interval 
(1.7625, 1.7635) so 1.7625 < a < 1.7635, 
50 a = 1.763 correct to 3 dp. 


Exercise (10A) 


1 
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your conclusion. 


Problem-solving 


To determine a root to a given degree of accuracy 
you need to show that it lies within a range of 
values that will all round to the given value. 


Numbers in this range will 
round up to 1.763 to 3 d.p. 
SS 


—?_}+PHOAMNNpANVH#"#+"—_» 
1.762 1.7625 1.763 1.7635 1.764 ~ 


Show that each of these functions has at least one root in the given interval. 


a f(x) =x3-x4+5,-2<x<-l 


CigQjae= 7 -2,-05<*<-02 


f(x) = 3 + x2 - x3 


a Show that the equation f(x) = 0 has a root, a, in the interval [1.8, 1.9]. 


correct to 3 decimal places. 


h(x) = Vx — cos x — 1, where x is in radians. 


a Show that the equation h(x) = 0 has a root, a, between x = 1.4 and x= 1.5. 


f(x) = sin x — Inx, x > 0, where x is in radians. 


a Show that f(x) = 0 has a root, a, in the interval [2.2, 2.3]. 


b f(x) =x?-Vx-10,3<x<4 
d f(x) =e*-Inx-5, 1.65<x< 1.75 


(2 marks) 
b By considering a change of sign of f(x) in a suitable interval, verify that a = 1.864 

(3 marks) 

(2 marks) 
b By choosing a suitable interval, show that a = 1.441 is correct to 3 decimal places. (3 marks) 

(2 marks) 
b By considering a change of sign of f(x) in a suitable interval, verify that a = 2.219 

(3 marks) 


correct to 3 decimal places. 


f(x) =2 + tan x, 0 <x <7, where x is in radians. 


a Show that f(x) changes sign in the interval [1.5, 1.6]. 


b State with a reason whether f(x) has a root in the interval [1.5, 1.6]. 


Numerical methods 


() 6 A student observes that the function f(x) = + + 2, x #0, has a change of sign on the interval 
[-1, 1]. The student writes: 


y = f(x) has a vertical asymptote within this interval so even 
though there is a change of sign, f(x) has no roots in this interval. 


By means of a sketch, or otherwise, explain why the student is incorrect. 


f(x) = (105x3 — 128x? + 49x — 6) cos 2x, where x is in radians. vA 

The diagram shows a sketch of y = f(x). 0.54 

a Calculate f(0.2) and f(0.8). 

b Use your answer to part a to make a conclusion about the O| 1 * 
number of roots of f(x) in the interval 0.2 < x < 0.8. ne 

c Further calculate f(0.3), f(0.4), f(0.5), f(0.6) and f(0.7). y=f(x) 

d Use your answers to parts a and ¢ to make an improved conclusion 


about the number of roots of f(x) in the interval 0.2 < x < 0.8. 


Using the same axes, sketch the graphs of y = e~ and y = x’. 
Explain why the function f(x) = e~* — x* has only one root. 
Show that the function f(x) = e~* — x? has a root between x = 0.70 and x = 0.71. 


On the same axes, sketch the graphs of y = Inx and y = e* — 4. 
Write down the number of roots of the equation In x = e* - 4. 
Show that the equation In x = e* —- 4 has a root in the interval (1.4, 1.5). 


h(x) = sin 2x + e* 


a 
b 


e 


Show that there is a stationary point, a, of y = h(x) in the interval -0.9 < x < -0.8. (4 marks) 


By considering the change of sign of h’(x) in a suitable interval, verify that a = —0.823 
correct to 3 decimal places. (2 marks) 
On the same axes, sketch the graphs of y = Vx and y= 7 (2 marks) 


With reference to your sketch, explain why the equation Vx = zs has exactly one real root. 
(1 mark) 


Given that f(x) = Vx - . show that the equation f(x) = 0 has a root r, where | <r <2. (2 marks) 


Show that the equation Vx = 7 may be written in the form x? = qg, where p and q are integers 
to be found. (2 marks) 


Hence write down the exact value of the root of the equation Vx — 2 =0. (1 mark) 


f(x) = xt-21x- 18 


a 
b 
c 
d 


Show that there is a root of the equation f(x) = 0 in the interval [—0.9, —0.8]. (3 marks) 
Find the coordinates of any stationary points on the graph y = f(x). (3 marks) 
Given that f(x) = (x — 3)(x3 + ax? + bx + c), find the values of the constants a, b and c. (3 marks) 
Sketch the graph of y = f(x). (3 marks) 
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ip Iteration 


An iterative method can be used to find a value of x for which f(x) = 0. To perform an iterative 
procedure, it is usually necessary to manipulate the algebraic function first. 


= To solve an equation of the form f(x) = 0 by an iterative method, rearrange f(x) = 0 into the 
form x = g(x) and use the iterative formula x, ,, = g(x,). 


Some iterations will converge to a root. This can happen in two ways. One way is that successive 
iterations get closer and closer to the root from the same direction. Graphically these iterations create 
a series of steps. The resulting diagram is sometimes referred to as a Staircase diagram. 


f(x) = x* — x — 1 can produce the iterative formula x, ,, = x, + 1 when f(x) =0. Let x) = 0.5. 
Successive iterations produce the following staircase diagram. 


YA y =z 

y=vxe1 Read up from x9 on the vertical axis 
to the curve y= Yx +1 to find x. 
You can read across to the line y = x 
to ‘map’ this value back onto the 
x-axis. Repeating the process shows 
the values of x, converging to the 
root of the equation y= Vx + 1, 
which is also the root of f(x). 


O XG Xa I ne 


The other way that an iteration converges is that successive iterations alternate being below the 
root and above the root. These iterations can still converge to the root and the resulting graph is 


sometimes called a cobweb diagram. 
; ; : r Watch out By rearranging the same function 
f(x) = x* — x — 1 can produce the iterative formula in different ways you can find different iterative 


Xp = 1 when f(x) = 0. Let x) = —2. formulae, which may converge differently. 
Successive iterations produce the cobweb diagram, shown on. 
the right. 

Not all iterations or starting values converge to a root. 

When an iteration moves away from a root, often 

increasingly quickly, you say that it diverges. 


f(x) = x* — x — 1 can produce the iterative formula 
Xn41 = X,2— 1 when f(x) = 0. Let x) = 2. 


Successive iterations diverge from the root, as shown in the diagram. 


y 
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Example 


f(x) =x?-4x 41 
a Show that the equation f(x) = 0 can be written as x = 4 - > x #0. 
f(x) has a root, a, in the interval 3 < x < 4. 


: : 1. 
b Use the iterative formula x,,,; = 4 —5— with xo = 3 to find the value of x), x, and x3. 


n 


a ixi=O 
x*?-4x+1=0 
x*?=4x-1- Add 4x to each side and subtract 1 from each side. 
x=4- " xXx#O > 
|___ Divide each term by x. This step is only valid if 
é x= 4-5 = 3.666666... x #0, 
1 
C = A ———— SS 
i x Beer eto: Online ) Use the iterative formula to 
a ee ae 373170 work out x, x, and x3. You can use your 
+ a aie - calculator to find each value quickly. 


f(x) = x3 — 3x?-2x4+5 


a Show that the equation f(x) = 0 has a root in the interval 3 < x < 4. 


: : x, — 2x, +5 
b Use the iterative formula x,,., = a to calculate the values of x,, x, and x3, 


giving your answers to 4 decimal places and taking: 
i Xo = 1.5 ii Xo = 4 


a {(3) = (3)9 - 333)? - 2(3)+ 5 = -1 
f(4) = (4) — 3(4)? — 2(4) + 5 = 13 
There is a change of sign in the interval 


3 <x <4, and f is continuous, so there is 
The graph crosses the x-axis between x = 3 and 


a root of f(x) in this interval. 


sek, 
x2 -2x,+5 
bi x={— - = 1.3385... 
x? - 2x,+5 
Xo = _ = 1.2544... 


ie — 2x,+5 Each iteration gets closer to a root, so the 


= 112200;% 


x3 = ; 
2 SEQUENCE Xo, X1, Xz, X3,... is convergent. 
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7 [38 = ke ' Online ) Explore the iterations cy 
ii x, = = = 4.5092 graphically using technology. 
RON: 
Xo = : = 5.4058 
a eka tS Each iteration gets further from a root, so the 
= = Fie —_— ; ae 
fe SEQUENCE Xp, X1, Xz, X3,... is divergent. 


Exercise (108) 


@) 1 
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f(x) = x?-6x+2 
a Show that f(x) = 0 can be written as: 
2 


iii x=6-% 


oe x? +2 
6 
b Starting with x) = 4, use each iterative formula to find a root of the equation f(x) = 0. 
Round your answers to 3 decimal places. 


i ii x = 6x -2 


c Use the quadratic formula to find the roots to the equation f(x) = 0, leaving your answer in 
the form a + Vb, where a and b are constants to be found. 


f(x) = x? - 5x -3 
a Show that f(x) = 0 can be written as: 


ee 
i x=V/5x43 i x=*> 
b Let xp = 5. Show that each of the following iterative formulae gives different roots of f(x) = 0. 
x2 -3 
i Xn+1 = VIX, + 3 ii 2 a 
f(x) =x? - 6x +1 
a Show that the equation f(x) = 0 can be written as x = V6x — 1. (1 mark) 
b Sketch on the same axes the graphs of y= x and y=v6x-1. (2 marks) 
c Write down the number of roots of f(x). (1 mark) 
d Use your diagram to explain why the iterative formula x,,,.; = 6x, — 1 converges to 
a root of f(x) when x) = 2. (1 mark) 
x41 
f(x) = 0 can also be rearranged to form the iterative formula x,,., = — a 
e By sketching a diagram, explain why the iteration diverges when xy = 10. 
(2 marks) 


f(x) = xe* -—x +2 


,xX #2. 


a Show that the equation f(x) = 0 can be written as x = In| ~ 5 


f(x) has a root, a, in the interval -2<x<-l. 
Xn 


Xn — 


b Use the iterative formula x,,., = In , x #2 with x) = —1 to find, to 2 decimal places, 


the values of x1, x, and x3. 


Numerical methods 


() 5 f(x)=x3 + 5x?-2 
a Show that f(x) = 0 can be written as: 


_———— _ x3 
ix= 12-50 ii x= 4-5 wi x=)? x 
% 5 


b Starting with x) = 10, use the iterative formula in part a (i) to find a root of the equation 
f(x) = 0. Round your answer to 3 decimal places. 


c Starting with x) = 1, use the iterative formula in part a (iii) to find a different root of the 
equation f(x) = 0. Round your answer to 3 decimal places. 


d Explain why this iterative formulae cannot be used when xp = 2. 


f(x) = x* - 3x3 - 6 
a Show that the equation f(x) = 0 can be written as x = px4 + g, where p and q are constants 


to be found. (2 marks) 
b Let x) = 0. Use the iterative formula x,,,, = Vpxé + q, together with your values of 

p and q from part a, to find, to 3 decimal places, the values of x,, x, and x3. (3 marks) 
The root of f(x) = 01s a. 
c By choosing a suitable interval, prove that a = —1.132 to 3 decimal places. (3 marks) 


f(x) = 3cos (x?) +x -2 


1 


a Show that the equation f(x) = 0 can be written as x = [arceos (? 4 *)} j (2 marks) 


2-xX, : 
b Use the iterative formula x,,,) = = ( 3 ) , Xj = | to find, to 3 decimal places, 


the values of x,, x, and x3. (3 marks) 


c Given that f(x) = 0 has only one root, a, show that a = 1.1298 correct to 4 decimal 
places. (3 marks) 


f(x) = 4cotx — 8x + 3,0 <x <7, where x is in radians. 


a Show that there is a root a of f(x) = 0 in the interval [0.8, 0.9]. (2 marks) 
b Show that the equation f(x) = 0 can be written in the form x = ae 2 (3 marks) 
. . COS Xn 3 
c Use the iterative formula x, ,, ==— + 5, X) = 0.85 to calculate the values of 
2sinx, 8 
x1, X, and x; giving your answers to 4 decimal places. (3 marks) 


d By considering the change of sign of f(x) in a suitable interval, verify that a = 0.831 
correct to 3 decimal places. (2 marks) 


g(x) =e*-!4+2x- 15 
15 


a Show that the equation g(x) = 0 can be written as x = In(15 - 2x)+ 1,x< > (2 marks) 
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The root of g(x) = Ois a. 


The iterative formula x,,,, = In (15 — 2x,,) + 1, x9 = 3, is used to find a value for a. 


b Calculate the values of x, x, and x; to 4 decimal places. (3 marks) 
c By choosing a suitable interval, show that a = 3.16 correct to 2 decimal places. (3 marks) 
10 The diagram shows a sketch of part of the curve with equation vA =e) 


y = f(x), where f(x) = xe* — 4x . The curve cuts the x-axis at the 
points A and B and has a minimum turning point at P, 
as shown in the diagram. 


a Work out the coordinates of A and the coordinates 


of B. (3 marks) 
b Find f’(x). (3 marks) 
c Show that the x-coordinate of P lies between 0.7 

and 0.8. (2 marks) 


) (3 marks) 


d Show that the x-coordinate of P is the solution to the equation x = In (- 4 1 


To find an approximation for the x-coordinate of P, the iterative formula x,,,, =1In Gaal 
n 


is used. 


e Let x, = 0. Find the values of x,, x2, x3 and x4. Give your answers to 3 decimal places. 
(3 marks) 


10.3 | The Newton-Raphson method 


The Newton-Raphson method can be used to find numerical solutions to equations of the form 
f(x) = 0. You need to be able to differentiate f(x) to use this method. 


= The Newton-Raphson formula is Notation | THe Newton aRapheonmethad 
f(x,,) is sometimes called the Newton-Raphson 
Rat = My f'(x,) process or the Newton-Raphson procedure. 
n 


The method uses tangent lines to find increasingly accurate approximations of a root. The value of 


X,41 1S the point at which the tangent to the graph at (x,,, f(x,)) intersects the x-axis. 
VA Tangent line at 
point (Xo, f(x) 


Tangent line at 
point (x4, f(x) 
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If the starting value is not chosen carefully, the Newton—Raphson method can converge on a root very 
slowly, or can fail completely. If the initial value, x9, is near a turning point or the derivative at this 
point, f’ (x9), is close to zero, then the tangent at (Xo, f(xp)) will intercept the x-axis a long way from Xo. 


VA 


Because Xx is close to a turning 
point the gradient of the tangent at 
(Xp, f(Xp)) is small, so it intercepts 
the x-axis a long way from Xo. 


If any value, x;, in the Newton-Raphson method is at a turning 
point, the method will fail because f’(x,) = 0 and the formula 
would result in division by zero, which is not valid. Graphically, 
the tangent line will run parallel to the x-axis, therefore never 
intersecting. 


tangent line will never 
intersect x-axis 


Example 


The diagram shows part of the curve with 
equation y = f(x), where f(x) = x3 + 2x* - 5x - 4. 
The point A, with x-coordinate p, is a stationary 
point on the curve. 


The equation f(x) = 0 has a root, a, in the 
interval 1.8<a< 1.9. 


a Explain why x = p is not suitable to use as a first 
approximation to a when applying the Newton—Raphson 
method to f(x). 

b Using xp = 2 as a first approximation to a, apply the Newton—Raphson procedure twice to f(x) 
to find a second approximation to a, giving your answer to 3 decimal places. 

c By considering the change of sign in f(x) over an appropriate interval, show that your answer to 
part b is accurate to 3 decimal places. 
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a \t’s a turning point, so f"(p) = O, and you 
cannot divide by zero in the Newton- 
Raphson formula. 


b f(x) = 3x2+4x-5. Use # (ax) = Ge" 
x 
Using X9 = 2 

(Xo) ; 

X= Xo 7 Paco) Use the Newton-Raphson process twice. 
““O, 

a 
x= 2- 15 
xX = 1.06 
Xo =X,- usd “| 
ome “4 Ge) 

» 01398517 Substitute x, = 1.86 into the Newton-Raphson 

X2 = 1.86 -75 619 990 formula. 
Xe = 1.8556 = 
X> = 1.856 to three decimal places Use a spread sheet package to find successive 


Newton-Raphson approximations. 


' Online ) Explore how the Newton- ey 


Raphson method works graphically 


ec 11.6555) = -0.00346 < O,7 
f(1.6565) = 0.00928 < O. 
Sign change in interval [1.6555, 1.6565] 
therefore x = 1.656 is accurate to 
3 decimal places. 


and algebraically using technology. 


Exercise (10¢) 


1 


© 2 


f(x) =x3-2x-1 

a Show that the equation f(x) = 0 has a root, a, in the interval 1 <a <2. 

b Using x, = 1.5 as a first approximation to a, apply the Newton—Raphson procedure once to 
f(x) to find a second approximation to a, giving your answer to 3 decimal places. 


f(x) = 2-44 6x- 10, x #0. 
a Use differentiation to find f’(x). 
The root, a, of the equation f(x) = 0 lies in the interval [—0.4, —0.3]. 


b Taking —0.4 as a first approximation to a, apply the Newton—Raphson process once to f(x) to 
(4 marks) 


(2 marks) 


obtain a second approximation to a. Give your answer to 3 decimal places. 


The diagram shows part of the curve with equation y 


~ex4+_2,x>0, 


Vx 
The point A, with x-coordinate q, is a stationary point on the curve. 
The equation f(x) = 0 has a root a in the interval [1.2, 1.3]. 
a Explain why x, = q is not suitable to use as a first approximation 
when applying the Newton—Raphson method. (1 mark) 
b Taking x = 1.2 as a first approximation to a, apply the Newton— 
Raphson process once to f(x) to obtain a second approximation 
to a. Give your answer to 3 decimal places. 


y = f(x), where f(x) = x2 


O 


(4 marks) 
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f(x) = 1 — x — cos (x?) 

a Show that the equation f(x) = 0 has a root a in the interval 1.4<a< 1.5. (1 mark) 

b Using xp = 1.4 as a first approximation to a, apply the Newton—Raphson procedure once to 
f(x) to find a second approximation to a, giving your answer to 3 decimal places. (4 marks) 

c By considering the change of sign of f(x) over an appropriate interval, show that your answer 
to part b is correct to 3 decimal places. (2 marks) 


ast Sh 


x2 
a Show that a root a of the equation f(x) = 0 lies in the interval [1.3, 1.4]. (1 mark) 
b Differentiate f(x) to find f’(x). (2 marks) 
c By taking 1.3 as a first approximation to a, apply the Newton—Raphson process once to f(x) 
to obtain a second approximation to a. Give your answer to 3 decimal places. (3 marks) 


y = f(x), where f(x) = x? sinx — 2x + 1. The points P, QO, and R are roots of the equation. 
The points 4 and B are stationary points, with x-coordinates a and b respectively. 


a Show that the curve has a root in each of the following intervals: 


i [0.6, 0.7] (1 mark) 

ii [1.2, 1.3] (1 mark) 

iii (2.4, 2.5] (1 mark) 
b Explain why xy = ais not suitable to use as a first approximation to a when applying 

the Newton—Raphson method to f(x). (1 mark) 
c Using x) = 2.4 as a first approximation, apply the Newton—Raphson method to 

f(x) to obtain a second approximation. Give your answer to 3 decimal places. (4 marks) 


4 
f(x) = In Gx - 4) - x7 + 10, x >4 


a Show that f(x) = 0 has a root a in the interval [3.4, 3.5]. (2 marks) 

b Find f’(x). (2 marks) 

c Taking 3.4 as a first approximation to a, apply the Newton—Raphson procedure once to f(x) 
to obtain a second approximation for a, giving your answer to 3 decimal places. (3 marks) 


Challenge 


f(x) =E+ xe~™" YA 
The diagram shows a sketch of the curve y = f(x). The curve has a 
horizontal asymptote at y = a y = f(x) 
a Prove that the Newton-Raphson method will fail to converge ona 
il 
root of f(x) = 0 for all values of x5 > — 
0 Vex x 


b Taking —0.5 as a first approximation, use the Newton-Raphson 
method to find the root of f(x) = 0 that lies in the interval [-1, 0], 
giving your answer to 3 d.p. 
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10.4 ) Applications to modelling 


You can use the techniques from this chapter to find solutions to models of real-life situations. 


The price of a car in £s, x years after purchase, is modelled by the function 
f(x) = 15.000 (0.85)* — 1000 sin x, x > 0 
Use the model to find the value, to the nearest hundred £s, of the car 10 years after purchase. 
Show that f(x) has a root between 19 and 20. 
Find f’(x). 
Taking 19.5 as a first approximation, apply the Newton—Raphson method once to f(x) to obtain 


a second approximation for the time when the value of the car is zero. Give your answer to 
3 decimal places. 


a Oo & & 


e Criticise this model with respect to the value of the car as it gets older. 


a f(10) = 15 000 (0.85)'° — 1000 sin 10 
= 349713... 
After 10 years the value of the car is £3500 
to the nearest £100. 
b (19) = 15000 (0.85)? — 1000 sin19. ——— 
= 934 ln SO 
*(20) = 15 O00 (0.85)'? — 1000 sin 19 

= -331.55... < O 


S— 


There is a change of sign between 19 and 20, 
so there is at least one root in the interval 
IDX < ZO). 
ce f(x) = (15 OOO)(0.85)*(InO.85) — 1000 cos x 
d (19.5) = 15 000 (0.85)'95 — 1000 sin 19.5 
= 25,.069Sii 
P19 ;5) =. (15 OCO\O.S5)"(n:0.65) 
- 1000 cos 19.5 = -898.3009... 


Xn+1 = Xn = 


_. 250683... 
-896.3009... 


= 19.528 » 


= IS 


e In reality, the car can never have a negative 
value so this model is not reasonable for 
cars that are approximately 20 or more 
years old. 
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Exercise Ch) 


() 1 


An astronomer is studying the motion of a planet moving along an elliptical orbit. She formulates 

the following model relating the angle moved at a given time, F radians, to the angle the planet 

would have moved if it had been travelling on a circular path, M radians: 
M=E-0O.1lsn£, E20 

In order to predict the position of the planet at a particular time, the astronomer needs to find 


the value of E when M = ; 


a Show that this value of E is a root of the function f(x) = x — 0.1 sin x — k where k is a constant 
to be determined. 

b Taking 0.6 as a first approximation, apply the Newton—Raphson procedure once to f(x) to 

7 

6 

c By considering a change of sign on a suitable interval of f(x), show that your answer to part b 
is correct to 3 decimal places. 


obtain a second approximation for the value of E when M = 


The diagram shows a sketch of part of the curve with VA 
equation v = f(1), where f(t) = (10 — 4(¢ + 1))In(v + 1). P 
The function models the velocity in m/s of a skier 
travelling in a straight line. v=f(t) 
a Find the coordinates of A and B. 

b Find f'(2). 

c Given that P is a stationary point on the curve, 


show that the t-coordinate of P lies between O - 
5.8 and 5.9. 


d Show that the t-coordinate of P is the solution to 


~ 14+In(¢+ 1) 


An approximation for the ¢-coordinate of P is found using the iterative formula 


a =——29 
NT ane 1) 


e Let t) =5. Find the values of ¢,, t, and t;. Give your answers to 3 decimal places. 


The depth of a stream is modelled by the function 
d(x) = e° (x? — 3x), 0 = x <3 


where x is the distance in metres from the left bank of the 
stream and d(x) is the depth of the stream in metres. 


The diagram shows a sketch of y = d(x). 
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a Explain the condition 0 < x S 3. 


b Show that d'(x) = —te- 0-6 (ax? + bx +c), where a, b and c are constants to be found. 
c Show that d’(x) = 0 can be written in the following ways: 


Sy - [= ps TS ai x 19x-15 
wey 3 ars (°) 43x 


d Let x) = 1. Show that only one of the three iterations converges to a stationary point of 
y = d(x), and find the x-coordinate at this point correct to 3 decimal places. 


e Find the maximum depth of the river in metres to 2 decimal places. 


Ed throws a ball for his dog. The vertical height of the ball is vA 
modelled by the function y=h() 
2 
h(?) = 40 sin (35) - 9.008 (35) - 0.52+9,1=0 
y = h(2) is shown in the diagram. 
a Show that the t-coordinate of A is the solution to O -? 
r= [18 + 80sin (55) - 18 cos (+5) (3 marks) 
To find an approximation for the ¢-coordinate of A, the iterative formula 
(24°= (18 + 80 sin (75) 18 cos (75) i is used. 
b Let t) = 8. Find the values of ¢,, t, t; and t,. Give your answers to 3 decimal places. (3 marks) 
ec Find h’'(t). (2 marks) 


d Taking 8 as a first approximation, apply the Newton—Raphson method once to h(t) 
to obtain a second approximation for the time when the height of the ball is zero. 
Give your answer to 3 decimal places. (3 marks) 


e Hence suggest an improvement to the range of validity of the model. (2 marks) 


The annual number of non-violent crimes, in thousands, 
in a large town x years after the year 2000 is modelled by 
the function 
c(x) = 5e* + 4sin (>) +5 +5) 0<x<10 
The diagram shows the graph of y = c(x). 
a Find c’(x). (2 marks) 
b Show that the roots of the following equations correspond 
to the turning points on the graph of y = c(x). 


4 = a a ne 

i x =2arccos 7° | (2 marks) 

ii x=In 10 (2 marks) 
4cos (5) +] 
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c Letx)=3 and x,,,=2 arceos(>e~® - *) Find the values of x1, x2, x; and x4. Give your 
answers to 3 decimal places. (3 marks) 
d Let x»=1 and x,,,=In 10 . Find the values of x1, x2, x3 and x4. Give your 
4 cos (=) +1 
2 
answers to 3 decimal places. (3 marks) 


A councillor states that the number of non-violent crimes in the town was increasing between 
October 2000 and June 2003. 


e State, with reasons whether the model supports this claim. (2 marks) 


Mixed exercise (10) 


1 


f(x) = x3- 6x -2 

a Show that the equation f(x) = 0 can be written in the form x = +\/a+ Z, and state the values 
of the integers a and b. (2 marks) 

f(x) = 0 has one positive root, a. 


: . | »b 
The iterative formula x,,,; = \/a + >, Xo = 2 1s used to find an approximate value for a. 


b Calculate the values of x, x», x; and x, to 4 decimal places. (3 marks) 
c By choosing a suitable interval, show that a = 2.602 is correct to 3 decimal places. (3 marks) 


1 
4-x 
a Calculate {(3.9) and f(4.1). (2 marks) 
b Explain why the equation f(x) = 0 does not have a root in the interval 3.9 <x < 4.1. (2 marks) 


f(x) = +3 


The equation f(x) = 0 has a single root, a. 
c Use algebra to find the exact value of a. (2 marks) 


p(x) = 4 - x? and q(x) = e*. 
a On the same axes, sketch the curves of y = p(x) and y = q(x). (2 marks) 
b State the number of positive roots and the number of negative roots of the equation 

x? +e%-4=0. (1 mark) 
c Show that the equation x? + eX - 4=0 can be written in the form x = +(4 - e)2 (2 marks) 
The iterative formula x, .; = —(4 — e*”)?, x) = —2, is used to find an approximate value for the 
negative root. 
d Calculate the values of x,, x», x; and x, to 4 decimal places. (3 marks) 


e Explain why the starting value x) = 1.4 will not produce a valid result with this formula. 
(2 marks) 
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4 g(x) =x5-5x-6 
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a Show that g(x) = 0 has a root, a, between x = | and x =2. (2 marks) 

b Show that the equation g(x) = 0 can be written as x = (px + q)", where p, g and r are integers 
to be found. (2 marks) 

The iterative formula x,,,,; = (px + q)", Xo = | is used to find an approximate value for a. 

c Calculate the values of x,, x, and x; to 4 decimal places. (3 marks) 

d By choosing a suitable interval, show that a = 1.708 is correct to 3 decimal places. (3 marks) 


g(x) =x?-3x-5 


a Show that the equation g(x) = 0 can be written as x = V3x+ 5. (1 mark) 
b Sketch on the same axes the graphs of y= x and y=v3x4+5. (2 marks) 
c Use your diagram to explain why the iterative formula x,,,, = 3x, + 5 converges 

to a root of g(x) when xy = 1. (1 mark) 

x5 
g(x) = 0 can also be rearranged to form the iterative formula x,,,; = 3 
d With reference to a diagram, explain why this iterative formula diverges when x, = 7. 
(3 marks) 

f(x) = 5x — 4sin x — 2, where x is in radians. 
a Show that f(x) = 0 has a root, a, between x = 1.1 and x = 1.15. (2 marks) 
b Show that f(x) = 0 can be written as x = psinx + q, where p and q are rational 

numbers to be found. (2 marks) 
c Starting with xy = 1.1, use the iterative formula x, ,; = psinx, + g with your values 

of p and q to calculate the values of x,, x2, x3 and x, to 3 decimal places. (3 marks) 
a On the same axes, sketch the graphs of y = + and y=x+3. (2 marks) 
b Write down the number of roots of the equation 4 =x+3. (1 mark) 
c Show that the positive root of the equation + = x + 3 lies in the interval 

(0.30, 0.31). (2 marks) 
d Show that the equation + = x + 3 may be written in the form x7 + 3x -1=0. (2 marks) 
e Use the quadratic formula to find the positive root of the equation x? + 3x - 1 =0 

to 3 decimal places. (2 marks) 


g(x) = x3 -— 7x7 +2x4+4 
a Find g’(x). (2 marks) 
A root a of the equation g(x) = 0 lies in the interval [6.5, 6.7]. 


b Taking 6.6 as a first approximation to a, apply the Newton—Raphson process once 
to g(x) to obtain a second approximation to a. Give your answer to 3 decimal places. 
(4 marks) 
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c Given that g(1) = 0, find the exact value of the other two roots of g(x). (3 marks) 


d Calculate the percentage error of your answer in part b. (2 marks) 


f(x) = 2secx + 2x - 3, 5 <x< 5 where x is in radians. 


a Show that f(x) = 0 has a solution, a, in the interval 0.4 < x < 0.5. (2 marks) 


b Taking 0.4 as a first approximation to a, apply the Newton—Raphson process once 
to f(x) to obtain a second approximation to a. Give your answer to 3 decimal places. 


(4 marks) 
c Show that x = —1.190 is a different solution, 3, of f(x) = 0 correct to 3 decimal places. 
(2 marks) 
ise" — 7 = 
3 — 2x’ 2 
a Show that the equation f(x) = 0 can be written as x = 1.5 — 0.5e-°8*, (3 marks) 


b Use the iterative formula x,,,,; = 1.5 — 0.5e~°8* with x9 = 1.3 to obtain x), x, and x3. 

Hence write down one root of f(x) = 0 correct to 3 decimal places. (2 marks) 
c Show that the equation f(x) = 0 can be written in the form x = p In (3 — 2x), 

stating the value of p. (3 marks) 
d Use the iterative formula x,,,, = pln (3 — 2x,,) with x) = —2.6 and the value of p found in 

part c to obtain x,, x, and x;. Hence write down a second root of f(x) = 0 correct to 


2 decimal places. (2 marks) 

- dy 
a By writing y = x* in the form In y = x In x, show that Ase x*(Inx + 1). (4 marks) 
b Show that the function f(x) = x* - 2 has a root, a, in the interval [1.4, 1.6]. (2 marks) 


c Taking x) = 1.5 as a first approximation to a, apply the Newton—Raphson procedure once 
to obtain a second approximation to a, giving your answer to 4 decimal places. (4 marks) 


d By considering a change of sign of f(x) over a suitable interval, show that a = 1.5596, 
correct to 4 decimal places. (3 marks) 


The diagram shows part of the curve with equation 
y = f(x), where f(x) = cos (4x) — $x. 
a Show that the curve has a root in the interval [1.3, 1.4]. 
(2 marks) 
b Use differentiation to find the coordinates of 
point B. Write each coordinate correct to 
3 decimal places. (3 marks) 


c Using the iterative formula x,,,, = 4 arecos(5%), 


with x9 = 0.4, find the values of x1, x5, x3 and x4. 
Give your answers to 4 decimal places. (3 marks) 
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d Using xy = 1.7 as a first approximation to the root at D, apply the Newton—Raphson 
procedure once to f(x) to find a second approximation to the root, giving your answer to 
3 decimal places. (4 marks) 


e By considering the change of sign of f(x) over an appropriate interval, show that the answer 
to part d is accurate to 3 decimal places. (2 marks) 


Challenge 


f(x) = x8 + x3 — 7x? -x +3 


The diagram shows a sketch of y = f(x). Points A and B are the points of 
inflection on the curve. 


> 
x 
Show that equation f"(x) = 0 can be written as: 
eee i a 
3 15x37 +3 15 


By choosing a suitable iterative formula and starting value, find an 
approximation for the x-coordinate of B, correct to 3 decimal places. 
Explain why you cannot use the same iterative formula to find an 
approximation for the x-coordinate of A. 


Use the Newton-Raphson method to find an estimate for the 
x-coordinate of A, correct to 3 decimal places. 


Summary of key points 


1 
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If the function f(x) is continuous on the interval [a, b] and f(a) and f(b) have opposite signs, 
then f(x) has at least one root, x, which satisilesa<x<b. 


To solve an equation of the form f(x) = 0 by an iterative method, rearrange f(x) = 0 into the 
form x = g(x) and use the iterative formula x,,,; = g(x,). 


The Newton-Raphson formula for approximating the roots of a function f(x) is 
- f(x, 
Xn+1= Xn f’(x,) 


After completing this chapter you should be able to: 


@ Integrate standard mathematical functions including trigonometric 
and exponential functions and use the reverse of the chain rule to 


integrate functions of the form f(ax + 5) — pages 294-298 
Use trigonometric identities in integration — pages 298-300 
Use the reverse of the chain rule to integrate more complex 
functions — pages 300-303 
e@ Integrate functions by making a substitution, using integration by 
parts and using partial fractions — pages 303-313 
Use integration to find the area under a curve — pages 313-317 


Use the trapezium rule to approximate the area under a curve. 
— pages 317-322 
e Solve simple differential equations and model real-life situations 
with differential equations — pages 322-329 


Differentiate: 


a (2x — 7) b sind5x 
: c e? € Sections 9.1, 9.2, 9.3 
gy le) QS Given f(x) = 8x? - 64 
tea . a find [feo dx 
U y \ 
WA b find Mic dx « Year 1,Chapter13 
W Write se EE as partial fractions. \\ 


Gare Dieis 2) © Section 1.3 
Find the area of the region R bounded 
by the curve y = x* + 1, the x-axis and 
the lines x= —land x = 2. 


Integration can be used to solve differential 
equations. Archaeologists use differential 
equations to estimate the age of fossilised 
plants and animals. — Exercise 11K Q9 


< Year 1, Chapter 13 
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11.1) Integrating standard functions 


Integration is the inverse of differentiation. You can use your knowledge of derivatives to integrate 


familiar functions. 
t Watch out ) This is true for all values of 1 


xrti as 
+c r— except —1. 


@ | x"dx = 
n+1 
@ Jes dx=e*+c Notation ) When finding ie dx it is usual to 
@ [ax = In|x| +¢ write the answer as In|x| + c. The modulus 
sign removes difficulties that could arise when 
(4) | cos x dx =sinx +c evaluating the integral for negative values of x. 


G) |sinxdx=-cosx+e - i 
For example, if y = cos x then ~ = —sin x. 


© |sec? xdx = tanx+c 


This means that Jt-sin x) dx = cos x + cand 
® [eosec.x cot x dx = -cosec.x + ¢ hence Jssin xdx=-cosx +c. € Section 9.1 


[cosec? x dx =-cotx+c¢ 


Q) Jsecxtanxdx = secx +c 


Example 


Find the following integrals. 
a | (2cosx+2- vx) dx b | (Sor - 2e*) ax 


sin? x 


a J2cosxdx = 2sinx +c - 


3 
J eax = 3in|x| +C- 


Vxax = fxtax = 2x2 +¢° 


So [(2cosx +3 - vx) AX 


= 2sinx + 3in|x| ~ 2x2 + ¢ . 


COSX _ COSX | 1 
sine x sinx  sinx 


= cotxcosecx - 


Jicot X COSEC X) dX = —COSEC X + 


Joc ax =e" 


fe) ie - 2e* dx) 


sin? x 


= -cosecx — 2e*%*+¢ 
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Example Res 


Given that a is a positive constant and 


( +1 


i oe dx = In12, find the exact value of a. 


ax 


= 1 
= [e+ 2an- 


Problem-solving 


Integrate as normal and write the limits as a and 
3a. Substitute these limits into your integral to get 
an expression in a and set this equal to [n12. Solve 
the resulting equation to find the value of a. 


= [2x + Inx]3¢° 


= (Ga + |In3a) — (2a + Ina)+ 


= 4a+ in( 34) ‘ 
= 4a + |In3 
So, 4a + |In3 = In12 
Aa = Int2 -In3 
Aa = |n4- 
a= a In4 


4 


Exercise (11) 


1 Integrate the following with respect to x. 
2 
a 3sec?x + 2 ae 
x Ss 
ce 2(sinx — cos x + x) 


e Se* + 4cosx- 
re oe oe 
soe se 

i 2cosec x cot x — sec? x 


2 Find the following integrals. 


1 1 
. Ilcexe le 
1+cosx 45) 
. ( sin2x 7 x2 on 


e | sin x(1 + sec? x) dx 


g | cosec? x(1 + tan? x) dx 


i J sec? x(1 + e* cos? x) dx 


t Online ) Use your calculator to check 


your value of a using numerical integration. Ea 


5e* — 4sin x + 2x3 


2 
3secx tan x - > 


1 
— + 2cosec? x 
2x 


e* + sinx+cosx 


— er 


1 
eS cosec? x 


mio 


+ +) dx 
f Joos x(1 + cosec? x) dx 
h | sec? x(1 — cot? x) dx 


1 + sinx 7 
—_,___ + COS* x secx dx 
cos? x 


3 Evaluate the following. Give your answers as exact values. 


61+x 
b ff. ; dx 


a i "dex dx - 


T . 
c de —Ssin x dx 
2 


0 
d | ~8ec x(sec x + tan x) dx 
~4 


CEEEEDD when appiying 


limits to integrated trigonometric 
functions, always work in radians. 
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4 Given that a is a positive constant and [ a dx =6+ In(5), 
find the exact value of a. (4 marks) 


: : ae I 
5 Given that a is a positive constant and / ae te*dx= = find the exact value of a. | (4 marks) 


6 Given [ee + 6e-2*) dx = 0, find the value of b. (4 marks) 


7 f(x) =4x?- 2 x >0 
a Solve the equation f(x) = 0. (2 marks) 
b Find | f(x) dx. (2 marks) 
c Evaluate | fl) dx, giving your answer in the form p + qInr, where p, g and r are 
rational numbers. (3 marks) 


Gi Integrating f(ax + b) 


If you know the integral of a function f(x) you can integrate a function of the form f(ax + b) using the 
reverse of the chain rule for differentiation. 


Example © 


Find the following integrals. 
a Joos (2x + 3) dx b few +tdx c J sec? 3x dx 


a Consider y = sin(2x + 3): + 


y 
Ax = C08 (ex + 3) x2 


56 Joos (ax + 3)dx= $sin (2x +3)+¢ 


b Consider y= e4* +": 
o . ex t+1y Ae 


So Jetix = lest +¢ 


c Consider y = tan 3x: 


d 
ae 5sec* 3x x 3 
dx 
- - - | petro 
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In general: 


ts Jrcax + by dx =4 Flax +b) +C€ 


Example (4) 


Find the following integrals: 


t Watch out ) You cannot use this method to 


integrate an expression such as cos (2x? + 3) 
since it is not in the form f(ax + 5). 


b [(2x+3)4dx 


1 
. nw ® 
a Consider y = In(3x + 2)- 
Ay 1 
#0 5 Sean 


b Consider y = (2x + 3)5- 


1 ae 
50 fa ax = Linlax + 2| +¢ 


d 
S45 see @x4syrees 


dx 
=10x (2x +3)*- 


1 
4 So 5 
So (2x + 3) dx 10 (2% + 3) +¢ 


Exercise 


1 Integrate the following: 


a sin(2x + 1) b 3e?* 

¢ 4e*+ d cos(1 — 2x) 
e cosec? 3x f sec4x tan 4x 
g 3 sin ($x + 1) h_ sec?(2 — x) 


2 Find the following integrals. 
a |(e—4tsin Qx- 1))dx 


c | sec? 2x(1 + sin 2x) dx 


e [(e-*+ sin (3 - x) + cos(3 - x)) dx 


3 Integrate the following: 


ne. p —1 — 

2x +1 (2x + 1)? 
3 

© 1- 4x ea: 


Hint ) For part a consider y = cos(2x + 1). 
You do not need to write out this step once 
you are confident with using this method. 


i cosec 2x cot 2x j cos3x -sin3x 


b f(er+ Pax 
3 —~2costx 
a [—— 


1. oe 
sin? 5x 
3 
2 
ec (2x+ 1) el 
3 
5 
g (3x +2) (1 — 2x 


297 


Chapter 11 


4 Find the following integrals. 


j 4 ) 5x 3 
j [(asmex+ +545 ay b [(e* +=) dx 
l l l : l 
7 ile *F49y Ge ee oe I(x Tay? ea ml an 
5 Evaluate: 
7 7 ie a Ss 
a fe cos(m — 2x) dx b ia Ge ri c |e sec*(7 — 3x) dx d c 79x dx 
6 Given [’(2x — 62 dx = 36, find the value of b. (4 marks) 
3 
7 Given et. dx = - find the value of k. (4 marks) 
& kx 4 
8 Given | “(1 - x sin kx) dx = (7 - 62), Problem-solving 
find the exact value of k. (7 marks) Calculate the value of the indefinite integral in 


terms of & and solve the resulting equation. 


Challenge 


Given CS ole = S In(#), and that a and b 


are integers with 0 <a < 10, find two different 
pairs of values for a and b. 


11.3) Using trigonometric identities 


= Trigonometric identities can be used to Mekocure ouae famionwmnane 
integrate expressions. This allows an standard trigonometric identities. The list of 


expression that cannot be integrated to identities in the summary of Chapter 7 will be 
be replaced by an identical expression useful. € page 196 
that can be integrated. 


Example 3) 


Find | tan? x dx 
Since sec*?x =1+ tan? x 
tan? x = sec? x - 1 
“ paoae ; la - = wing 
= tees frax 


=tanx-x+c 
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i n 1-2 ! in?x di 
Show that fe sin2x iat veld cannot integrate sin?x directly. Use the 
rol 48 8 trigonometric identity to write it in terms of cos 2x. 


Recall cos2x =1- 2 sin*x Use the reverse chain rule. If y = sin 2x, 


1 —aa 
So sin*x = pi! — cos2x) « = = 2 cos2x. Adjust for the constant. 
2 = x 
So [esinex ax = ING ~ 4 cos2x} dx 
a __ Substitute the limits into the integrated 
2 eee ce a expression. 
= ae 4 in 23], 
_ (2 1 sin()] 7 ( vr 1 sin(2))- Problem-solving 
o : ; 


16 4 24 4 You will save lots of time in your exam if you are 
_ ( ew 1 (‘2)) _ ( nf (: ) familiar with the exact values for trigonometric 


16 4 2 24 ANZ functions given in radians. 
eo (4 _ 2) 
~ (ie 4) A4A\2 2 Write sin(7) in its rationalised denominator form, 
2 ES _2n\, 1-Vv2 as “= rather than —. This will make it easier to 
48° 48 8 = v2 
a, 1-2 simplify your fractions. 


~ 48 8 
t Watch out J This is a ‘show that’ question so 


don’t use your calculator to simplify the fractions. 


Show each line of your working carefully. 
Example a 


Find: 


a Join 3x cos 3xdx b Jisec x + tan x)? dx 


Remember sin 2A = 2sin A cos A, so 


: ee ee : 
a Jsin3xcos 3xdx = [Lsinéxax einer = eno Cec ae. 


sth a ‘ 
= 5X ecosex+e 


- -5 cos 6x+c- Use the reverse chain rule. 


b (secx + tan x)* oe Simplify 5 x ¢ to 75 


= sec*x + 2s5ecxtanx + tan@x - 


= s5ec®x + 25sec xtanx + (sec2x — 1) ~~ Multiply out the bracket. 
l 


= 2s5ec°x + 25ecxtanx — 1 


| _ Write tan@x as sec*x — 1. Then all the terms are 


So Jicec x + tanx)° dx standard integrals. 
= Jie 5ec®*x + 25ecxtanx — 1)dx 
Bisa Cee =. a Integrate each term using 6) and Q). 


299 


Chapter 11 


Exercise le 


1 Integrate the following: 

e e Hint ) For part a, use 1 + cot?x = cosec*x. 
a cot? x b cos? x For part ¢, use sin2A = 2sin A cos A, 
c sin2xcos2x d (1 +sinx)? making a suitable substitution for A. 
e tan?3x f (cot x —cosec x)? 

: : 1 

sin x + cos x)? h_ sin? x cos? x ener Gare Get j (cos2x - 1)? 

g ( ) sin? x cos? x i ) 


2 Find the following integrals. 


1 — sin x Ms 1 + cosx jo 
cos? x sin? x cos? x 
cos? x (1 + COS ya 4 
d | sin? x dx e {—— sin? x f | (cot x — tan x)? dx 
ee h 7 F cos 2x 
g Jicosx sin x)? dx Jicosx sec x)? dx | j=<on2es 
3 Show that [sine ee a (4 marks) 
4 Find the exact value of each of the following: 
ae’ a : 71 + sin x)? sin 2x 
. iP sin? x cos? x oH I; a a i cos? x me I 1 — sin? 2x 
(E/P) 5 a By expanding sin (3x + 2x) and sin (3x — 2x) using the double-angle formulae, 
or otherwise, show that sin 5x + sin x = 2 sin 3x cos 2x. (4 marks) 
b Hence find | sin 3x cos 2x dx (3 marks) 
6 f(x) =5sin?x + 7cos? x 
a Show that f(x) = cos 2x + 6. : (3 marks) 
b Hence, find the exact value of iF *f(x) dx. (4 marks) 
7 a Show that cos+x = cos 4x + +cos 2x + - (4 marks) 
b Hence find | cost x dx. (4 marks) 


11.4) Reverse chain rule 


; ae wes ; ee ; 
If a function can be written in the form ko you can integrate it using the reverse of the chain rule 
for differentiation. ‘ 


2cUuE ss © Problem-solving 


Find If f(x) = 3 + 2 sin x, then f(x) = 2cos x. 
5 By adjusting for the constant, the numerator is 
a | a dx b [Sax the derivative of the denominator. 
x7 +1 34+2sinx 


a Let I= a ee 
Bie | 
Consider y = In|x? + 1| 
dy 1 
Then a ea 
So T= In|x?4+1| +c + 
CcOsx 
al a4 esiax 
Let y =In[3 + 2sinx| 
= = x 2cosx 
dx” 3+ 2sinx 
So T=4in|3 + 2sinx| +e 
rT] i + 
To aoe expressions of the form r Watch out J aa eae 
x 
| k F(x) dx, try In|f(x)| and differentiate integrate a function such as a ri because the 
Xx 


derivative of x* + 3 is 2x, and the top of the 


to check, and then adjust any constant. : ; 
fraction does not contain an x term. 


You can use a similar method with functions of the form kf’(x) (f(x))”. 


Find: 
a J3.cosx sin? x dx b [x(x? + 5)3.dx 
a Let T= [3cosxsin®xdx 


Consider y= sin?x + 


= 3s5in?xcosx - 


dx 
56 T=sinex +c 
b Let T= |x(x2 + 5)3 dx 


Then let y= (x*4+5)4 + 


ae Axe BYE. e 2X, 
Ax 
= 8x(x? + 5)5 + 
So T=$(x2 + 5)4 +e 


= To integrate an expression of the form i k£'(x)(f(x))” dx, try (f(x))”** and differentiate to 
check, and then adjust any constant. 
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Example 
: . cosec? x 
Use integration to find | Ses 
(2 + cot x)? 
cosec® x 
Let f= | he 
Let y = (2 + cot x)-? “Usethechainuln 
a = —2(2 + cot x)? x (-cosec®x) + 
ax 
; ne : = a oe , fe ee | 


Soe I= 4(2 + cotx)2+c 


Example @ 


Given that f 5 tan x sec* x dx = 2 where 0 <4 < me find the exact value of 0. 


6 

Let r=] 5 tan x sec* x dx 
fo) 

Let y = sectx 


dy 4 
—={4456C°x xX Sécxtanx 


dx 
=4s5ec*xtanx - 
(ee 
oo: T= Aoee a) 


ae )-( 4 j=¥ P 
5 15 
= Aha = = BS 
see 6 a a 
ee pe Takethe th root ofboth sides, 
4 2ee d= 4 
sect = 4 
secO=+ 2° 
pa, = 
“i t Online ) Check your solution by using 


your calculator. 


Exercise (11D) 


1 Integrate the following functions. 


Hint ) Decide carefully 


whether each expression 


x e2* xX f’(x) 
ae a ee] © + 43 is in the form ke or 
d ee cos 2x sin 2x kf" (x)(F(x))". 

(e* + 1) 3 + sin 2x (3 + cos 2x)? 


g xe 
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h cos 2x (1 + sin 2x)* 


i sec? x tan? x 


j sec? .x(1 + tan? x) 


Integration 


2 Find the following integrals. 


a | (x + 1)(x? + 2x + 3)4dx b | cosec? 2x cot 2x dx 
c sins 3x cos 3x dx d Jcos x esinx dx 
e2x 3 
e lage f fxoe +) dx 
2x+1 
af 2 ee 
| sin x COS X re : fsinxcos x 
vcos 2x + 3 cos 2x + 3 
3 Find the exact value of each of the following: 
a Pee + 10x)\Vx3+5x?2+9 dx b [eosin ay 
0 > 1-—cos3x 
7 xX 4 2 4 tan x 
rer d_[,‘sectvet* dx 
4 Given that i “kxtexdx = Z(e8 — 1), find the value of k. (3 marks) 


() 5 Given that is "4 sin 2x cos*2x dx = 2 where 0 < @ < z, find the exact value of 0. 


6 a By writing cot x = ee find | cot x dx. (2 marks) 
b Show that | tan x dx = In|sec x| + c. (3 marks) 


11.5) Integration by substitution 


= Sometimes you can simplify an integral by changing the variable. The process is similar to 
using the chain rule in differentiation and is called integration by substitution. 


In your exam you will often be told which substitution to use. 


Find |x/2x + 5 dx using the substitutions: 


a u=2x4+5 b w=2x4+5 


a Let T= [xV2x +5 dx 


Les w= 2x45 
du _ 


So = 2- 
So dx can be replaced by $du. 
V2x+5 =Vu=u2 
vee USS 
~ 2 
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So t= [(452)u? x dau ‘ 


2 


= zu - 5)u? du 


~ 10 G 


ee ei _ 3(2x + 5) ag 


10 6 


b Let T= [x2x+5ax 


Ue = 2X45 
du 
eu =2- 
So replace dx with udu. 
Vex+5 =u 
“ue = 5 
and X= 5 


a 
DO) f= (4S?) ux udu 


_ (ut _ 
= {3 Pe 


So ve 


10 6 


2 pel 
(2x+5) 5(2x+5)° 
= - + 


Example © 


Use the substitution uv = sin x + 1 to find 


Joos x sin x (1 + sinx)3 dx 


Let r= Jcos.xsinx(1 + sinx)? dx 


Let u=sinx + 1 


oe cos x 
ax 


So substitute cos x dx with du. 
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(sinx + 1)? = u | 


sinx =u-—1 | 


Ses T= fu 1nedu + 


T= (sinx + 1)°  (sinx + 1)4 


a 5 4 


Example 14) 


Prove that | Fax = arcsinx + ¢. 


1 
Let I= [eax 


Problem-solving 


Although it looks different, i; sin2x(1 + sinx)3 dx 
can be integrated in exactly the same way. 
Remember sin2x = 2 sinx cosx, so the above 
integral would just need adjusting by a factor of 2. 


Let x=sin@> 


ae = cosé- 


dé 
So replace dx with cosé dé. 


1 
[= |————— ‘ 
iF — sin°0 ceEt de 


= \ ieee hace dé - 


-| i cosé dé 
cosé 


= fidd=0+¢ 


x = sind > 0 = arcsinx 


So TfI=arcsinx+c + 


Use integration by substitution to evaluate: 


a Pvc + 1)3dx b Jecos xv1+sinx dx 


2 

a Let T= [xx +18 dx 
let u=x+1 

Gu _ 


ae 


t Watch out ] If you use integration by substitution 


to evaluate a definite integral, you have to be 
careful of whether your limits are x values or u 
values. You can use a table to keep track. 
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so replace dx with du and replace (x + 1)° a 


with u?, and x with u — 1. 


x u 
2 3 | 
O 1 
3 
= [4 - w) du 
ue ut 
= ae 


1 


cae? ce? 


= 46.4 -20= 264 


| 


b [i cosa + sinx dx 


Q | QO 


u=1+sinx > —— =cosx, so replace 
cos x dx with du and replace v1 + sinx with 
ue. 

x | u 

x 

2 

O 1 


So T= | *u? du . 


2 
3 
= Eu"); 


S50 I= &(2V2 - 1) 


Problem-solving 


You could also write convert the integral back into 


Euercise (11) a function of x and use the original limits. 


1 Use the substitutions given to find: 


a [xvT4 dx; u = 14x b 14 SX Gye y= sin x 
. 2 
e {sin’xdx;u=cosx d |———dx; u=vx 
J er — 4) 
e Jsec? x tan xT + tan x dx; w=1+tanx f |sectxdx; u=tanx 
2 Use the substitutions given to find the exact values of: 
a [wWx+4dxjusx+4 b [x24 ade, u=24x 
c JPsin xv3cosx + 1dx;u=cosx Hint ) First apply a trigonometric identity. 
3 4 1 
d sec x tan xVsec x + 2 dx; u = sec e | ———dxju=Vvx 
ie x tan xV/sec x xu x Nancy" x 
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() 3 


() 4 


© 5 
EP) 6 


EP) 7 
EP) 8 


Pp) 9 


Integration 


By choosing a suitable substitution, find: 


2 
: x x7 +4 
a fx +22) dx b ae c [SS dx 
By choosing a suitable sca, find the exact values of: 
7 i > sin20 
a [/w2+xdx b eet 7 aa 
Using the substitution uw? = 4x + 1, or otherwise, find the exact value of dx. (8 marks) 
a a 
Use the substitution u? = e* — 2 to show that * eee dx = . + clnd, where a, b, c 
and d are integers to be found. (7 marks) 
Prove that — | a dx = arccosx +. (5 marks) 
vl- x? 
oe Mons meno = 208 ato SHOW Hint ) Use exact trigonometric values to 
i sin?x cos2x dx = a (7 marks) change the limits in x to limits in w. 
a 
Using a suitable trigonometric substitution for x, find IP xv1—x2dx. (8 marks) 


Challenge 


By using a substitution of the form x =k sinu, show that 


J 


x2V9 — x? 9x 


1 V9 — x2 


dk — 


at 


11.6 ) Integration by parts 


You can rearrange the product rule for differentiation: Dime arte 
A | y= yo. ++V du functions of x. < Section 9.4 
d dx d 
dy _d gy _ du 
dx dx d 
dv gee fo du 
uw dx = [= (wy) dx - es dx 


Differentiating a function and then integrating it leaves the original function unchanged. 


So 


; j= (uv) dx = uv. 


= This method is called integration by parts. i Pld dx =uyv- i} y at dy 


To 


dx dx 
use integration by parts you need to write the function you are integrating in the form ust 
dy x 


You will have to choose what to set as uw and what to set as oe 
XxX 
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Find 


xcosx dx 


Leb. P= IxXcosx dx 


Gu _ 


US xX eS 


ax 


dv ' 
— ]1cOs X > VP — Sin x 
eba 


Using the integration by parts formula: 


T=xsinx - fein x x1 


=xsinx +cosx+c 


dx - 


Example & 


Find 


“= Ini og GU 


x7 Inxdx 


Lee = (xt lin xtidx 


dx xX 
at 
dx ~ 3 

3 
t= Zinx - [Ex $dx 
3 2 
=< inx - [eax 
a x3 
= lhe = + c 
3 9 


Problem-solving 


For expressions like x cos x, x¢sin x and xe* let u 
equal the x” term. When the expression involves 
Inx, for example x? In x, let w equal the In x term. 


sine Ses dace 


dx 
; : du dy 
Find expressions for wu, v, —— and — 
dx dx 
dy 


Take care to differentiate wu but integrate q 
x 


Notice that vat dx is a simpler integral than 
xX 


dv 
—d 
u Ay oe 
Since there is a ln x term, let uw =Inx and x S52, 
: : du dy 
Find expressions for wu, v, — and — 
dx dx 
dy 


Take care to differentiate w but integrate q 
x 


'— Apply the integration by parts formula. 


i— Simplify the ya term. 
dx 


It is sometimes necessary to use integration by parts twice, as shown in the following example. 


Find 


x2e* dx 


, : du 
— Find expressions for wu, v, —— and — 


Let I= |x2e%dx 


du 
= 2 a, 
Tis sain ex 
a_i —_— ax 
ae Syee | 
T= xe - [2xerax « 

ee 
“=2x a ON og 

dx 
@V _ ax Sania 
ee S71 
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There is no Inx term, so let w= x? and # = o, 
x 


dy 
dx dx 


Take care to differentiate wu but integrate ©. 
x 


-— Apply the integration by parts formula. 


Notice that this integral is simpler than J but 
still not one you can write down. It has a similar 
structure to J and so you can use integration by 


parts again with w= 2x and # =o", 


= x°e% — 2xev + Jecrax 


= x°e% — 2xeX+ 2e% 4+ 


2 : . 7 
Evaluate / In x dx, leaving your answer in terms of natural logarithms. 


Let T= [*Inxdx = JP inx x 1dx 
du _ 1 
u=|nx > aS 
dv 
a TS vax 
2 2 1 é 
T= [xInx]j - i x x sx Problem-solving 
= (22) Win = i 1 ae | Apply limits to the wv term and the Jv Sax term 
separately. 
= 2in2 - [x]° | 
= 2\|n2 -(2 -1) 
=2\ln2-1 
1 Find the following integrals. Hint ) ver eainecaee nce 
a Ix sin x dx b |xe*dx c Ix Sec eda standard results. In your exam they will 
se be given in the formulae booklet: 
d |xsecxtanxdx e | <a oe 
sin? x : ftanxdx = In|sec x| + ¢ 
2 Find the following integrals. . i| sec x dx = In|secx + tanx| +c 
a [inxdx b /xInxdx c [Pz ax . Jeotxdx = In|sin x| + 
d Janxy ae . lee + ilnxds . Jeosecx dx = —In|cosec x + cotx| +c 


3 Find the following integrals. 
a I xe*dy b jx*cosxdx ¢ | 12x7(34+2x)dx d i 2x*sin2xdx e i 2x? sec?x tan x dx 


4 Evaluate the following: 


In2 zt, 5 2Inx 
a |, xe2* dx b J) xsin xdx c [?xcos x dx d [a 
x 


e fiax( + xP dx f ['xcos}xdx g J) sin xin (sec x) dx 
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@) 5 a Use integration by parts to find |xcos4x dx. 


b Use your answer to part a to find |.x*sin 4x dx. 


(E/P) 6 a Find |V/8— xdx. 
b Using integration by parts, or otherwise, show that 
Je-28=xdx = -2(8 _ x44 c 
e Hence find [oe — 2)V8 — x dx. 


7 a Find sec? 3x dx. 


b Using integration by parts, or otherwise, find |x sec? 3x dx. 


c Hence show that fey sec? 3x dx = pr — q1n3, finding the exact values of the 
constants p and q. ‘i 


‘yly/) Partial fractions 


= Partial fractions can be used to integrate algebraic fractions. 


Using partial fractions enables an expression that looks 
hard to integrate to be transformed into two or more 
expressions that are easier to integrate. 


Use partial fractions to find the following integrals. 
x-5 iy 8x?- 19x + 1 
(x + 1)(x — 2) (2x + 1)(x - 2)? 


partial fractions 


dx c l-uw 


a x-5 = A r B : 
(x+1)(x-2)” x+1 %x-2 


S50 x-5 2 A(x - 2) + Bx + 1) 
Let x =-1: -G = A(-3) A= e | 
let-x=2: -3=B(3)soB=-1 | 


ofr ie a 
“ee-ea 


= 2In|x+1| -In|x-2| +c 


x- 


= pan 
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(3 marks) 
(3 marks) 


(2 marks) 


(6 marks) 
(2 marks) 


(3 marks) 
(6 marks) 


(4 marks) 


Make sure you are confident 


expressing algebraic fractions as 
< Chapter 1 


Integration 


: Bx? = 19x & 4 \— It is sometimes useful to label the integral as J. 
b Let f=) ——_—___]| 

‘ (2x + I(x — 2/2 

Ox* =19x 441 . A B C Remember the partial fraction form fora 

(2x + 1)(x —2)2 2x +1 * (x - 2)2 Bg x-2 repeated factor in the denominator. 


8x? — 19x +1= A(x -— 2)? + B(2x +1) + 
C(2x + 1)(x - 2) 


Letx=2:-5=04+5B+0Os50B=-1 
Let x =—-4:125=24+0+0s50A=2 


ieeecie Thea 244s Boor Rewrite the intergral using the partial fractions. 


Note that using J saves copying the question again. 
6 VY=hotaeCseC=3 2 anole e 


T= Is a : ae ‘ : 5) dx « Don't forget to divide by 2 when integrating 


| 


! and remember that the integral of 
2x+1 


= Einjax+1| + 5 + 3in|x — 2| +¢ ——— 


x — il ; 
1 a not involve In. 
=In|2x+1| + +Injx-—2|[34¢ (x — 2) 
x-2 
= In|(2x + or = 2] + = ste Simplify using the laws of logarithms. 
2 
c Let r= 2 ax 
a 2 fl 2 i Remember that 1 — x2 can be factorised using 
=x? (l-xyl+x) 1-x 14x the difference of two squares. 


2=A(1+x)+ BI - x) 
Let x = -1 then 2=2Bs0 B=1 
Lét. x =-1 then 2=]2A so 4 =4 


30 t= f+ 


Rewrite the integral using the partial fractions. 


=In}/1+ —In}ji—- + : : ' 

i oe a mre Notice the minus sign that comes from 
=InfI+*| +e integratin u 
~  |1-x See ee 


When the degree of the polynomial in the numerator is greater than or equal to the degree of the 
denominator, it is necessary to first divide the numerator by the denominator. 


Example 21) 


: 9x*-3x +2 
Find | ————~dx 
9x? - 4 
fe 
ler I= see Z nee 
9x* -4- = First divide the numerator by 9x? — 4. 
1 
9x? — 4)9x? - 3x +2 9x* + 9x? gives 1, so put this on top and subtract 
2K -4 1 x (9x? — 4). This leaves a remainder of —3x + 6. 
=354:6 
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2 aie x 


2 A B 


52-4 3x50 Seep” 
Let x = -$ then 8=-4Bs0 B= -2 


Letx =2then4=44 504 =1 


3 
oo re fi+ete-— 2) —_} 


oye Skok 2 
=x+4ln|3x- 2| — Ein|3x+ 2|+ce+ 


3x-2 


1 
eT ee ee 
mB" ay 4. oie 


Exercise 114) 


1 Use partial fractions to integrate the following: 
: 3x +5 b 3x - 1 : 2x - 6 d 3 
(x + 1)(x + 2) (2x + 1)(x - 2) (x + 3)(x - 1) (2+ x)(1 -— x) 
2 Find the following integrals. 


20x? + 3x - 1) peer? i x x 4+x42 
xP + Qn? 42 : q fe exe2 


(x + 12x — 1) ** eed) nr ee 
4 1 
3 f= Gp cae ** 22 
a Given that f(x) = zl + 2 , find the value of the constants A and B. (3 marks) 
2x+1 1-2x 
b Hence find | f(x) dx, writing your answer as a single logarithm. (4 marks) 


2 
c Find / f(x) dx, giving your answer in the form Ink where k is a rational constant. (2 marks) 


17 - 5x 3 
4 1) = Gran wig <x <2 


a Express f(x) in partial fractions. (4 marks) 
1 17-5x a . 
b Hence find the exact value of is Gs 2n2—-2 0 writing your answer in the form 
a+Inb, where a and + are constants to be found. (5 marks) 
9x7 +4 2 
Sis 55 petty 
a Given that f(x) = A+ 2 + . , find the values of the constants 4, Band C. (4 marks) 
3x-2 3x+2 
b oe find the exact value of Problem-solving 
Bs aa dx, writing your answer in the Simplify the integral as much as possible before 
substituting your limits. 
form a+ : Inc, where a, b and c are 
rational numbers to be found. (5 marks) 
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a Express f(x) in partial fractions. (4 marks) 
46+ 3x - x? bs . 
b Hence find the exact value of : 34252 writing your answer in the form a + Inb, 
where a and b are rational numbers to be found. (5 marks) 
32x7+4 _ B C 
! Cpe Gea) °° Sead aeat 
a Find the value of the constants A, B and C. (4 marks) 
b Hence find the exact value of | — dx writing your answer in the form 
| (4x + 1)(4x — 1) ey 
2+kI1nm, giving the values of the rational constants k and m. (5 marks) 


11.8) Finding areas 


You need to be able to use the integration techniques from this chapter to find areas under curves. 


The diagram shows part of the curve y = 


9 
V44 3x 
The region R is bounded by the curve, the x-axis 
and the lines x = 0 and x = 4, as shown in the 
diagram. Use integration to find the area of R. 


4 9 
Aréa = i Frere au 


4 +4 
= 9°14 + 3x) des 


= cli + 3x) |, i 


264.8" -44Seo") : 
= 6(V16 - V4) 
=12- 


= The area bounded by two curves can be found using integration: 
Area of R= |."(F(x) - g(x))dx = [’F(x)dx - [? g(x)dx 


t Watch out ] You can only use this formula if the 


two curves do not intersect between a and b. 
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Example 


d 


The diagram shows part of the curves y = f(x) and y = g(x), 
where f(x) = sin 2x and g(x) = sinxcos?x,0<x S 5 


The region R is bounded by the two curves. Use integration to 
find the area of R. O 


Chapter 11 


nea- [o-oo —_—___| (i 


= -tcos 2x + tcostx]? . 

= (-3(-1) + 3(0)) - (-3 +3) ee) 
a2 
a 


LN] 
t Online ) Explore the area between 


two curves using technology. 


Exercise (11H) 


1 


Find the area of the finite region R bounded by the curve with equation y = f(x), the x-axis and 
the lines x = aand x =b. 

a fx)=—44=0,b=1 b f(x) =secx;a=0,b=3 ec f(x)=Inx;a=1,b=2 
d f(x) = secxtanx;a=0,b =F e f(x)=xvV4-x?;a=0,b=2 


Find the exact area of the finite region bounded by the curve y = f(x), the x-axis and the lines 
x =aand x = b where: 
4x-1 x 


a= Oey bi Gate 
c fix) = xsin x; a= 0, b= 5 d f(x) = cosxv/2sinx + 1; a=0,b=% 


e f(x) =xe a=0,b=1n2 


The diagram shows a sketch of the curve with equation, y = f(x), 


_ 4x +3 1 
where f(x) = (+ 22x — 1)’ RSs 


Find the area of the shaded region bounded by the curve, 
the x-axis and the lines x = 1 and x = 2. (7 marks) 
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© 4 The diagram shows a sketch of the curve with equation y = f(x), where f(x) = e°>* + 7 x>0. 


Find the area of the shaded region bounded by the curve, the x-axis and the lines 
x=2andx=4. (7 marks) 


» y= fx 


@) 5 The diagram shows a sketch of the curve with equation y = g(x), where g(x) = x sin x. 


ay 


a Write down the coordinates of points t Watch out } Ereenerresuenaiecien 
A, Band C. separately and then add the answers. Remember 
b Find the area of the shaded region. areas cannot be negative, so take the absolute 


value of any negative area. 


6 The diagram shows a sketch of the curve with equation y = x7Inx. VA 


The shaded region is bounded by the curve, the x-axis and yexinx 
the line x = 2. 
a Use integration by parts to find |x?In x dx. (3 marks) 


b Hence find the exact area of the shaded region, giving your 


answer in the form Fa In2 +5), where a and b are integers. 
(5 marks) O ) 
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7 The diagram shows a sketch of the curve with equation y = 3cosxvsinx + 1. 


a Find the coordinates of the points A, B, Cand D. (3 marks) 
b Use a suitable substitution to find | 3cosxvsinx + 1 dx. (5 marks) 
c Show that the regions R, and R, have the same area, and find the exact value of this 

area in the form Va , where a is a positive integer to be found. (3 marks) 


() 8 f(x) = x? and g(x) = 3x - x? 
a On the same axes, sketch the graphs of y = f(x) and y = g(x), and find the coordinates of any 
points of intersection of the two curves. 


b Find the area of the finite region bounded by the two curves. 


9 The diagram shows a sketch of part of the curves with equations y = 2cosx + 2 and y =—2cosx + 4. 


y= —2cosx+4 


a Find the coordinates of the points 4, Band C. (2 marks) 
b Find the area of region R, in the form aV3 + oe where a, b and ¢ are integers to be 

found. (4 marks) 
c Show that the ratio of R,: R, can be expressed as (3/3 + 27) : (3V3 - 7). (5 marks) 


@) 10 The diagrams show the curves y = sin 8, 0 < @ S 27 and y = sin20, 0 <6 < 27. 


By choosing suitable limits, show that the total shaded area in the first diagram is equal to the 
total shaded area in the second diagram, and state the exact value of this shaded area. 


YA 
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@) 11 The diagram shows parts of the graphs of y = sinx and y = cos x. 


a Find the coordinates of point A. 
b Find the areas of: 
c Show that the ratio of areas R,: R, can be written as V2 : 2. 


Challenge 


The diagram shows the curves y = sin2x and y=cosx,OSx = iz 


y=sin2x 


i P= COS 


> 
x 


BP poccssccs- 


O 


Find the exact value of the total shaded area on the diagram. 


11.9) The trapezium rule 


If you cannot integrate a function algebraically, you can use a numerical method to approximate the 
area beneath a curve. 


Consider the curve y = f(x): 


To approximate the area given by [Py dx, you can divide 


the area up into n equal strips. Each strip will be of width h, 
b-a 
nN 


where ft = 


“Vv 
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Next you calculate the value of y for each value of x that forms a Hint | Noreene anemic 
boundary of one of the strips. So you find y forx =a,x=ath, P 
x=a+2h,x=a+3handsoonuptox=b. 

You can label these values Vo, V1, Vor V3 «2 Vie 


there will bem + 1 values of x 
and n + 1 values of y. 


J 


Yo 1 We} Yaar! In! 


Finally you join adjacent points to form n trapezia and approximate the original area by the sum of 
the areas of these n trapeziums. 


You may recall from GCSE maths that the area of a trapezium like this: 


is given by (Vo + y,)h. The required area under the curve is therefore given by: 
[Py dx = Balyo + 7) + Bir + yd) + FWY +I) 
Factorising gives: 
[Py dx = Bly + yn td + Vet Vee + Vne t Yn tI 
orf’ ydx = Fly + 2001 + V2 oe + Pvt) +I) 
This formula is given in the formula booklet but you will need to know how to use it. 
= The trapezium rule: 


b 
[yd =4h(y +20V 1 + V2 006 + Vn—1) +n) 
b-a 
n 


The diagram shows a sketch of the curve y = sec x. The finite region R y 


where hh = 


and y;= f(a + th) 


; . : . y =secx 
is bounded by the curve, the x-axis, the y-axis and the line x = 


The table shows the corresponding values of x and y for y = secx. 


Tv T T T 
x 0) 6 4 3 ‘ 
y 1 | 1.035 2 


ws 


318 


Integration 


a Complete the table with the values of y corresponding to x = 7; and x = 7 giving your answers 
to 3 decimal places. 


b Use the trapezium rule, with all the values of y in the completed table, to obtain an estimate for 
the area of R, giving your answer to 2 decimal places. 


ce Explain with a reason whether your estimate in part b will be an underestimate or an 


overestimate. 
£1 24465 
a secre = PR = 
6 
seca = gr lae 
cos 
T T T T 
| | ae | | 4 13 
y | 1 [1035] 1155 | 1414 | 2 
b I= [’y dx * $NVo + 2(Y, + Yo... Vn 1) + Vn) Online ) Explore under- and over- 
vba estimation when using the trapezium 
Te tea + 2(1.035 + 1155 + 1.414) + 2) — rule, using GeoGebra. 
== x 10.208 
Problem-solving 
= 1.336 224 075...... = 1.34 (2 dp) 
If f(x) is convex on the interval 
c The answer would be an overestimate. The graph [a, 6] then the trapezium rule 
is convex so the lines connecting two endpoints will give an overestimate for 
would be above the curve, giving a greater [F00 dx. If it is concave then it 


answer than the real answer. 


Exercise (11!) 


© 1 The diagram shows a sketch of the curve with equation y=V1l+tanx,0<x< a 


will give an underestimate. 
€ Section 9.9 


J 


y=vl+tanx 


O a, 
3 
a Complete the table with the values for y corresponding to x = EI and x = r (1 mark) 
as le a 
= ||» 12 6 4 3 
y 1 1.2559 1.6529 
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Given that J = i “1+ tanx dx, 


b use the trapezium rule: 


i with the values of y at x = 0, 2 and zi to find an approximate value for J, giving your answer 
to 4 significant figures; (3 marks) 

ii with the values of y at x = 0, or ei a and ‘ to find an approximate value for J, giving your 
answer to 4 significant figures. (3 marks) 


The diagram shows the region R bounded by the x-axis and the 


curve with equation y = cos alg - = <9< 3 
The table shows corresponding values of @ and y for y = cos % 
a Complete the table giving the missing values for y to 4 decimal places. (1 mark) 
b Using the trapezium rule, with all the values for y in the completed table, find an 
approximation for the area of R, giving your answer to 3 decimal places. (4 marks) 
c State, with a reason, whether your approximation in part b is an underestimate or 
an overestimate. (1 mark) 
d Use integration to find the exact area of R. (3 marks) 
e Calculate the percentage error in your answer in part b. (2 marks) 


: : ; 1 
The diagram shows a sketch of the curve with equation y = —=——— 
c ee) eee T 
The shaded region R is bounded by the curve, the x-axis, the y-axis and the line x = 2. 


a Complete the table giving values of y to 3 decimal 
places. (2 marks) 


x 0 05 1 L3 2 
y | 0.707 | 0.614 | 0.519 0.345 


b Use the trapezium rule, with all the values from your 
table, to estimate the area of the region R, giving 
your answer to 2 decimal places. (4 marks) 


The diagram shows the curve with equation y=(x-2)Inx+1,x>0. ya 


y=(x-2)inx+1 


a Complete the table with the values of y corresponding to 
x=2andx=2.5. (1 mark) 


x 1 Ls 2 2 3 
1 0.7973 2.0986 
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Given that [= I ‘(x — 2) Inx + 1) dx, 


b use the trapezium rule 


i with values of y at x = 1, 2 and 3 to find an approximate value for J, giving your 
answer to 4 significant figures. (3 marks) 


ii with values of y at x = 1, 1.5, 2, 2.5 and 3 to find another approximate value for J, 
giving your answer to 4 significant figures. (3 marks) 


c Use the diagram to explain why an increase in the number of values improves the 
accuracy of the approximation. (1 mark) 


d Show by integration, that the exact value of I ‘(x — 2)In x + 1) dx is —3In 344. (6 marks) 


5 The diagram shows the curve with equation y = x/2 -x,0 <x <2. 


a Complete the table with the value of y corresponding a 
tox=1.5. (1 mark) 
0 0.5 1 is 2 
0 0.6124 1 0 


Given that [= [x2 —xdx, 


b use the trapezium rule with four strips to find an 
approximate value for /, giving your answer to 4 significant figures. (5 marks) 


: i cys : 2 
c By using an appropriate substitution, or otherwise, find the exact value of i xV2 — x dx, 


leaving your answer in the form 2%p, where p and g are rational constants. (4 marks) 
d Calculate the percentage error of the approximation in part b. (2 marks) 
6 The diagram shows part of the curve with equation y 
¥ 4x -5 — 
= = x 
(x — 3)(2x + 1) »* @-3)Qx+) 
a Show that the coordinates of point A are (3, 0). (1 mark) 
b Complete the table with the value of y corresponding to 
x = 0.75. Give your answer to 4 decimal places. (1 mark) 
1 x 
0 0.25 0.5 0,75 1 1.25 
1.6667 | 0.9697 | 0.6 0.1667 0 
. 7 4x-5 
Given that [= I (=e Coren ~3)(0x 41) dx, 
c use the trapezium rule with values of y at x = 0, 0.25, 0.5, 0.75, 1 and 1.25 to find an 
approximate value for /, giving your answer to 4 significant figures. (3 marks) 
i 4x-5 7 a 
d Find the exact value of b (= 3\2x 41) dx, giving your answer in the form In a (4 marks) 
e Calculate the percentage error of the approximation in part c. (2 marks) 
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/P) 7 I= [etl dx 


a Given that y = e’**!, complete the table of values of y corresponding to x = 0.5, 


1 and 1.5. (2 marks) 
x 0 0.5 1 1.5 2 2.5 3 
y 2.7183 9.3565 | 11.5824 | 14.0940 


b Use the trapezium rule, with all the values of y in the completed table, to obtain an estimate 
for the original integral, 7, giving your answer to 4 significant figures. (3 marks) 


” 
c Use the substitution ¢ = ¥2x + 1 to show that J may be expressed as [ kte‘ dt, 
giving the values of the constants a, b and k. (5 marks) 


d Use integration by parts to evaluate this integral, and hence find the value of J correct 
to 4 significant figures. (4 marks) 


8 a Given that y = cosec x, complete the table with values of y corresponding to 
5a 1 s 


X= 759 4 and + —~. Give your answers to 5 decimal places. (2 marks) 
. T 5a T Tt 20 
3 12 2 12 3 
y 1.15470 1.15470 


b Use the trapezium rule, with all the values of y in the completed table, to obtain an 


Qn 


estimate for [ cosec x dx. Give your answer to 3 decimal places. (4 marks) 
3 


c Show that [ cosee xdx =In3. CED For part ¢ you may use the standard 
3 
integral for cosec x from the formulae booklet: 


Icosec xdx =-In|cosec x + cot x|+¢ 
(3 marks) 
d Calculate the percentage error in using the estimate obtained in part b. (2 marks) 
11.10 ) Solving differential equations 
Integration can be used to solve differential Notation | A first order differential equation 
equations. In this chapter you will solve first order contains nothing higher than a first order 
differential equations by separating the variables. d 
dy ‘ y sep 6 derivative, for example = A second order 
=» When dx F(x)g(y) you can write differential equation would have a term that 
1 contains a second order derivative, for 
Jeay= freer d2y 
g(y) example EE 


The solution to a differential equation will be a function. 

When you integrate to solve a differential equation you still need to include a constant of integration. 
This gives the general solution to the differential equation. It represents a family of solutions, all 
with different constants. Each of these solutions satisfies the original differential equation. 
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d 

For the first order differential equation a 12x? — 1, the general solution is y= 4x? -x +0, 
dx 

or y=x(2x —1)(2x+1) +6. 


Each of these curves represents a particular 
solution of the differential equation, for different 
values of the constant c. Together, the curves 
form a family of solutions. 


Online ) Explore families of solutions Ss; 


using technology. 


d 
Find a general solution to the differential equation (1 + x?) i =xtany. 


a = tanye 
ae tee 


1 
rey = iF Pa ; 


ies 7 ee 


In{siny| =ZIn|1 + x2| +¢ 


or In|siny| = 4in|1 + x2| + Ink 
In|siny| = In|Av1 + x?| 
sO siny = kV1 + x* 


Sometimes you are interested in one specific solution to a differential equation. You can find a 
particular solution to a first-order differential equation if you know one point on the curve. 
This is sometimes called a boundary condition. 


Find the particular solution to the differential equation Hint ) The boundary 
dy - —3(y - 2) condition in this question is 
dx (2x + 1)(x + 2) that x =1 when y=4. 


given that x = | when y = 4. Leave your answer in the form y = f(x). 


323 


Chapter 11 


1 - 2 
i e9= les cre hae 


-3 a eo ae 
(2x4 1x+ 2) (2x41) (x +2) 


-3 = A(x + 2) + B(2x + 1) 


Let x = -2: -3=-3B so B=1 
let x=-4: -3=34 so A=-2 
26) 
1 = _aa 
S5224- IG aa) * "Rewrite the integral using the partial factions. 
k(x + 2) 
x+2 
y-2=4(328) Remon 
gp lee _ 
4-2=k(5**) sk=2. 
x+2 
Ce y=2+2(2**). 
3 


Exercise a) 


1 Find general solutions to the following differential equations. Give your answers in the 


form y = f(x). 
- 1 1-2 » & 
a ay + y)(1 — 2x) qx =) tanx 
dy dy 
2y—— = 12 gin2 eS x 
€ cOs’'x 7 = y'sin’x d dx = 2° y 


2 Find particular solutions to the following differential equations using the given boundary 


conditions. 
dy T dy T 
pane Dek os =." ee eran ong =e 
a 4, = Sinxcos’x; y= 0, x= 3 b gy = Seerx sec’ys y 0, x 4 
A eee ee 
c dx = 2 S08 Cos xyy= yx=O d SIN VCOSX GF = Gog V = 0, x= 0 
3 a Find the general solution to the differential equation 
dy Hint ) Begin by factorising 
ae = y+ xy, giving your answer in the form y = g(x). the right-hand side of the 
equation. 


b Find the particular solution to the differential equation that 
satisfies the boundary condition y = e+ at x = —-1. 


324 


Integration 


©) 4 Given that x = 0 when y = 0, find the particular solution to the differential equation 
dy : 


ae y’, giving your answer in the form y = g(x). (6 marks) 


(2y + 2yx) 


d 
5 Find the general solution to the differential equation ew = 2x + xe’, giving your answer 
in the form In|g(y)| = f(x). (6 marks) 


d 
©) 6 Find the particular solution to the differential equation (1 — x?) i = xy + y, with boundary 


condition y = 6 at x = 0.5. Give your answer in the form y = f(x). (8 marks) 


d 
©) 7 Find the particular solution to the differential equation (1 + oa =x — xy’, with boundary 


condition y = 2 at x = 0. Give your answer in the form y = f(x). (8 marks) 


d 
©) 8 Find the particular solution to the differential equation is = xe’, with boundary condition 


y =In2 at x = 4. Give your answer in the form y = f(x). (8 marks) 


d 
9 Find the particular solution to the differential equation 7 2 cos*y + cos 2x cos2y, with 


dx 
boundary condition y = ri at x= a Give your answer in the form tan y = f(x). (8 marks) 
: T : : _ dy : 
&) 10 Given that y= 1 atx= > solve the differential equation dy 7 sin. (6 marks) 
. 3x+4 
© 11 a Find [dx x>0. (2 marks) 
_ dy 3x/y+4yy 
b Given that y = 16 at x = 1, solve the differential equation ayn - giving 
your answer in the form y = f(x). (6 marks) 
@) 12 a ioe partial fractions. (3 marks) 
(3x — 8)(x — 2) 
b Given that x = 3, find the general solution to the differential equation 
d 
(x ~ 2)(3x ~ 8) = (Bx ~ 18)y (5 marks) 


c Hence find the particular solution to this differential equation that satisfies y = 8 at x = 3, 
giving your answer in the form y = f(x). (4 marks) 


d 
@) 13 a Find the general solution of i =2x -4. 


b On the same axes, sketch three different particular solutions to this differential equation. 


dy 1 
1 . . : ; ia 
4 a Find the general solution to the differential equation dx (+2)? (3 marks) 
b On the same axes, sketch three different particular solutions to this differential 
equation. (3 marks) 
c Write down the particular solution that passes through the point (8, 3.1). (1 mark) 
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d 
15 a Show that the general solution to the differential equation nae can be written in 


dx Jy 


the form x? + y?=c. (3 marks) 
b On the same axes, sketch three different particular solutions to this differential 

equation. (3 marks) 
c Write down the particular solution that passes through the point (0, 7). (1 mark) 


41.11) Modelling with differential equations 


Differential equations can be used to model real-life situations. 


The rate of increase of a population P of microorganisms at time ¢, in hours, is given by 
ae =3P.k>0 
dt 

Initially the population was of size 8. 

a Find a model for P in the form P = Ae”, stating the value of A. 

b Find, to the nearest hundred, the size of the population at time f= 2. 

c Find the time at which the population will be 1000 times its starting value. 


d State one limitation of this model for large values of 1. 


dP 
a Ap 


[par = [3at . 
InP=3t+e 


P=etttc= etx ec- 
P= Ae*- 
S=AeoSAso 4 


P = &e*# 
b P=6e* 


fis Geers = Gera 
= 3227.4... % 3200 
c P= 1000 x 8 = 8000 
8000 = &e*! 
1000 = e# 
In1O000 = 3t — 


ae 
Pegi ' Online ) Explore the solution to this 


= 2.3 hours = 2h 16 mins example graphically using technology. 
d The population could not increase in size in 
this way forever due to limitations such as t Watch out | When commenting on a model you 
available food or space. should always refer to the context of the question. 
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Example 


Water in a manufacturing plant is held in a large cylindrical tank of diameter 20m. 


Water flows out of the bottom of the tank through a tap at a rate proportional 
to the cube root of the volume. 4p 

a Show that ¢ minutes after the tap is opened, a kVh for some constant k. 
b Show that the general solution to this differential equation may be written 


<—>—> 


<—20m—> 


as h = (P — Ot)’, where P and Q are constants. 
Initially the height of the water is 27 m. 10 minutes later, the height is 8 m. 
c Find the values of the constants P and Q. 


d Find the time in minutes when the water is at a depth of 1 m. 


AV 


— = 1007 


dh Problem-solving 
gv = 
we V You need to use the information given in the 
er iter question to construct a mathematical model. 
Water flows out at a rate proportional to the cube 
dh _ dh Lae root of the volume. 
dt dV dt dV 
dh 1 : — is negative as the water is flowing out of the 
a x (-cV100zh) de 
dt 1007r tank, so the volume is decreasing. 
3 
_ & deez a 
1007 
dh 3 ce V100n 
= ee ~kvh, where k = a5 
b fh “dh = [kat . 
3h? = -kt +¢ 
h? =-Skt +c 
ho =-Ot+P- 
3 
h = (P - Ot) 
61] 0 .ha27 
3 
efePr SPS 
t=10,h=6 
3 
& =(9 - 100)" 
4=9-100 
o-t | 
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3 
gba 
3 
=(9- 4) 
1=9-4H 
t = 16 minutes | 


Exercise (11k) 


Gr) 1 


The rate of increase of a population P of rabbits at time ¢, in years, is given by a =kP,k>0. 
Initially the population was of size 200. 


a Solve the differential equations giving P in terms of & and ¢. (3 marks) 
b Given that & = 3, find the time taken for the population to reach 4000. (4 marks) 
c State a limitation of this model for large values of t. (1 mark) 


The mass M at time ¢ of the leaves of a certain plant varies according to the differential equation 


aM _v- 
dt 
a Given that at time t = 0, M = 0.5, find an expression for Min terms of f. (5 marks) 
b Find a value of M when ¢ = In2. (2 marks) 
c Explain what happens to the value of as t increases. (1 mark) 


The thickness of ice x, in cm, on a pond is increasing at a rate that is inversely proportional 
to the square of the existing thickness of ice. Initially, the thickness is 1 cm. After 20 days, the 
thickness is 2. cm. 


a Show that the thickness of ice can be modelled by the equation x = Vat +1. (7 marks) 
b Find the time taken for the ice to increase in thickness from 2 cm to 3 cm. (2 marks) 


A mug of tea, with a temperature T°C is made and left to cool in a room with a temperature of 
25°C. The rate at which the tea cools is proportional to the difference in temperature between 
the tea and the room. 


a Show that this process can be described by the differential equation a = -k(T — 25), 
explaining why k is a positive constant. (3 marks) 


Initially the tea is at a temperature of 85°C. 10 minutes later the tea is at 55°C. 
b Find the temperature, to 1 decimal place, of the tea after 15 minutes. (7 marks) 


The rate of change of the surface area of a drop of oil, A mm7, at time ¢ minutes can be 
3 


modelled by the equation “ 7 4. 

Given that the surface area of the drop is | mm at ¢ = 1, 

a find an expression for A in terms of t (7 marks) 
b_ show that the surface area of the drop cannot exceed a mm?. (2 marks) 
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EP) 6 


A bath tub is modelled as a cuboid with a base area of 6000cm?. Water flows into the bath tub 
from a tap at a rate of 12000cm?/min. At time f, the depth of water in the bath tub is cm. 
Water leaves the bottom of the bath through an open plughole at a rate of 500/.cm?/min. 


a Show that ¢ minutes after the tap has been opened, co = 120 - Sh. (3 marks) 
When ¢ = 0,4 =6cm. 
b Find the value of t when A = 10cm. (5 marks) 
a Express P(10000 — P) using partial fractions. (3 marks) 
The deer population, P, in a reservation can be modelled by the differential equation 

dP oi 

di = 200 P(10000 — P) 
where ¢ is the time in years since the study began. Given that the initial deer population is 2500, 
b solve the differential equation giving your answer in the form P = eT (6 marks) 
c Find the maximum deer population according to the model. (2 marks) 


Liquid is pouring into a container at a constant rate of 40 cm?s7! and is leaking from the 
container at a rate of iVcm3 s-!, where V cm? is the volume of liquid in the container. 

a Show that 4h = V- 160. (2 marks) 
Given that V = 5000 when t¢ = 0, 

b find the solution to the differential equation in the form V =a + be “it where a and b are 


constants to be found (7 marks) 


c write down the limiting value of Vas t > ~. (1 mark) 


Fossils are aged using a process called carbon dating. The amount of carbon remaining in a fossil, 
R, decreases over time, t, measured in years. The rate of decrease of carbon is proportional to the 
remaining carbon. 

a Given that initially the amount of carbon is Ro, show that R= Roe (4 marks) 
It is known that the half-life of carbon is 5730 years. This means that after 5730 years the 
amount of carbon remaining has reduced by half. 


b Find the exact value of k. (3 marks) 
c A fossil is found with 10% of its expected carbon remaining. Determine the age of the 
fossil to the nearest year. (3 marks) 


Mixed exercise 11) 


1 


By choosing a suitable method of integration, find: 


a fx - 3)" dx b fxv4x—T dx c fsin2.xcosx dx 
4sin x cos x 1 
d fxinxdx lems x f Ia 
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2 By choosing a suitable method, evaluate the following definite integrals. Write your answers as 
exact values. 


(ip) 3 


ip) 4 
Gir) 5 
© 6 
© 7 


Cp) 8 


EP) 10 
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a [Pxbe + 3)> dx b ie sec? x dx 

c P*(t6x? - 2) dx d J. (cos x + sin x)(cos x — sin x) dx 
4 4 In2 | 

© ieeemca® Pie 


a Show that [SInxdv=1-§ 

4p —2 
; t(D 
pti 


1 
GahOs=) 


b Given that p > 1, show that ih ¢ +1 
. b(2 1 9 
Given [ J — wy) ax = @, find the value of b. 
2\X x 


Given [cos xsin?xdx = a where @ > 0, find the smallest possible value of 0. 


Using the substitution 7? = x + 1, where x > -1, 


a find [ 


= dx. 
x+1 


b Hence evaluate i: Vai dx. 
x+ 


a Use integration by parts to find |x sin 8x dx. 


b Use your answer to part a to find |x?cos 8x dx. 


5x? -8x +1 
ae ee 
: A B C 
a Given that f(x) =— + + , find the values of the constants A, B and C 
x x-l (x-1) 


b Hence find ie dx. 


c Hence show that i F(x) dx = In(2) _ 4 


Given that y = x2 + at x >0, 
d 
a find the value of x and the value of y when x =0. 
b Show that the value of y which you found is a minimum. 


The finite region R is bounded by the curve with equation y = x24 acl the lines x = 
x = 4 and the x-axis. 


c Find, by integration, the area of R giving your answer in the form p + qInr, 
where the numbers p, g and r are constants to be found. 


a Find px In2xdx. 
215 


b Hence show that the exact value of i 2 In 2x dx is 91n6 — 7 


(5 marks) 


(5 marks) 


(4 marks) 


(4 marks) 


(5 marks) 
(2 marks) 


(4 marks) 


(4 marks) 


. (4marks) 
(4 marks) 
(4 marks) 


(3 marks) 
(2 marks) 
Ns 


(4 marks) 


(6 marks) 
(4 marks) 


/P) 11 


@ip) 14 


Integration 


The diagram shows the graph of y = (1 + sin2x)*,0<x < = y 


a Show that (1 + sin2x)? =5 13 + 4sin 2x — cos 4x). (4 marks) 
y=(1 +sin2x) 


b Hence find the area of the shaded region R. (4 marks) 
c Find the coordinates of A, the turning point on 
the graph. (3 marks) 
O 30 X 
a 
a Find |xe-*dx. (4 marks) 
b Given that y = ri at x = 0, solve the differential equation 
dy x 
ae aa Dy (4 marks) 
a Find |xsin2xdx. (5 marks) 
d 
b Given that y= Oatx = ve solve the differential equation x = Xsin 2x cosy, (5 marks) 
a Obtain the general solution to the differential equation 
dy . 
tyr (3 marks) 
b Given also that y = | at x = 1, show that 
y= <s ,-V3 <x<Vv3 
is a particular solution to the differential equation. (3 marks) 
The curve C has equation y = 3 x# 4/3 
c Write down the gradient of C at the point (1, 1). (1 mark) 
d Hence write down an equation of the tangent to C at the points (1, 1), and find the 
coordinates of the point where it again meets the curve. (4 marks) 
a Using the substitution u = 1 + 2x, or otherwise, find 
4x 1 
——_—_—_ ed —— 
(1+ 2xy2 dx, x 5} (5 marks) 
b Given that y = = x = 0, solve the differential equation 
{dy x 
(1 + 2x) — ay (5 marks) 


331 


(E/P) 16 


© 17 


/P) 18 


© 19 


(/P) 20 
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. : ; 1 I 
The diagram shows the curve with equation y = xe*, -—5 <x <5 


The finite region R, bounded by the curve, the x-axis and the 
line x = =) has area Aj. 

The finite region R, bounded by the curve, the x-axis and the 
line x = “ has area A). 

a Find the exact values of A, and A, by integration. (6 marks) 
b Show that A,;:A,=(e- 2):e. (4 marks) 


a Find freed. (5 marks) 


d 
b Use your answer to part a to find the solution to the differential equation iL =x"e7!"*, 
given that y = 0 when x = 0. Express your answer in the form y = f(x). (7 marks) 


The diagram shows part of the curve y = e?* + | and the line y = 8. 
The curve and the line intersect at the point (/, 8). 


a Find /, giving your answer in terms of natural 
logarithms. (3 marks) 


The region R is bounded by the curve, the x-axis, 
the y-axis and the line x = h. 


b Use integration to show the area of Ris 2 + +In Ve (5 marks) 


a Given that 


xt =A+ Z + . 
x? -1 x-1l x41 
find the values of the constants A, B and C. (4 marks) 
b Given that x = 2 at t= 1, solve the differential equation 
& =2 = x>I 
You do not need to simplify your final answer. (7 marks) 


The curve with equation y = e* -e*,0 <x <1,isshown ya 
in the diagram. The finite region enclosed by the curve, 
the x-axis and the line x = 1 is shaded. 


The table below shows the corresponding values of x and y 
with the y values given to 5 decimal places as appropriate. 


x 0 ).25 U5 0.75 1 
y 0 0.86992 | 2.11175 7.02118 


a Complete the table with the missing value for y. 

Give your answer to 5 decimal places. (1 mark) 
b Use the trapezium rule, with all the values of y in the table, to obtain an estimate for 

the area of R, giving your answer to 4 decimal places. (3 marks) 


Integration 


Ep) 21 


Ep) 22 


EP) 23 


c State, with a reason, whether your answer to part b is an overestimate or an 


underestimate. (1 mark) 
d Use integration to find the exact value of R. Write your answer in the form 

e?+ Pe+O 

i where P and Q are constants to be found. (6 marks) 
e Find the percentage error in the answer to part b. (2 marks) 


The rate, in cm? s~!, at which oil is leaking from an engine sump at any time ¢ seconds is 
proportional to the volume of oil, V.cm’, in the sump at that instant. At time t = 0, V= A. 


a By forming and integrating a differential equation, show that 
V = Ae* 


where k is a positive constant. (5 marks) 
b Sketch a graph to show the relation between V and ¢. (2 marks) 
Given further that V = +A at t= T, 
c show that kT = In2. (3 marks) 
a Show that the general solution to the differential equation ° =F ~ 7 can be 

written in the form x? + (y —k)?=c. (4 marks) 
b Describe the family of curves that satisfy this differential equation when k = 2. (2 marks) 


The diagram shows a sketch of the curve y = f(x), YA 
where f(x) = 4x2 In x —x+2,x>0. 

The region R, shown in the diagram, is bounded by the 
curve, the x-axis and the lines with equations x = | 


and x = 4. 
The table below shows the corresponding values of x and 
y with the y values given to 4 decimal places as appropriate. O 
x 1 1.3 2 23 3 ee 4 
y i 0.6825 | 0.5545 | 0.6454 1.5693 | 2.4361 


a Complete the table with the missing value of y. 


(1 mark) 


b Use the trapezium rule, with all the values of y in the table, to obtain an estimate for 
the area of R, giving your answer to 3 decimal places. (3 marks) 


c Explain how the trapezium rule could be used to obtain a more accurate estimate for 


the area of R. (1 mark) 
d Show that the exact area of R can be written in the form 7 + 7 Ine, where a, b, c, d 
and e are integers. (6 marks) 
e Find the percentage error in the answer in part b. (2 marks) 
a Find |x(1 + 2x?)dx. (3 marks) 
b Given that y = z at x = 0, solve the differential equation 
ae x(1 + 2x*)> cos? 2y (5 marks) 


dx 
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By using an appropriate trigonometric substitution, find | <sde. (5 marks) 


Obtain the solution to 
ae ee 
x(x + Va a +X 
for which y = 2 at x = 2, giving your answer in the form y” = f(x). (7 marks) 


An oil spill is modelled as a circular disc with radius rkm and area A km”. The rate of increase 
of the area of the oil spill, in km?/day at time ¢ days after it occurs is modelled as: 


dA _(t 
ap ksin(3-), 0<r<12 
dr k .(/(t 
a Show that di On SB | (2 marks) 


Given that the radius of the spill at time ¢t = 0 is | km, and the radius of the spill at time 
t= 77 is 2km: 
b find an expression for r? in terms of t (7 marks) 


c find the time, in days and hours to the nearest hour, after which the radius of the spill 
is 1.5km. (3 marks) 


Challenge Hint ) Draw a sketch of each function. 


Given f(x) = x2 — x — 2, find: 
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[Eireolax bf -Fix) dx 


Integration 


Summary of key points 


1 


2 


10 


11 


xnel 1 
xe dx = + Jevdx=er+e [dx =In[x| +c 
n+1 BG 
feosxdx=sinx +c Jsinxedx = -cosx +¢ Jsecex = tanx +c 


Ieosec x cot xdx = -—cosecx+c Ieosectx dx = -cotx +c Jsec.x tan xdx=secx+c¢ 


Jrax+b dx =tflax+b) +e 


Trigonometric identities can be used to integrate expressions. This allows an expression that 
cannot be integrated to be replaced by an identical expression that can be integrated. 


then adjust any constant. 


To integrate an expression of the form freee (f(x))" dx, try (f(x))”*! and differentiate to 
check, and then adjust any constant. 


Sometimes you can simplify an integral by changing the variable. This process is similar to 
using the chain rule in differentiation and is called integration by substitution. 


The integration by parts formula is given by: Jus dx = uy — Jv Stax 
Partial fractions can be used to integrate algebraic fractions. 
The area bounded by two curves can be found using integration: 
Area of R= [ (f(x) ~ g(9)) dx = [’f) dx — f” g(x) dx 
The trapezium rule is: 
Pyax = Sh yo+ 2(V1 + Vo. + Yn-1) + In) 


nner 22 


and y; = f(a + ih). 
dy ; 
When oy = f(x)g(y) you can write 


5 dy = fron dx 
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? Vectors 


After completing this chapter you should be able to: 


e@ Understand 3D Cartesian coordinates — pages 337-338 
e Use vectors in three dimensions — pages 339-343 
e Use vectors to solve geometric problems — pages 344-347 
@ Model 3D motion in mechanics with vectors — pages 347-349 


Prior knowledge check 
Given that p = 3i — j and q = -i+ 2j, calculate: 
a 2p+q b -3p+4q 
< Year 1, Section 11.2 
Given that a = 5i — 3j, work out: 
a the magnitude of a 
b the unit vector that is parallel to a. 
< Year 1, Section 11.3 
M is the midpoint of the line segment AB. You can use vectors to 
Given that AB = 4i+j, describe relative positions 
in three dimensions. 


This allows you to solve 
The point P lies on AB such that AP: PB= 3:1. geometrical problems 


ere , Z in three dimensions and 
b Find AP in terms of i and j. ; ; 
| determine properties of 3D 
€ Year 1, Section 11.5 § i solids. -> Mixed exercise Q9 


rer: 


— 
a find BM in terms of i and j. 


Vectors 


12.1) 3D coordinates 


Cartesian coordinate axes in three dimensions are usually called x-, y- and z-axes, each being at right 
angles to each of the others. 


The coordinates of a point in three dimensions are written as (x, y, Z). 


Zz 


WIT To visualise this, think of the x- and 
y-axes being drawn on a flat surface and the 
z-axis sticking up from the surface. 


You can use Pythagoras’ theorem in 3D to find distances on a 3D coordinate grid. 


= The distance from the origin to the point (x, y, Z) is (x? + y? + z?. 


Find the distance from the origin to the point P(4, -7, -1). 


OP = (4? + (-7)? + (-1)?_ - | 
= VIG +49 +1 
= /66 


You can also use Pythagoras’ theorem to find the distance between two points. 


= The distance between the points (x,, 1, Z;) and (x2, V2, Zz) is 
M4 — X2)? + (V1 — V2)? + (21 - 22)? 


Example 


Find the distance between the points A(1, 3, 4) and B(8, 6, —5), giving your answer 
to 1 d.p. 


AB = \(1 - 8)? + 3 - 6)? + (4 = (-5))? 
=¥(7)* + (3)? + 5? 
= (49 +9461 
2139 = 1.6 0 dp) 
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Example 


The coordinates of A and B are (5, 0, 3) and (4, 2, 4) respectively. 
Given that the distance from A to Bis 3 units, find the possible values of k. 


Problem-solving 
AB = \V(5 — 4)2 + (O- 2)2+ (3 —k)? =3 


/ fe Use Pythagoras’ theorem to form a quadratic 
Leen Gh ah yes equation in k. 


1444+49-Ck+k*=9 
(k -— 5)(k - 1)= 0 — 


t Online ) Explore the solution to this cy 


example visually in 3D using GeoGebra. 


Exercise 


1 Find the distance from the origin to the point P(2, 8, -4). 


2 Find the distance from the origin to the point P(7, 7, 7). 


3 Find the distance between A and B when they have the following coordinates: 
a A(3, 0, 5) and BCI, -1, 8) 
b A(8, 11, 8) and B(-3, 1, 6) 
ce A(3, 5, —2) and B(3, 10, 3) 
d A(-1, -2, 5) and B(4, -1, 3) 


@) 4 The coordinates of A and B are (7, —1, 2) and (k, 0, 4) respectively. 
Given that the distance from A to Bis 3 units, find the possible values of k. 


@) 5 The coordinates of A and B are (5, 3, —8) and (1, &, —3) respectively. 
Given that the distance from A to B is 3/10 units, find the possible values of k. 


Challenge 


a The points A(1, 3, -2), B(1, 3, 4) and C(7, -3, 4) are three vertices of a 
solid cube. Write down the coordinates of the remaining five vertices. 


An ant walks from A to C along the surface of the cube. 


b Determine the length of the shortest possible route the ant can take. 


338 


«ED Vectors in 3D 


You can use 3D vectors to describe position and displacement relative to the x-, y- and z-axes. 
You can represent 3D vectors as column vectors or using the unit vectors i, jand k. 


= The unit vectors along the x-, y- and z-axes are denoted by i, j and k respectively. 


(2 () (0 
i=|0 j=(1 k=/0 
0 0 1 3D vectors obey all the same addition and 


P scalar multiplication rules as 2D vectors. 
€ Year 1, Chapter 11 


= For any 3D vector pi+ qj + rk= [i 
r 


Consider the points A(1, 5, —2) and B(0, —3, 7). 
a Find the position vectors of A and B in ijk notation. 


— 
b Find the vector AB as a column vector. 


—. — 
a OA =i+ 5j- 2k OB = -3j + 7k 


—>-—lcl a aaoe>mn i > 
b AB = OB- OA 


ae) 


The vectors a and b are given as a= 


2 4 
3) and b= (2) Online ) Perform calculations on 


5 0 3D vectors using your calculator. 
a Find: 

i 4a+b ii 2a - 3b 
b State with a reason whether each of these vectors is parallel to 4i - 5k. 


2 4 
a i 4a+b=4/-3)]+4+{-2 
5 O 
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3 
4\ /12 
OG 
10/ \o 
6 
fe 
10 
(23 i 
bi 4a+b=[-14] =3/3— 
20 20 


4 
which is not a multiple of O 

= 
4a + b is not parallel to 4i — 5k 


Laos) 


—_ . 4 t Watch out ) 4i — 5k = 4i + Oj — 5k. Make sure you 
which is a multiple of | O include a 0 in the j-component of the column 


-5 
2a — 3b is parallel to 4i - 5k vector. 


Find the magnitude of a = 2i — j + 4k and hence find 4, the unit vector in the direction of a. 


The magnitude of a is given by 
lal = (22+ C2442 - 
=Vvel 


x a 1 
= —— = — (2i-j+ 4k) - 
° lal fai“ : ' pege ete rn cece | 


' Online ) Check your answer using the 


vector functions on your calculator. 


‘ 


You can find the angle between a given vector and any of the coordinate 


axes by considering the appropriate right-angled triangle. O 
x 
= If the vector a = xi+ yj + zk makes an angle 0, with the positive {Hint ) This rule also 
‘ works with vectors 
x-axis then cos 6, = ial and similarly for the angles 6, and 0, in two dimensions. 
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Example 


< 
oO 
fa) 
-~ 
e) 
ad 
Nn 


Find the angles that the vector a = 2i — 3j — k makes with each of the positive coordinate axes 
to 1 d.p. 


jal = (22 + --3)3 + (-1)2 =V44941=V14+ 


a eS oe ObSHS., 
jal 14 


6, = 577° (1 dp) 


ie) S ie) 
Oo, fe) 
16) ll 6) 
BS ... 
I a ; 
O ll 
a |y 3 wy 
| o ll 
sJ/l Ww SS 
alt = 3 
ll ll 
I I 
ie) O 
pe) 
8 8 
») Ni 


6. = 105.5° (1 dp) 


The points A and B have position vectors 4i + 2) + 7k and 3i + 4j — k relative to a fixed origin, O. 
— 
Find AB and show that AOAB is isosceles. 


ean ANS oy 3 
OA =a=|2], OB =b=| 4 


Ys —1 


wer-a(2)-()-(2) — 


[ABl = (2 + 22 4 (8)? = Veo 


loA| = (42 4 22 4 72 = VES 
\os| = (3? 2 a? = ee 


So AOAB is isosceles, with AB = OA. 


a 


Online ) Explore the solution to this 


example visually in 3D using GeoGebra. 
Exercise 


1 4 
1 The vectors a and b are defined by a = 2 and b= (3) 
a Find: ue ? 
i a-b ii -a+ 3b 
b State with a reason whether each of these vectors is parallel to 6i — 10j + 18k. 


2 —3 
2 The vectors a and b are defined by a = 2 and b= (2). 
-1 4 


Show that the vector 3a + 2b is parallel to 6i + 4j + 10k. 
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ary 


@) 3 


10 


11 
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1 P 
The vectors a and b are defined by a = 2 and b= (i) 


ei r 


Given that a + 2b = 5i + 4j, find the values of p, g and r. 


Find the magnitude of: 

a 3i+ S5j+k b 4i- 2k c i+j-k 

d Si-9j- 8k e i+ 5j-7k 
5 2 7 

Given that p=|0],q={ 1 | andr=| —4 J, find in column vector form: 
2 -3 2 

apt+q b q-r c p+qtr 

d 3p-r e p-2q+r 


— 
The position vector of the point A is 2i— 7j + 3k and AB = Si+ 4j -k. 
Find the position vector of the point B. 


Given that a = ti + 2j + 3k, and that |a| = 7, find the possible values of f. 
Given that a = 5¢i + 2¢j + ¢k, and that |a| = 3/10, find the possible values of ¢. 


The points A, B and C have coordinates (2, 1, 4), (3, -2, 4) and (-1, 2, 2). 
a Find, in terms of i, j and k: 
i the position vectors of A, Band C 


— 
li AC 
b Find the exact value of: 
— 
i lac 
— 
ii loc| 


P is the point (3, 0, 7) and Q is the point (—1, 3, —5). Find: 
a the vector PO 
b the distance between P and O 


— 
c the unit vector in the direction of PQ. 


OA is the vector 4i — j — 2k and OB is the vector —2i + 3j + k. Find: 


— 
a the vector AB 
b the distance between A and B 
—_— 
c the unit vector in the direction of AB. 


12 


EP) 13 


© 14 


15 


() 16 
EP) 17 
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Find the unit vector in the direction of each of the following vectors. 
3 v2 v5 

a p=|-4 b q=| -4 ¢ r=|-2/2 
-2 7 = 


8 8 12 
The points A, B and C have position vectors (-) (3) and [-s| respectively. 


. —-> — 4 3 3 
a Find the vectors AB, AC and BC. (3 marks) 
. = el = . . . 
b Find 4B IAC | and BCI giving your answers in exact form. (6 marks) 
c Describe triangle ABC. (1 mark) 


A is the point (3, 4, 8), Bis the point (1, —2, 5) and Cis the point (7, —5, 7). 


— — — 
a Find the vectors AB, AC and BC. (3 marks) 
b Hence find the lengths of the sides of triangle ABC. (6 marks) 
c Given that angle ABC = 90° find the size of angle BAC. (2 marks) 


For each of the given vectors, 


3 2 
a -i+ 7j+k b {4 c | 0 
a —3 
find the angle made by the vector with: 
i the positive x-axis ii the positive y-axis iii the positive z-axis 


A scalene triangle has the coordinates (2, 0, 0), (5, 0, 0) and (4, 2, 3). 
Work out the area of the triangle. 


The diagram shows the triangle POR. R 


. —_ 
Given that PQ = 3i-j+ 2k and 


— 
OR = -2i + 4j + 3k, show that 
ZPOR=78.5" to 1 dp. 


(5 marks) 


Challenge 


Find the acute angle that the vector a = —2i + 6j — 3k makes with the x-y plane. 
Give your answer to 1 d.p. 
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12.3] Solving geometric problems 


You need to be able to solve geometric problems involving vectors in three dimensions. 


A, B, Cand D are the points (2, —5, —8), (1, -7, —3), (0, 15, -10) and (2, 19, —20) respectively. 
— — 
a Find AB and DC, giving your answers in the form pi + gj + rk. 
—. — 
b Show that the lines AB and DC are parallel and that DC =2AB. 


c Hence describe the quadrilateral ABCD. 


—->-lcl  Orm > 


a AB = OB -OA 
= (i= /j — 3k) = (2i — Dj = Sk) 
=-i- 2j+ 5k 
> errsamrr > 
DC = OC - OD 
= (15j — 10k) — (21 + 195 — 20k) 
= —2i — 4j + 10k 
— 
b 2AB = 2(-i — 2j + 5k) 
— 
= -2i- 4j+ 10k =DC 
So AB is parallel to DC and half as long. 
c There are two unequal parallel sides, so 
ABCD is a trapezium. 


t Watch out ] AB refers to the line segment 


— 
between A and B (or its length), whereas AB 
refers to the vector from A to B. Note that 


=—> Ol 
AB= BA but AB # BA. 


Problem-solving € 


If you can’t work out what 
shape it is, draw a sketch 
showing 4B and DC. B 


CD Explore the solution to this 


example visually in 3D using GeoGebra. 


P, Oand R are the points (4, —9, —3), (7, -7, -7) and (8, —2, —0) respectively. Find the coordinates 
of the point S so that PORS forms a parallelogram. 


S 


R(é, —2, O) 
PA. =o-S3) 


OG=7/,=7) 
=> se > 
Since PQRS is a parallelogram, QP = RS. 
a os 
So OS = OR + RS = OR + QP 
— ) 
OR =| -2] and 
© 
3 ee ee 4 7 =8 
OP = OP - 0Q =|-9]-|-7] =|-2 
-3 


wa8-(3)-(3)-() 


which means that S is the point (5, -4, 4) 
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In two dimensions you saw that if a and b are two non-parallel { Notation ] Goplanaruectors 
vectors and pa + gb =ra+ sb then p =r and qg=s. In other words, ee 


in two dimensions with two vectors you can compare coefficients 


; ; same plane. 
on both sides of an equation. In three dimensions you have to Non-coplanar vectors are 
extend this rule: vectors which are not in the 
same plane. 


= If a, band care vectors in three dimensions which do 
not all lie on the same plane then you can compare their 
coefficients on both sides of an equation. 


In particular, since the vectors i, j and k are non-coplanar, if pi+ gj + rk = ui+ vj + wk 
then p=u,qg=vandr=w. 


Given that 3i + (p + 2)j + 120k = pi — gj + 4pqrk, find the values of p, g and r. 


Comparing coefficients of i gives p= 3. *— 


Comparing coefficients of j gives p+ 2 = —-q 


s0qg=-(34+ 2)=-5. 
Comparing coefficients of k gives 

-_ 120 —— 
120 = Apqr so r "Aes%co 2 


The diagram shows a cuboid whose vertices are Hint ) Bicect means Cutintatwe equal 
O, A, B, C, D, E, Fand G. Vectors a, b and c are ; ; 
parts’. In this case you need to prove 


the position vectors of the vertices A, Band C that both diagonals are bisected. 
respectively. Prove that the diagonals OF and BG 
bisect each other. 


Problem-solving 


If there is a point of intersection, H, it must lie on 

both diagonals. You can reach H directly from O 

(travelling along OE£), or by first travelling to B 

then travelling along BG. Use this to write two 
— 


expressions for OH. 


Suppose there is a point of intersection, H, 
of OE and BG. 


—- — 
OH =rOE for some scalarr. + 


But OH = OB + BH and BH = sBG ae 


—_ — 
for some scalar s, so OH = OB + sBG. 
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_—S>rr CO — 
S50 rOE = OB + sBG (1) 

_—>-—l aeaePn ear > 
Now OF = 04 +AD+DE=a+bte, 
— — — — 

OB =band BG = OG - OB=a+e-b 


So (1) becomes r(a+b+c)=b+s(atec-—b) 


Comparing coefficients ina and b givesr=s + 
andr=1-s 


; F ; a ah 
Solving simultaneously gives r = 5 = 5 


These solutions also satisfy the coefficients 
of e so the lines do intersect at H. 


OH = 50E so H bisects OE. 
BH = 5BG so H bisects BG, as required. 


Exercise (120) 


@) 1 


1 4 10 
The points A, B and C have position vectors (1), () and 0 relative to a fixed origin, O. 


8 7 30 
a Show that: 


ilodl=losl it [acl =lac| 
b Hence describe the quadrilateral OACB. 


The points A, B and C have coordinates (2, 1, 5), (4, 4, 3) and (2, 7, 5) respectively. 
a Show that triangle ABC is isosceles. 

b Find the area of triangle ABC. 

c Finda point D such that ABCD is a parallelogram. 


The points A, B, C and D have coordinates (7, 12, -—1), (11, 2, -9), (14, -14, 3) and (8, 1, 15) 
respectively. 

a Show that AB and CD are parallel, and find the ratio AB: CD in its simplest form. 

b Hence describe the quadrilateral ABCD. 


Given that (3a + b)i + j + ack = 7i — bj + 4k, find the values of a, b and c. 


The points A and B have position vectors 10i — 23) + 10k and pi + 14j — 22k respectively, relative 
to a fixed origin O, where p is a constant. 


Given that AOAB is isosceles, find three possible positions of point B. 
The diagram shows a triangle ABC. B 
— — 

Given that AB = 7i-j+2k and BC =-i+ 5k 

a find the area of triangle ABC. (7 marks) C 
. . —_ —_ . . —_ — > A 

The point D is such that AD = 3AB, and the point E is such that AE = 3AC. 

b Find the area of triangle ADE. (2 marks) 


346 


Vectors 


@) 7 A parallelepiped is a three-dimensional figure 
formed by six parallelograms. The diagram shows a 
parallelepiped with vertices O, A, B, C, D, E, F, and G. 


— —> — : 
a, b and c are the vectors OA, OB and OC respectively. 
Prove that the diagonals OF and AG bisect each other. 


Z f 


@) 8 The diagram shows a cuboid whose vertices are O, A, B, C, D, E, F F P_E 
and G. a, b and c are the position vectors of the vertices A, B and C \7 
respectively. The point M lies on OE such that OM: ME = 3:1. The \ G 
straight line AP passes through point M. Given that 4M: MP = 3:1, 
prove that P lies on the line EF and find the ratio FP: PE. B 

b 


Challenge O a A 


1 2 —5 
1 a, band care the vectors (°} 0 and 3 respectively. Find scalars 
4/ \-3 1 


28 
p,qand r such that pa+ gb +rc= (-2] 
=4 
2 The diagram shows a cuboid with vertices O, A, 
B,C, D, E, Fand G. M is the midpoint of FE 
and N is the midpoint of AG. 


a, b and care the position vectors of the 
vertices A, B and C respectively. 


Prove that the lines OM and BN trisect the 
diagonal AF. 


Hint ) Trisect means 


divide into three equal 
parts. 


12.4) Application to mechanics 


3D vectors can be used to model problems in mechanics in the same way as you have previously used 
2D vectors. 


A particle of mass 0.5 kg is acted on by three forces: 
F, = 2i-j+2k)N 
F, = (-i + 3j -— 3k)N 
F, = (4i — 3j - 2k)N 
a Find the resultant force R acting on the particle. 
b Find the acceleration of the particle, giving your answer in the form (pi + gj + rk)ms~. 
c Find the magnitude of the acceleration. 
Given that the particle starts at rest, 
d find the distance travelled by the particle in the first 6 seconds of its motion. 
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2 —| 4 5 
alt) +] 3S )+(<3)}= 1-1] + 
2 -3 -2 -3 

R = (5i — j — 3k)N 
b F=ma 
(5i-j-3k)=O5a 
a = (10i — 2j — Gk)ms~* 
c al = (10? + 2)? + (-6)? = 140 ms 
du=O0,a=V140ms4%,t=65,s=°? 
s = ut + Sat? 
= 5x V140 x 6? 
= 36V735m 


Exercise ) 


1 


() 2 


A particle is acted upon by forces of (3i — 2) + k) N, (7i + 4) + 3k) N and (—5Si — 3j) N. 
a Work out the resultant force R. 
b Find the exact magnitude of the resultant force. 


A particle, initially at rest, is acted upon by a force that causes the particle to accelerate at 
(4i — 2) + 3k) ms~? for 2 seconds. Work out the distance travelled by the particle. 


A body of mass 4kg is moving with a constant velocity when it is acted upon by a force 
of (2i — 5j + 3k)N. 

a Find the acceleration of the body while the force acts. 

b Find the magnitude of this acceleration to 3 s.f. 


A particle of mass 6kg is acted on by two forces, F, and F. Given that F, = (7i + 3j + k) N, and 
that the particle is accelerating at (2i- k)ms-~, find F,, giving your answer in the form 
(pi t+ git rk)N. 


A particle of mass 2 kg is in static equilibrium and is acted upon by three forces: 
F, = (i-j-2k)N 
F, = (-i+ 3) + bk)N 
F,; = (aj — 2k)N 
a Find the values of the constants a and b. 
F, is removed. Work out: 
b the value of the resultant force R 
c the acceleration of the particle, giving your answer in the form (pi + gj + rk)ms~* 
d the magnitude of this acceleration 
e the angle the acceleration vector makes with the unit vector j. 
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In this question i and j are the unit vectors due east and north, and k is the unit vector vertically 
upwards. An aeroplane of mass 1200 kg is initially in level flight. The forces of thrust T, lift L, 
and the combined forces of wind and air resistance F, acting on the aeroplane are modelled as: 

T = 2800i — 1800j + 300k 

L= 11 000k 

F = -900i + 500j 


a Taking g = 9.8 ms-’, find the magnitude of the acceleration of the aeroplane. 


b Determine whether the aeroplane is ascending or descending, and find the size of the obtuse 
angle its acceleration makes with the vector k. 


Mixed exercise © 


@) 1 


() 2 
() 3 
@) 4 


The points A(2, 7, 3) and B(4, 3, 5) are joined to form the line segment AB. The point M is the 
midpoint of AB. Find the distance from M to the point C(5, 8, 7). 


The coordinates of P and Q are (2, 3, a) and (a — 2, 6, 7). Given that the distance from P to Q is 
V14, find the possible values of a. 


. 4 re Pri j 
AB is the vector —3i + ¢j + 5k, where ¢ > 0. Given that 4B = 5/2, show that AB is parallel to 
6i — 8j — 3k. 


P is the point (5, 6, -2), QO is the point (2, —2, 1) and R is the point (2, —3, 6). 
. ——- —. 
a Find the vectors PO, PR and OR. 


b Hence, or otherwise, find the area of triangle POR. 


175 2 
The points D, E and F have position vectors (0), (] and | respectively. 


O/ \4 8 
: —_ — — 
a Find the vectors DE, EF and FD. (3 marks) 
. =| immed ae . . . 
b Find IDE EF | and FDI giving your answers in exact form. (6 marks) 
c Describe triangle DEF. (1 mark) 


P is the point (—6, 2, 1), Q is the point (3, —2, 1) and Ris the point (1, 3, —2). 


. —- — — 
a Find the vectors PO, PR and OR. (3 marks) 
b Hence find the lengths of the sides of triangle POR. (6 marks) 
c Given that angle ORP = 90° find the size of angle POR. (2 marks) 
The diagram shows the triangle ABC. c 
— — 
Given that AB = -i+jand BC =i- 3j+k, 
find ZABC to 1 d.p. - 
B (5 marks) 
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@) 12 
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Chapter 12 


The diagram shows the quadrilateral ABCD. i C 
— 6 —~ fr 
Given that AB =| —2] and AC =| 8 |], find the area of the 
11 5 A i 
quadrilateral. (7 marks) 


A is the point (2, 3, -2), Bis the point (0, —2, 1) and Cis the point (4, —2, -5). When 4 is 
reflected in the line BC it is mapped to the point D. 


a Work out the coordinates of the point D. 
b Give the mathematical name for the shape ABCD. 
c Work out the area of ABCD. 


The diagram shows a tetrahedron OABC. a, b and c are the 
position vectors of A, B and C respectively. 

P, O, R, S, Tand U are the midpoints of OC, AB, OA, BC, 
OB and AC respectively. 

Prove that the line segments PO, RS and TU meet at a point 
and bisect each other. 


A particle of mass 2 kg is acted upon by three forces: 
F, = (61+ 2)+ k)N 
F, = (i — bj + 2k)N 
F, = (-2i1+ 2)+ (4-))k)N 
Given that the particle accelerates at 3.5m s~*, work out the possible values of b. 


In this question i and j are the unit vectors due east and due 
north respectively, and k is the unit vector acting vertically 
upwards. 


A BASE jumper descending with a parachute is modelled as a 
particle of mass 50 kg subject to forces describing the wind, W, 
and air resistance, F, where: 

W = (201 + 16j) N 

F = (-4i — 3) + 450k) N 


a With reference to the model, suggest a reason why the k component of F is greater than the 
other components. 


b Taking g = 9.8 ms~’, find the resultant force acting on the BASE jumper. 


c Given that the BASE jumper starts from rest and travels a distance of 180m before landing, 
find the total time of the descent. 


Vectors 


Challenge 


A student writes the following hypothesis: 


If a, b and e are three non-parallel vectors in three dimensions, then 
JE) ar G2 ar iS = SE) ap lO sp HS SS 9 = Ss, G@ Sf anal P = 


Show, by means of a counter-example, that this hypothesis is not true. 


Summary of key points 


1 The distance from the origin to the point (x, y, z) is /x* + y* + 2? 


2 The distance between the points (x1, 1, 21) AN (Xp, Vo, Za) is f(x, — X2)2 + (V1 — po)? + (Z1 — 22)? 


3 The unit vectors along the x-, y- and z-axes are denoted by i, j and k respectively. 


4 


P 
Any 3D vector can be written in column form as pi + gj + rk= q 
a 


x 


If the vector a = xi + yj + zk makes an angle 0, with the positive x-axis then cos 6,. = — and 


similarly for the angles 0, and 0.. 


If a, b and c are vectors in three dimensions which do not all lie in the same plane then you 
can compare their coefficients on both sides of an equation. 
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A curve has equation y = $x? + 4cosx. 
Show that an equation of the normal to 


Wier 
the curve at x = 7 is 


88 — 7) — l6x+a(n2-87r+8)=0 (7) 
€ Section 9.1 


A curve has equation y = e3* — In(x”). 

Show that an equation of the tangent at 

x =2is y—(ee- 1)x-2+1n4 + 5e6=0 
(6) 


€ Section 9.2 


A curve has equation 
3 2 
= —-——__._ x #= 
y= 6x)?*7 3 
Find an equation of the normal to the 
curve at x = 1 in the form ax + by + c=0, 
where a, b and c are integers. (7) 


€ Section 9.3 


A curve C has equation y = (2x — 3)e?*. 


d 
a Use the product rule to find i (3) 
b Hence find the coordinates of the 
stationary points of C. (3) 


€ Section 9.4 
(x — 1)? 
sinx 


dy 
a 2 


b Show that the equation of the 


The curve C has equation y = 


a Use the quotient rule to find 


TT. 
mS 


tangent to the curve at x = 5 


2 
yar-2x+(1-} (4) 


€ Section 9.5 


6 


7 


Review exercise 


a Show that if y = cosec x then 
d 


ed = —cosec x cot x (4) 

dx 

ay in terms 
(6) 


< Section 9.6 


b Given x = cosec 6y, find 


of x. 


Assuming standard results for sin x and 
cos x, prove that the derivative of arcsin x 


; (5) 


is = 
v1—- x? : 
€ Section 9.6 


A curve has parametric equations 
TT 


x=2cott, y=2sin*?, V< tS 5 


_ dy, 
a Find ann terms of f. (3) 
b Find an equation of the tangent to the 
Z ( 
c Find a Cartesian equation of the curve 
in the form y = f(x). State the domain 
on which the curve is defined. (3) 


€ Section 9.7 


curve at the point where ¢t = 


The curve C has parametric equations 


xer, yar, -l<t<l 
The line /is a tangent to C at the point 
where f¢ = = 
a Find an equation for the line /. (5) 
b Show that a Cartesian equation for the 
curve Cis y= ras (3) 


€ Section 9.7 


€/P) 10 


@/pP) 11 


() 14 


A curve Cis described by the equation 
3x? — 27? + 2x -3y + 5=0 

Find an equation of the normal to C at 

the point (0, 1), giving your answer in the 

form ax + by + c= 0, where a, b and c are 

integers. (7) 


€ Section 9.8 


A set of curves is given by the equation 
sinx + cosy = 0.5 
a Use implicit differentiation to find an 


ismion 4 
expression for ag (4) 
For -n<x<amand-17<y<7 
b find the coordinates of the points 
dy 
here—— = 0. 
where =~ 0 (3) 


€ Section 9.8 


A curve C has equation 
y= xe, x <0 
Show that C is convex for all x < 0. 


(5) 


€ Sections 9.4, 9.9 


The volume of a spherical balloon of 
radius rcm is Vcm*, where V = Sor, 

dV 

re (1) 
The volume of the balloon increases with 

time ¢ seconds according to the formula 


a Find 


av 1000 39 
dt (2r+1) 
b Find an expression in terms of r and ¢ 
for as (3) 
dt 


€ Section 9.10 


g(x) =x3-x?-1 
a Show that there is a root a of g(x) =0 
in the interval [1.4, 1.5]. (2) 
b By considering a change of sign of 
g(x) in a suitable interval, verify that 
a = 1.466 correct to 3 decimal places. 
(3) 


< Section 10.1 


© 15 


© 17 


Review exercise 3 


p(x) =cosx +e* 
a Show that there is a root a of p(x) = 0 
in the interval [1.7, 1.8]. (2) 


b By considering a change of sign of f(x) 
in a suitable interval, verify that 
a = 1.746 correct to 3 decimal places. 


(3) 


€ Section 10.1 


f(x) =e*? - 3x45 
a Show that the equation f(x) = 0 can be 
written as 
x =InGx -5)+2,x>2 
The root of f(x) = Oisa. 
The iterative formula 
Xn) = In(3x,, — 5) + 2,x9 = 4 is used to 
find a value for a. 


(2) 


b Calculate the values of x,,x, and x3 to 
4 decimal places. (3) 


€ Section 10.2 


f(x) = 3+ 4x? x42 


_ 

(x — 2) 

a Show that there is a root a of f(x) = 0 
in the interval [0.2, 0.3]. (2) 


b Show that the equation f(x) = 0 can be 
written in the form x = | = +2. (3) 
c Use the iterative formula 


Xnal = a +2, xX = 1 to calculate the 


values of x;,X,.x3 and x, giving your 
answers to 4 decimal places. (3) 
d By considering the change of sign of 
f(x) in a suitable interval, verify that 
a = 1.524 correct to 3 decimal places. 
(2) 


€ Section 10.2 


353 


Review exercise 3 


18 The diagram shows part of the curve 


with equation y = f(x), where 

i(x)= ee" — 2x - 10. The point A, 
with x-coordinate a, is a stationary point 
on the curve. The equation f(x) = 0 has a 
root a in the interval [2.9, 3.0]. 


yA 


xy 


A 


a Explain why xy = ais not suitable to 
use as a first approximation if using 
the Newton—Raphson process to find 
an approximation for a. (1) 


b Taking x » = 2.9 as a first approximation 
to a, apply the Newton—Raphson 
process once to find f(x) to obtain a 
second approximation to a. Give your 
answer to 3 decimal places. (4) 


€ Section 10.3 


@ w 


{x)= Fd — xb + 5-4, x40 


a Show that there is a root a of f(x) = 0 
in the intervals 
i (0.2, 0.3] (1) 
ii [2.6, 2.7] (1) 
b Show that the equation f(x) = 0 can be 
written in the form 
3/10 


2 I 
x= Blaexi-z) (3) 
c Use the iterative formula, 
3/10 2 | 
Xnal = (4 + X,3- >), Xj) = 2.5 to 


calculate the values of x ,,x 5,x3and x4 
giving your answers to 4 decimal places. 


(3) 
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€/P) 20 


d Taking x y= 0.3 as a first approximation 
to a, apply the Newton—Raphson 
process once to find f(x) to obtain a 
second approximation to a. Give your 
answer to 3 decimal places. (4) 


€ Sections 10.2, 10.3 


The value of a currency x hours into a 
14-hour trading window can be modelled 


by the function 
W(x) = 0.12 cos(=*] -— 0.35 sin(=*) + 120 
where 0 = x < 14. 

B 


> 
x 


Given that v(x) can be written in the form 


Reos(%* + a} where R>0and0<asF, 


a find the value of R and the value of a, 


correct to 4 decimal places. (4) 

b Use your answer to part a to find v’(x). 
(3) 

c Show that the curve has a turning 

point in the interval [4.7, 4.8]. (1) 
d Taking x = 12.6 asa first 

approximation, apply the Newton— 

Raphson method once to v'(x) to 

obtain a second approximation for 

the time when the share index is a 

maximum. Give your answer to 

3 decimal places. (3) 


e By considering the change of sign of 
v'(x) in a suitable interval, verify that 
the x-coordinate at point Bis 12.6067, 
correct to 4 decimal places. (2) 


< Sections 7.5, 9.3, 10.4 


EP) 21 


@ n 


@ x 


Review exercise 3 


3 
Given / (12 — 3x)?dx = 78, find the value 28 The diagram shows a sketch of part of 


of a. 


(4) 


€ Section 11.2 


a By expanding cos (5x + 2x) and 
cos (5x — 2x) using the double-angle 
formulae, or otherwise, show that 
cos 7x + cos 3x =2cos5xcos2x. (4) 


b Hence find [6 cos 5x cos 2x dx (3) 
€ Sections 7.1, 11.3 


Given that [ mx?e*"dx = = (ee =~ |); 
0 4 


find the value of m. (3) 


€ Section 11.4 


Using the substitution wv? = 2x - 1, or 
otherwise, find the exact value of 


r 


3x 
——— d 
V2x-1 . 


(6) 


€ Section 11.5 


Use the substitution u = 1 — x? to find the 
exact value of 


(6) 


€ Section 11.5 


4 3 
qe x =d¥ 
0 el _ x?)2 


fia > ins 


Find the exact value of I f(x) dx. (7) 


€ Section 11.6 


a Express a in partial 
(2x — 3)(x + 2) 
fractions. (3) 
b Hence find the exact value of 
/ Gy, giving your 
2 (2x — 3)(x + 2) 
answer as a single logarithm. (4) 


€ Section 11.7 


€/P) 30 


the curve with equation y = 8 sinx cos? x. 
vA 


y = 8sinxcos* x 


av 


O us 
2 


Find the area of the shaded region R. (4) 


< Sections 11.4, 11.8 


The following is a table of values for 
y=vl1+sinx, where x is in radians. 


x | 0105] 1 
1 |1.216| p 


[5 2 
1.413] g 


a Find the missing values for p and g in 
the table, to 4 decimal places. (2) 

b Using the trapezium rule, with all the 
values for y in the completed table, find 
an approximation for J, where 


2 
l= i /1+sinx dx , giving your 


answer to 3 decimal places. 


(4) 


€ Section 11.9 


BY 


O 02 04 06 O08 1 
The diagram shows the graph of the 
curve with equation 

p=xe", x= 0. 
The finite region R bounded by the lines 
x = 1, the x-axis and the curve is shown 


shaded in the diagram. 
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Review exercise 3 


a Use integration to find the exact area 

of R. (4) 
The table shows values of x and y 
between 0 and 1. 


Bs 0; 0.2 |0.4) 0.6 |0.8 1 
y = xe* | 0 [0.29836 1.99207 7.38906 


b Find the missing values in the table. (1) 

c Using the trapezium rule, with all the 
values for y in the completed table, find 
an approximation for the area of R, 
giving your answer to 4 significant figures. 


(4) 
d Calculate the percentage error in your 
answer in part c. (2) 


€ Sections, 11.6, 11.9 


31 a Express ——\5, yin partial 


fractions. (4) 
b Given that x = 2, find the general 
solution of the differential equation 


dy 
(2x — 3)(x — ae = x — Dy (4) 


c Hence find the particular solution of 
this differential equation that satisfies 
y= 10 at x = 2, giving your answer in 
the form y = f(x). (2) 

< Sections 11.7, 11.10 


32 A spherical balloon is being inflated in 


such a way that the rate of increase of its 
volume, Vcm?, with respect to time 


k 
= where k is a 


t seconds is given by a 
positive constant. 
Given that the radius of the balloon is 
rem, and that V= Sar, 
a prove that r satisfies the differential 
equation 
dr B 
dt” 5 
where B is a constant. (4) 
b Find a general solution of the 
differential equation obtained in part a. 
(5) 


€ Sections 9.10, 11.10, 11.11 
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33 Liquid is pouring into a container at a 
constant rate of 20 cms“! and is leaking 
out at a rate proportional to the volume 
of the liquid already in the container. 


a Explain why, at time ¢ seconds, 
the volume, Vcm’, of liquid in the 
container satisfies the differential 


equation 
dV 
ae 20 —kV 
where & is a positive constant. (2) 


The container is initially empty. 


b By solving the differential equation, 
show that 


V=A+ Be™ 
giving the values of A and B in terms 
of k. (5) 
Given also that = = 10 when t=5, 
c find the volume of liquid in the 
container at 10s after the start. (3) 


€ Sections 11.10, 11.11 


The rate of decrease of the concentration 
of a drug in the blood stream is 
proportional to the concentration C of 
that drug which is present at that time. 
The time ¢ is measured in hours from 

the administration of the drug and C is 
measured in micrograms per litre. 


a Show that this process is described by 


the differential equation « =-kC, 


explaining why k is a positive constant. 
(2) 
b Find the general solution of the 
differential equation, in the form 
C= f(t). (4) 
After 4 hours, the concentration of the 
drug in the bloodstream is reduced to 
10% of its starting value C). 
c Find the exact value of k. (3) 
< Sections 11.10, 11.11 


@ x 


@® x 
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@ x 


@® » 


The coordinates of P and Q are (—1, 4, 6) 
and (8, —4, &) respectively. Given that the 

distance from P to Q is 7/5 units, find the 
possible values of k. (3) 


€ Section 12.1 


The diagram shows the triangle ABC. 
B 


Cc 


—" 
Given that AB = -i + 6j + 4k and 


— 
AC = 5i — 2j — 3k, find the size of ZBAC 
to one decimal place. (5) 


€ Section 12.2 
P is the point (—6, 3, 2) and Q is the point 
(4, -2, 0). Find: 
— 
a the vector PO 
b the unit vector in the direction of 


PO 


(1) 


(2) 
—. 
c the angle PQ makes with the positive 
Z-axis. (2) 


—" 
The vector AB = 30i — 15j + 6k. 


d Explain, with a reason, whether the 
— —. 


vectors AB and PQ are parallel. (2) 


€ Section 12.2 


The vertices of triangle WNP have 

coordinates M(-2, 0, 5), M(8, -5, 1) and 
P(k, -2, -6). Given that triangle MNP is 
isosceles and k is a positive integer, find 
the value of k. (4) 


€ Section 12.3 


Given that 
—6i + 40j + 16k = 3pi + (8 + gr)j + 2prk 
find the values of p, g and r. (3) 


€ Section 12.3 


Review exercise 3 


@) 40 A particle of mass 2 kg is in equilibrium 
and is acted upon by 3 forces: 


F, = (ait 2) -4k)N 
F, = (-9i + 5j + ck) N 
F; = (3i+ bj + 5k)N 


a Find the values of a, b and c. (2) 
F, is removed. Work out: 
b the resultant force R acting on the 
particle. (ID) 
c the acceleration of the particle, 
giving your answer in the form 
(pi + qj t+ rk) ms? (2) 
d the magnitude of the acceleration. (2) 


€ Section 12.4 


Challenge 


1 The curve C has implicit equation 


ay+x*+4xy=y? 


a Find, in terms of a where necessary, the 


d 
coordinates of the points such that = = (0), 
xX 


b Show that there does not exist a point 


d 
where =e = (0), 


€ Section 9.8 
dx 


2 The diagram shows the curves y = sinx + 2 and 


PSOSser+2 US eS 


ye 
2 


Find the exact value of the total shaded area on 


the diagram. 
A 
‘ y=sinx+2 
y=cosex+2 
> 
O ae 


€ Section 11.8 
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Exam-style practice 


Mathematics 
A Level 
Paper 1: Pure Mathematics 


Time: 2 hours 
You must have: Mathematical Formulae and Statistical Tables, Calculator 


1 Acurve C has parametric equations x = sin’ ¢, y=2tant,0<1< 5 
Find oy in terms of 1. (4) 
dx 
2 Find the set of values of x for which 
a 2(7x —5)- 6x <10x-7 (2) 
b |2x+5|-3>0 (4) 
c both 2(7x — 5) — 6x < 10x — 7 and |2x + 5|-—3>0. (1) 


3. The line with equation 2x + y — 3 = 0 does not intersect the circle with equation 
V+kx+y+4y=4 
a Show that 5x? + (k — 20)x+17>0. (4) 
b Find the range of possible values of k. Write your answer in exact form. (3) 


4 Prove, for an angle 6 measured in radians, that the derivative of cos 0 is —sin 6. 
You may assume the compound angle formula for cos (A + B), and that 
(= h 


lim h 


h-0 


._{cosh—1 
= 1 and jim (2284) =0. (5) 


5 f(x) =(3 + px) x ER 
Given that the coefficient of x? is 19 440, 
a find two possible values of p. (4) 
Given further that the coefficient of x° is negative, 
b find the coefficient of x°. (2) 
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Exam-style practice 


The point R with x-coordinate 2 lies on the curve with equation y = x? + 4x — 2. The normal 
to the curve at R intersects the curve again at a point 7? Find the coordinates of 7, giving your 
answers in their simplest form. (6) 


A geometric series has first term a and common ratio r. The second term of the series is 96 and 
the sum to infinity of the series is 600. 


a Show that 257? — 25r+4=0. (4) 
b Find the two possible values of 1. (2) 
For the larger value of r: 

c find the corresponding value of a. (1) 
d find the smallest value of n for which S,, exceeds 599.9. (3) 


The diagram shows the graph of f(x). The points B and D are stationary points of the graph. 


(-10, 0) x 
(-6, -11) 
Sketch, on separate diagrams, the graphs of: 
a y=|fOX) (3) 
b y=-f(x) +5 (3) 
c¢ y= 2f(x - 3) (3) 


Find all the solutions, in the interval 0 < x < 27, to the equation 31 — 25cosx = 19 - 12 sin’x, 
giving each solution to 2 decimal places. (5) 


The value, V, of a car decreases over time, t, measured in years. The rate of decrease in value of 
the car is proportional to the value of the car at that time. 


a Given that the initial value of the car is Vj, show that V = V,e™ (4) 
The value of the car after 2 years is £25000 and after 5 years is £15 000. 

b Find the exact value of & and the value of V, to the nearest hundred pounds. (3) 
c Find the age of the car when its value is £5000. (3) 


359 


11 The diagram shows the positions of 4 cities: A, B, C and D. The distances, in miles, between 
each pair of cities, as measured in a straight-line, are labelled on the diagram. A new road is to 
be built between cities B and D. 


12 A footballer takes a free-kick. The path of the ball towards the goal can be modelled by the 


13 A box in the shape of a rectangular prism has a lid that overlaps the box by 3cm, as shown. 
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Exam-style practice 


14 


C 


a What is the minimum possible length of this road? Give your answer to | decimal place. 


b Explain why your answer to part a is a minimum. 


(7) 
(1) 


equation y = —0.01x? + 0.22x + 1.58, x = 0, where x is the horizontal distance from the goal in 


metres and y is the height of the ball in metres. The goal is 2.44 m high. 
a Rewrite y in the form A — B(x + C)’, where A, B and C are constants to be found. 


(3) 


b Using your answer to part a, state the distance from goal at which the ball is at the greatest 


height and its height at this point. 
c How far from goal is the football when it is kicked? 


(2) 
(2) 


d The football is headed towards the goal. The keeper can save any ball that crosses the goal line 
at a height of up to 1.5m. Explain with a reason whether the free kick will result in a goal. (2) 


The length of the box is double the width, xcm. The height of the box is cm. The box and lid 
can be created exactly from a piece of cardboard of area 5356cm’. The box has volume, Vcm?. 


Height 


Width 


Length 


a Show that V = 4(2678x — 9x? — 2x3) 
Given that x can vary 


b use differentiation to find the positive value of x, to 2 decimal places, for which V is 
stationary. 

c Prove that this value of x gives a maximum value of V. 

d Find this maximum value of V. 

Given that V takes its maximum value, 

e determine the percentage of the area of cardboard that is used in the lid. 


(5) 


(4) 
(2) 
(1) 


(2) 


Exam-style practice 


Mathematics 
A Level 
Paper 2: Pure Mathematics 


Time: 2 hours 
You must have: Mathematical Formulae and Statistical Tables, Calculator 


1 The graph of y = ax’? + bx + c has a maximum at (—2, 8) and passes through (—4, 4). Find the 
values of a, b and c. (3) 


2 The points P(6, 4) and O(0, 28) lie on the straight line /, as shown. 


a Work out an equation for the straight line /,. (2) 
The straight line /, is perpendicular to /, and passes through the point P 

b Work out an equation for the straight line /.. (2) 
c Work out the coordinates of R. (2) 
d Work out the area of APOR. (3) 


3 The function f is defined by f:x —e*-1, xER. 
Find f-'(x) and state its domain. (4) 


4 A student is asked to solve the equation log,(x + 3) + log,(x + 4) = + 
The student’s attempt is shown. 


loga(x + 3) + log.(x + 4) =4 
(x+3)4+(x+4)=2 
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Exam-style practice 


a Identify the error made by the student. (1) 
b Solve the equation correctly. (4) 


The function p has domain —14 = x < 10, and is linear from (—14, 18) to (-6, —6) and from 
(—6, —6) to (10, 2). 


a Sketch y = p(x). (2) 

b Write down the range of p(x). (1) 

c Find the values of a, such that p(a) = —3. (2) 

f(x) = x3 - kx? - 10x +k 

a Given that (x + 2) is a factor of f(x), find the value of k. (2) 

b Hence, or otherwise, find all the solutions to the equation f(x) = 0, leaving your answers in 
the form p + gq when necessary. (4) 


In ADEF, DE=x -—3cm, DF =x —- 10cm and ZEDF = 30°. Given that the area of the triangle 
is 11 cm’, 


a show that x satisfies the equation x? - 13x - 14=0 (3) 
b calculate the value of x. (2) 
The curve C has parametric equations x = 6sint+5,y=6cost-—2, = <f< = 
a Show that the Cartesian equation of C can be written as (x + 4)? + (y +k)? =c, where h, k 
and c are integers to be determined. (4) 
b Find the length of C. Write your answer in the form pz, where p is a rational number to 
be found. (3) 
_4x+7x 4, BC 
(x —2)(x +4) — x-2 x+4 
a Find the values of the constants A, B and C. (4) 
2 
b Hence, or otherwise, expand eo a in ascending powers of x, as far as the term in x. 
Give each coefficient as a simplified fraction. (6) 


OAB 1s a triangle. OA =aand OB =b. The points M and N are midpoints of OB and BA 
respectively. 
The triangle midsegment theorem states that ‘In a triangle, the line joining the midpoints of 
any two sides will be parallel to the third side and half its length.’ 

B 


O A 


Use vectors to prove the triangle midsegment theorem. (4) 


11 The diagram shows the region R bounded by the x-axis and the curve with equation 


: 37 
y = x°(sin x + cos x), 0 =. 


yA 


y = x°(sin.x + cos x) 


4 


The table shows corresponding values of x and y for y = x°(sin x + cos x). 


x 0 us us 3a us Bus 3a 
8 4 8 2 8 4 
y 0 0.20149 | 0.87239 | 1.81340 2.08648 0 


a Copy and complete the table giving the missing values for y to 5 decimal places. 


b Using the trapezium rule, with all the values for y in the completed table, find an 
approximation for the area of R, giving your answer to 3 decimal places. 


c Use integration to find the exact area of R, giving your answer to 3 decimal places. 
d Calculate, to one decimal place, the percentage error in your approximation in part b. 


12 Ruth wants to save money for her newborn daughter to pay for university costs. In the first 


Exam-style-practice 


(1) 


(4) 
(6) 
(1) 


year she saves £1000. Each year she plans to save £150 more, so that she will save £1150 in the 


second year, £1300 in the third year, and so on. 

a Find the amount Ruth will save in the 18th year. 

b Find the total amount that Ruth will have saved over the 18 years. 

Ruth decides instead to increase the amount she saves by 10% each year. 

c Calculate the total amount Ruth will have saved after 18 years under this scheme. 


x 


13 a Express 0.09 cos x + 0.4 sin x in the form Rcos(x — a) , where R > Oand0<a< 5) 


Give the value of a to 4 decimal places. 
The height of a swing above the ground can be modelled using the equation 
16.4 


7 t ? 
6:09'e08 (5) +04 sin (5) 


t is the time, in seconds, since the swing was initially at its greatest height. 


h 


0 <t <5.4, where / is the height of the swing, in cm, and 


(2) 
(3) 


(4) 


(4) 
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b Calculate the minimum value of / predicted by this model, and the value of t, to 2 decimal 


places, when this minimum value occurs. (3) 
c Calculate, to the nearest hundredth of a second, the times when the swing is at a height of 

exactly 100cm. (4) 
The diagram shows the height, 4, in metres of a rollercoaster during the first few seconds of the 
ride. The graph is y = h(t), where h(t) = —10e°*"-° — 10e°8-64 + 70. 

YA A 
yah) 
t 
a Find h’(t). (3) 
5 Je 03-64) 
b Show that when h'(t) = 0, t= 4 In ~~ g |} + 6.4 (2) 
To find an approximation for the ¢-coordinate of A, the iterative formula 
§ al) ; 
i= 4 In = + 6.4 is used. 

c Let t)=5. Find the values of ¢,, ¢,, t; and t,. Give your answers to 4 decimal places. (3) 


d By choosing a suitable interval, show that the f-coordinate of A is 5.508, correct to 
3 decimal places. (2) 


CHAPTER 1 
Prior knowledge 1 


1a 
2 a 
3 0a 


(x-1)(x-5) b («+4)(x-4) c (3x -5)(3x +5) 
x-3 b + 4 _x+5 
x+6 3x41 x+3 
even b_ either c either d odd 


Exercise 1A 
1 BAt least one multiple of three is odd. 


20a 
b 


At least one rich person is not happy. 

There is at least one prime number between 

10 million and 11 million. 

If p and q are prime numbers there exists a number 
of the form (pq + 1) that is not prime. 

There is a number of the form 2” - 1 that is either 
not prime or not a multiple of 3. 

None of the above statements are true. 

There exists a number n such that n? is odd but n is 
even. 

nis even so write n = 2k 

n? = (2k)? = 4k? = 2(2k?) > n? is even. 

This contradicts the assumption that n? is odd. 
Therefore if n? is odd then n must be odd. 
Assumption: there is a greatest even integer 2n. 

2(n + 1) is also an integer and 2(n + 1) > 2n 

2n + 2 = even + even = even 

So there exists an even integer greater that 2n. 
This contradicts the assumption. 

Therefore there is no greatest even integer. 
Assumption: there exists a number n such that n? is 
even but n is odd. 

nis odd so write n = 2k +1 

n? = (2k + 1)? = 8k? + 12k? + 6k +1 

= 2(4k? + 6k? + 3k) +1 = nn is odd. 

This contradicts the assumption that n? is even. 
Therefore, if n? is even then n must be even. 
Assumption: if pq is even then neither p nor q is 
even. 

pis odd, p=2k+1 

qis odd, qg=2m+1 

pq = (2k +1)(2m + 1) = 2km + 2k +2m +1 

= 2(km+k +m) +1 = pq is odd. 

This contradicts the assumption that pq is even. 
Therefore, if pq is even then at least one of p and q 
is even. 

Assumption: if p + q is odd than neither p nor q is odd 
p is even, p = 2k 

q is even, g = 2m 
pt+q=2k+2m=2(k+m)=>sop+q is even 

This contradicts the assumption that p + q is odd. 
Therefore, if p + q is odd that at least one of p and q 
is odd. 

Assumption: if ad is an irrational number then 
neither a nor 0 is irrational. 


ais rational, a = A where c and d are integers. 


b is rational, b = ; where e and f are integers. 


ab = ce is an integer, dfis an integer. 


af 


Answers 


Therefore ab is a rational number. 
This contradicts assumption that ab is irrational. 
Therefore if ab is an irrational number that at least 
one of a and 0 is an irrational number. 

b_ Assumption: if a + 0 is an irrational number then 
neither a nor 0 is irrational. 


ais rational, a = a where c and d are integers. 


b is rational, b = ; where e and fare integers. 
dae cf + de 
df 


cf, de and df are integers. 
So a + bis rational. This contradicts the assumption 
that a + 6 is irrational. 
Therefore if a + 0 is irrational then at least one of a 
and 0 is irrational. 

c Many possible answers e.g. a = 2 - V2, b = 2. 


6 Assumption: there exists integers a and b such that 


21a + 14b=1. 

Since 21 and 14 are multiples of 7, divide both sides 
by 7. 

So now 3a + 2b =4 

3a is also an integer. 20 is also an integer. 

The sum of two integers will always be an integer, so 
3a + 2b = ‘an integer’. 

This contradicts the statement that 3a + 2b = 4 , 
Therefore there exists no integers a and b for which 
21a + 14b=1. 


7 a Assumption: There exists a number n such that n? 


is a multiple of 3, but n is not a multiple of 3. 

We know that all multiples of 3 can be written in 

the form n = 3k, therefore 3k + 1 and 3k + 2 are not 

multiples of 3. 

Let n= 3k +1 

n? = (3k + 1)? = 9k? + 6k + 1 = 3(3k? + 2k) +1 

In this case n? is not a multiple of 3. 

Let m= 3k +2 

m? = (3k + 2)? = 9k? +12k +4 = 313k? + 4k4+1)4+1 

In this case n? is not also not a multiple of 3. 

This contradicts the assumption that n? is a multiple 

of 3. 

Therefore if n? is a multiple of 3, n is a multiple of 3. 
b Assumption: 73 is a rational number. 


Then V3 = © for some integers a and b. 


Further assume that this fraction is in its simplest 
terms: there are no common factors between a and b. 


2 
So 3 = 55 or a? = 36% 


Therefore a? must be a multiple of 3. 

We know from part a that this means a must also 
be a multiple of 3. 

Write a = 3c, which means a? = (3c)? = 9c’. 

Now 9c? = 30’, or 3c? = 6°. 

Therefore b? must be a multiple of 3, which implies 
b is also a multiple of 3. 

Ifa and b are both multiples of 3, this contradicts 
the statement that there are no common factors 
between a and b. 

Therefore, V3 is an irrational number. 
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8 Assumption: there is an integer solution to the 
equation x? - y? = 2. 
Remember that x? - y*? = (x«-y(x+y) =2 
To make a product of 2 using integers, the possible 
pairs are: (2, 1), (1, 2), 2, -1) and (-1, -2). 
Consider each possibility in turn. 


a-y=2andx+y=loxa3y=-t. 
a-y=landx+y=2>x=3, y=. 
a-y=-2andx+y=-lox=-3y=t. 
a-y=-landx+y=-25x=-3,y=-t. 


This contradicts the statement that there is an integer 
solution to the equation x? — y? = 2. 

Therefore the original statement must be true: There 
are no integer solutions to the equation x? — y? = 2. 

9 Assumption: V2 is rational and can be written in the 
form V2 = : and there are no common factors between 
aand b. 
2= at or a? = 20° 

ae = 


This means that a’ is even, so a must also be even. 
If a is even, a = 2n. 

So a’ = 26° becomes (2n)? = 2b? which means 8n? = 26° 
or 4n? = 6? or 2(2n?) = 6°. 

This means that 6* must be even, so b is also even. 

If a and 0 are both even, they will have a common 
factor of 2. 

This contradicts the statement that a and b have no 
common factors. ; 

We can conclude the original statement is true: V2 is 
an irrational number. 


10 a mcould be non-positive, e.g. ifn = $ 
b Assumption: There is a least positive rational 


number, n. 
a ; 
n= b where a and 0 are integers. 


Let m = oi Since a and 0 are integer, m is rational 


andm <n. 

This contradicts the statement that n is the least 
positive rational number. 

Therefore, there is no least positive rational number. 


Exercise 1B 


2 1 1 4 re 
1 _ f 
og 4 Sy SG. Se 10 
1 a-3 “-3 y+l 
2 b d 
* a-2 2a+3) © ¥ y 
-2 2(a + yy? 
e & 4 g 1 3y (% + Y) 
6 x+5 2 (x — y)? 
3 All factors cancel exactly except a 
8-x —-(x- 8) 
4 a=5,b=12 
x-4 _ 20e +4 
2x +10 ~ 1-4e 
6a 2x7 -3x-2 | x-2 _ 2x? — 3x - 2 
6x-8 — 3x24 14x - 24 6x - 8 
y Bx? + 14x — 24 _ (2x + D(x - 2) | Bx - A(x + 6) 
x-2 2(3x — 4) x-2 
_ (2% + 1)(u+ 6) 2x2 + 13x +6 
2 2 
b f@)=2+2°a4=2 
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Exercise 1C 


7 7 p+q 7 3-x 2a-15 
1 f 
ap oo ° pe {Re fom 106 
2a x+3 —x +7 8x - 2 
alx + 1) (x — 1x + 2) (2x + 1a - 1) 
FI -“4-5 2x -4 23x +9 
6 (x + 4)? 6(x% + 3)(x — 1) 
3 0a x+3 3x41 —x-7 
(x + 1)2 (x — 2)(x + 2) (x + Iw + 3)? 
d 3x + 3y +2 2x +5 7x +8 
(YY — XY + X) (w+ 2)%(x + 1) (x + 2) + 3)(x — 4) 
4 2x-19 
(x + 5)(x — 3) 
5 6x2 + 14% +6 — x2 —- 24x - 8 
ala + Ula + 2) Bala — 2)(2x + 1) 
9x? — 14% —7 
(x — I + 1x - 3) 
6 50x +3 
(6x + 16x - 1) 
6 36 
7 a 
cd +2 42-2x%-8 


_ wlx + 2)(x - 4) 


6(x — 4) Fe 36 


(x + 2)(a — 4) 


(x + 2) —4) (x + 2)lx - 4) 


_ x3 - 2x? - 2u +12 
(x + 2)(a - 4) 


b_ Divide x? - 2x? - 


Exercise 1D 
1a 


2x + 12 by (x + 2) to give x°- 4x +6 


n UPwW LD 


3. 2 


6 


x+1 
3 2.5, 5 


x «+l 
-1 
5x +4 


x- 
2 


+ 


2x-1 


Challenge 
6, 1 2 
x-2 x+1 4x-3 


x+2 4-5 


1 


' Online ) Full worked solutions are available in SolutionBank. 


Exercise 1E 


1 A=0,B=1,C=3 2 D=3,F=-2,F=-4 
3 P=-2,Q=4,R=2 4 C=3,D=1,F=2 
5 A=2,B=-4 6 A=2,B=4,C=11 
7 Az=4,B=l1andCe=12. 
8 4 19 ik 2.1 6 
x+5 (x +5)? X Qe -1 (2x - 132 
Exercise 1F 
1 Az=1,B=1,C=2,D 6 
2 a=2,b=-3,c=5,d=-10 
3 p=1,q=2,r=4 
4 m=2,n=4,p=7 
5 A=4,B=1,C=-8 andD=3 
6 A=4,B=-13, C= 33 and D=-27 
7 p=i1,q=0,r=2,s=Oandt=-6 
8 a=2,b=1,c=1,d=5ande=-4 
9 A=3,B=-4,C=1,D=4,F=1 
10 a (x?-1) @? 4+ 1) =@- 1)@ + 1)? + 1) 
b (-1)@?+1),a=1,b=-1,c=1,d=Oande=1. 


Exercise 1G 


1 A=1,B=-2,C=8 

2 Az=1,B=-2,C=3 

3 A=1,B=0,C=3,D=—-4 

4 A=2,B=-3,C=5,D=1 

5 A=1,B=5,C=-5 

6 A=2,B=-4,C=1 
2 3 3 2 1 

7 a 44+4——7—+—— b x+=+ - 
(x-1) (x+4) x (x-2) (- 2) 

34 73 

8 A=2,B=-3,C=7,0=75 

9 Az=2,B8=2,C=3,D=2. 

10 A=1,B=-1,C=5,D=-3 F=%, 


Mixed exercise 1 


1 


Assume ge is a rational number. 
Then e = ; for some integers a and b. 


Further assume that this fraction is in its simplest 
terms: there are no common factors between a and b. 


_ a? 2— h2 
a ee = 06°. 


Therefore 6? must be a multiple of 2. 

We know that this means b must also be a multiple 
of 2. 

Write b = 2c, which means 6? = (2c)? = 4c’. 

Now 4c? = 2a”, or 2c? = a’. 


Therefore a? must be a multiple of 2, which implies a is 


also a multiple of 2. 

If a and b are both multiples of 2, this contradicts the 
statement that there are no common factors between 
aand b. 

Therefore, e is an irrational number. 


Assume that if q? is irrational then q is rational. 
So write g = : where a and 0 are integers. 
2a? 
== 
As a and 0 are integers a’ and b? are integers. 
So q’ is rational. 


This contradicts assumption that q? is irrational. 
Therefore if g? is irrational then q is irrational. 


1 2(x? + 4)(a — 5) 
2 2s b ees dD 
2x-4 4(e® — 1) 
4 b 
. x-4 e& —2 


b g'(x) _ ay _ 8 2'( 2) ae 


6 6x2 + 18% 45 
x? - 3x-10 
3 12 
L ee 
a | x2 4+2x-3 
_ xx + 3)x - 1) 3lv+ 3) 12 
(w+3*e-D @W+3e-D) &+3)e-1 
_ (x? + 344 3)e-1 x24 3x43 
(x + 3)(% - 1) x+3 
8 A=3,B=-2 9 P=1,Q0=2,R=-3 
10 D=5,F=2 11 A=4,B=-2,C=3 
12 D=2,F=1,F=-2 
13 A=1,B=-4,C=3,D=8 
14 A=2,B=-4,C=6,D=-11 
15 A=1,B=0,C=1,D=3 
16 A=1,B=2,C=3,D=4,F=1 
= __9 p_l 
17 A=2,B=-3,C=1 
18 P=1,Q=-3,R=3 
19 a f(-3) =0 or f(x) = (w + 3)(2%? + 3x” + 1) 
p 1 8 5 
(v+3) (2%+1) (+1) 
Challenge 


Assume L is not perpendicular to OA. Draw the line 


Answers 


2x+3 


through O which is perpendicular to LZ. This line meets L at 
a point B, outside the circle. Triangle OBA is right-angled at 
B, so OA is the hypotenuse of this triangle, so OA > OB. This 
gives a contradiction, as B is outside the circle, so OA < OB. 


Therefore L is perpendicular to OA. 


CHAPTER 2 
Prior knowledge 2 

_9-5x 5p — 8x 5a -4 
L a y= 7 hog 2 I~ 85 Ox 
2 a 25x?- 30x +5 or 5(5x? - 6x +1) 

1 é 3x+7 

6x - 14 -x-2 

3 YA 


y = x(x + 4)(x - 5) 
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RV 


4 a 28 b 0 c 18 


Exercise 2A 


1 az bO028 c¢8 dP e4 fil 
2 a5 b 46 c 40 

3 a 16 b 65 c 0 

4 a Positive |x| graph with vertex at (1, 0), 


y-intercept at (0, 1) 
b Positive |x| graph with vertex at (-15, 0), 
y-intercept at (0, 3) 
c Positive |x| graph with vertex at Gg 0), 
y-intercept at (0, 7) 
d_ Positive |x| graph with vertex at (10, 0), 
y-intercept at (0, 5) 
e Positive |x| graph with vertex at (7, 0), 
y-intercept at (0, 7) 
f Positive |x| graph with vertex at (2, 0), 
y-intercept at (0, 6) 
g Negative |x| graph with vertex and y-intercept at (0, 0) 
h_ Negative |x| graph with vertex at é. 0), 
y-intercept at (0, -1) 
5 a Yn 


s g(x) =|4-32| 
h(@)=5 
4 
i) Hi ic 
3 
b x=-andx=6 
6 a x=2andx=-4 b x=7orx=3 
c No solution d x=1landx=-t 
e a=-Zorx=2 f «=24o0rx=-12 
z a YA 
> 
O x 
4 
b X=-3 


8 x=-3,x=4 


b_ The two graphs do not intersect, therefore there are 
no solutions to the equation |6 — x| = ha —5. 


10 Value for x cannot be negative as it equals a modulus. 


11 a yA y=-|3x+4| 
OF x 


y=2x-9 


b x<-l3andx>1 
12 -23<x<3 


13 a k=-3 b_ Solution is x = 6. 


Challenge 


a YA] f(x) = 42 + 9x + 8 
O 
g(x) =1-2% 


b_ There are 4 solutions: x =-5 + 3V2 andx =-44V7 


RPRV 


Exercise 2B 


1 ai bi 
\ \ > > 
i ob 
[| —e-~ 
Le \ 


ii one-to-one 
iii {f(~) = 12, 17, 22, 27} 


c i : ; 


ii one-to-one 
iii (f(x) =1,4,7} 


ii many-to-one 
iii (f(x) = -3, -2, 1, 6} 
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2 a i one-to-one ii function ei y fa)-e ti fe R, fa) >1 
b i one-to-one ii function iii one-to-one 
c i one-to-many ii nota function 
d i one to many ii not a function 
e i one to one 
ii not valid at the asymptote, so not a function. 1 
f i many to one ii function 0 A 
3 a 6 b 42/5 c 4 
; le fi ii flx)eR 
- iii one-to-one 
ii one-to-one ii one-to-one 
c i di 6 a g(x) is not a function because it is not defined for 
LP ea, eee 
i « b y cil ii 109 
er i a d a=-86 ora=9 
4 
ii many-to-one ii one-to-one f(x) =4-x 
ei Ol 4 x 
7 a y b -7 
10 s(x) c -2and5 
0 x 
ii one-to-one -6 


5 ai y ii f(x)>2 
f(x) = 3x + 2 iii one-to-one 8 a 
2 
O a > 
x 


bi y ii f(x) >9 b a=-3.91 ora=3.58 
f(x) =x? +5 iii one-to-one 9 a y 
27 
14 
(2, 9) 
O x 2 a 
4o 4 0 6 x 
c iy ii OS f(x) <2 b_ Range {2 < h(x) < 27} c a=-9,a=0 
; f(a) = 2sinx iii many-to-one 10 c=2,d=*% 11 a=2,b=-1 12 a=11 
- Exercise 2C 
0 x 1 a7  b2or2.25 ¢025 d-47 ~ e -26 
. 2 a 4a?-15 b 16x?+8r-3 ¢ 4-4 
di y f(x) =Vx +2 ii f(x) = 0 i x 
iii one-to-one d oti e 16x+5 
3 a fg(x) = 32-2 b x=1 
4x -5 9 
4 a gp(x)= 7-2 b x= 5 
5 a 23 b x=Randx=¥2 
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‘ll i) x+1 
6 a f =t( ) S 
ore) x+1 | 1 jet x+2 
x+1 
3/4) . L+2 
5 PO) = 243 
in(>) 
7 
7 gers b 2%+3 
. = © nt) 
8 a 20x b x 
9 a (x+3)-1, qp(x)>-1 
b 999 c x=-8 
v6 
1 449 
0 3+ 5 
11 a -8<x<12 b 6 
Exercise 2D 
1 ai yeR ii Pq) - 2-3 
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iii Domain: {x € R}, Range: {y € R} 


iv YA f(x) = 2x43 
“1 ee te EB! 
cig ea) a a 
> 
x 
i {yeR} ii f(x) = 2x-5 
iii Domain: {x € R}, Range: {y € R} 
iv ya FG) = 22-5 
~%4+5 
2 
i yeR) ii fq) =45# 
iii Domain: {x € R}, Range: {y € R} 
WV f(y) = 4-3 
f(z) = 4=* 


3 4 


i {fyeR} ii fo) =Ve47 
iii Domain: {x € R}, Range: {y € R} 
” IR [te = x9 -7 


f(x) = Vx—7 


RY 


2 a f(x) =10-.«, {x € R} b g(x) = 5x, {x € R} 
ec hw) = = {a + O} d k'(x)=x+ 8, {x ER} 


3 Domain becomes x < 4 

4 ai gx)<! ii g@)=4 
iii (cx ER, x <4, g(a) =3 
iv 


e 10.5 


x+1 


b i g(@w)2=-1 ii g'(@)= 5 


iii (x ER, x >-1} g(x) =O 


voy g(x) = 2x1 


2x+3 


c i g(x)>0 ii g'@=—| 


iii (x E R, x > 0}, gx) > 2 


O 


d i g(x)=2 ii gt) =2°+3 
iii {x ER, x = 2}, g(x) => 7 


iv YA 
friars 
74 
g(x) = yx -3 
24 a 
T T > 
O 2 7 x 
e i g(x)>6 ii gl(w)=vx-2 


iii (x E R, x > 6}, g(x) > 2 
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NS 


12 


iv YA 
g(x) =x? +2 
6-4 
g(x) =vx-2 

24 ——— 

T T > 

O 2 6 7 

f i g(x) =0 ii g(x) = Va+8 


iii {x €R, x = 0}, g(x) = 2 


f(x) =/x +443 


a 5 b m'(a4)=vx-5-2 ec x25 
a_ tends to infinity 
b 7 
c h(x) = 22 +1 {x ER, x # 2} 
x-2 


d 24+75,2-V5 

a nm(x)=x 

b_ The functions m and n are inverse of one another 
as mn(x) = nm(x) = x. 


=X, ts(x) = =% 


d g'(*)=e'+4,x>4 e x=1.95 

3lx + 2) 2 
f(x) - = 
a a x2+x%-20 x-4 
Bv+2) lw +5) x-4 
(x+ 5-4) («+ 5)x-4) (x + 5)lx - 4) 
_ 1 

x+5 

b yYeRy<}} 


c f-lsx 5-5. Domain is {x € R, x < Land x20} 


Exercise 2E 
1a 


Yh f(x) =x"*-7x-8 


Answers 


y = |f(x)| 


> 
ay o.2 
c 
y = f(x) 
> 
x 
2 a A 
: f(x) = cosx 
: _ 
-360 °| 360~ 
b Ya 
1 y = |f@)| 
360 O 360% 
c YA 
i 
-360 BA 360% 
30a YA f(x) = x(x + 1)(x - 2)(x + 3) 
> 
x 
b YA 
y = {foo 
6 
> 
-3 O|. 4 2 7 
c 
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Answers 


as 


a 


372 


Both these graphs would match the original graph. 


YA 


0 
(ote 


i True, |k(x)| = | = SS = |mn) 
ii False, k(\x|) =“ + — = mix 
xl? ial? 
iii True, m(\x)) = —4 = —2 = may 
jal? ox? 
y 
y = |p@)| 
B(-4, 5) 
3|D 
AC E(2, 1). 
_8 25 [0 x 
y 
y = p(x) 
31D 
(-2, 1) E(2, 1) 
O| x 


y = |q(x)| 


RV 


b Wa 
y = (k(x) 
O x 
c YA 
y = k(x) 
O x 
8 a UIA b They are 
m(x) = 5, a<0O reflections of 
each other 
in the x-axis. 
0) z |m(x)| = -m(|x/) 


b They would 
be the same 
as the original 
graph. 


ol X 
10 a -4< f(x) <9 
YA 
y =f) 
1 
_3 _10 % 
b YA 
y = |f@)| 
> 
x 


' Online ) Full worked solutions are available in SolutionBank. oe 


Answers 


Exercise 2F b i (6,-18) ii (1, -9) iii (2, 9) 
Cc 


1a b 


= g(a) 


y = h(w-90) +1 


— 
270 * 


B(180, 4) 


— y = ha) 


= YhCx)| 


T T > 
-180 -90 O|,0) 90 180% 


Exercise 2G 
1 a Range f(x) = -3 


= (0, 2),4=2,y=-1 A=(-2,5),x=0,y=5 


= a MM 


A=(-1,0),s=1,y=0 A=(0,1),4=2,4=-2,y=0 y = zl + 2|- 


Rv 


y = g(x) 


373 


Answers 


c Range f(x) S 


1 


1 


3 
y =-3|x| +6 
5 


> 
x 
b f(x) 21 Cc x= + and x =-*8 
5 a 
=-3|x- 2) +7 
ct 8 


b g(x) <7 ce x=-Sandx=2 
6 k<14 
7 b=2 
8 a h(x) >-7 
b Original function is many-to-one, therefore the 
inverse is one-to-many, we is not a function. 
ce -3<a“<3 d k<-3 
9 a a=10 b PC3, 10) and Q(2, 0) 
¢ x= -8 and x =-6 9 
10 a m(x) <7 b x=-2andx=-5 
ce k<7 
374 


Challenge 


a_ A(3, -6) and B(7, -2) 


b 6 units’. 


Graphs intersect at « == ‘and x= 4, 


Maximum point of f(x) is (3, 10). Mining point of g(x) 
is (3, 2). Using area of a kite, area = ee 


Mixed exercise 2 


a y b x=0,x=-4 
> 
O x 
k> - 
_ _24 _ 40 
x“ =—Fy and x= 57 
< y 
> 
0 x 
b_ The graphs do not intersect, so there are no 
solutions. 
a i one-to-many ii not a function 
b i one-to-one ii function 
c i  many-to-one ii function 
d i one-to-one ii function 
e i none -not defined at the asymptote 
ii not a function 
f i one-to-one 
ii function for a suitable domain 
a 
(6, 4) 
> 
x 
b dand 1} 
pq(x) = 4x? + 10x i ee = wl 
Range g(x) = 7 
b g (x)= 7 ER, x= 7} 


ec gl()isa stodinn of g(x) in the line y = x 
f(x) = z+3 


,{x ER, x > 2} 


b i Range oo >1 ii Domain f-'(x) > 2 


' Online ) Full worked solutions are available in SolutionBank. oe 


Answers 


1 x 1 18 a g(x) =0 b x=0,x=8 
1 fide" + = . 
ee) x-1 x+1 (w-1)(v+1) w+ y 
_ x 7 x-1 _ a 
@@-D@+D @-D@+) @W-De+1) x=2andx=6 
b f(x) >0 c x=+6 
11 a 20, 28,3 b f(x) >-8, g(x) eR 0 = 
2 
e¢ g'@)=vx-1, eR} ; 19 a Positive |x| graph with vertex at (> 0) and 
d 4(«*- 1) e a=3 y-intercept at (0, a). 
12 a a=-3 b fixe ve+13 -3,4>-4 a 
xe] b Positive |x| graph with vertex at (7 0) and 
13 a f(~= {x € R} : 4 
4 y-intercept at (0, a). 
3 3 c a=6,a=10 
f(x) = ; R,x#= a ; 
hoe 8x - 3 Pekan e 20 a Positive |x| graph with vertex at (2a, 0) and 
ce -0.076 and 0.826 (3 d.p.) y-intercept at (0, a). 
3 
14a Pq) - 22, (we R,x #1} b x=".0= 3a 
b Range f-1(x) ER, f(x) #2 c Negative |x| graph with x-intercepts at (a, 0) and 
e -41 d 1. (3a, 0) and y-intercept at (0, —a). 
5 
15 a 8,9 b -45 and 5V2 21 a,b YA 
16 a ' YA ' 
/ y = tanx a 
' _ 
; 1 a |O x 
-180 -90 90 80 *% 7 
~gadie ee 
: : c One intersection point d x= ies CEL] 
, 1, 2 22 a (1,2),,5In5- 43) 
i\ y= |tanx| b YA 
» 
-180 -90 O 90 180% 
0 % 
. Ce 
1 y= tan|x| 
ce (3, -6), Minimum 
t > 
1, -90 Of 90 AAR0* (2, 22 - 151n 5), Maximum 
23 a -2 < f(x) <18 b 0 
c YA d x=2o0rx=5 
A 184 
17 a b y 
BY, 3 
| A(4, 3) 
x Oo x 
A(2, -2) 
T med 
-5 -3.5 -2 O 7% 
© Y* AG, 3) 24 a p(x) <10 
b Original function is many-to-one, therefore the 
> inverse is one-to-many, which is not a function. 
= e -ll<x<3 
B(11, -3) d k>8 
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Challenge 
a y 
0 “x 
b_ (-a, 0), (a, 0), (0, a’) ¢ @=5 
CHAPTER 3 


Prior knowledge 3 


1 a 22, 27,32 b -1,-4, -7 ce 9,15, 21 
d 48,96,192 e H.a.qg $f -16,64,-256 
2 a x=5.64 b x=3.51 ec x=9.00 
Exercise 3A 
1 a i 7,12,18, 22 ii a=7,d=5 
b i 7,5,3,1 ii a=7,d=-2 
c i 7.5, 8,8.5,9 ii a=7.5,d=0.5 
d i -9,-8, -7,-6 ii a=-9,d=1 
2 a 2n+3,23 b 3n+ 2,32 
c 27-3n, -3 d 4n-5,35 
e nx, 10x f a+(n-1da+9d 
3 a 22 b 40 c 39 d 46 e 18 fn 
4 d=6 5. p==q=5 6 -1.5 
7 24 8 -70 9 kat k=8 
10 -24+ 3/5 
Challenge 
a=4,b=2 
Exercise 3B 
1 a 820 b 450 ce -1140 
d -294 e 1440 f 1425 
g -1155 h 231x421 
2 a 20 b 25 c 65 d 4or14 
3 2550 4 20 
5 d=-5,20thtem=-5.5 6 a=6,d=-2 
7 Ss =14+24+3+4+...4+50 


S59 = 50+49+48+...4+1 
2 x S59 = 50(51) > S59 = 1275 
8 S,,=14+24+34+...4+2n 
Son = 2n + (2n - 1) + (2n-2)4+...4+1 
2x S, = 2n(2n+1)> S,=n(2n +1) 
9 S§S,=14+34+5+4+... + (2n - 3) + (2n- 1) 
S, = (2n -1)+ (2n-3)+...454+341 
2x S,=n(2n) > S,=n? 
10 a a+4d=33,a+9d=68 


d=7,a=5s0S,=5[2(5) + (n- 17] 


2225 = 5(mn +3) => 7n?2+3n—-4450=0 
b 25 


304 
11 
* k+2 
b S,= 292 & +14 303) = 192k + 46208 
k+2 k+2 
c 17 


12 a 1683 
100 
b = 
7 100 
7 _ 50 -p 
ee > [sn + p )ar| 
_ 50 : 100 
$100 = D [4p + 400] = 200|1 + p | 
c 161p+81 
13 a 5n+1 b 285 


ess £126) + (k= 15] = AK +7) 


E(k +7) < 1029 


5k? + 7k — 2058 <0 
(5k — 98)(k + 21) <0 


d k=19 
Challenge 
S, =5(2in9 +(n—1)In3) = 5 (msi -In3 +nIn3) 


=5(n27 +nin3) = 5 ns? +1n3”) 


n 1 2 1 
=—(In n+3 =—=(In n*+3n a 
9 | 3™5) 9 3M") > a : 


Exercise 3C 


1 a Geometric, r= 2 Not geometric 


c Not geometric 

e Geometric, r = 4 

g Geometric, r=1 
2 a 135,405, 1215 


ce 7.5, 3.75, 1.875 
e p’,p*, p> 

3 a x=3V3 

4 a 486,2x 3"! 


ce -32, (-2)"1 
5 10, 6250 6 


HP 2% 
oa 2x 8- 
b 2097152 


nee rT rr ea errant 


a@=1,7 


=> x?(8 — x) = 4x? 
x 


Geometric, r = 3 
Geometric, r = -1 
Geometric, r = — 4 
—32, 64, -128 

dt 1 


64’ 256’ 1024 
—8x*, 16x5, -32x% 
9V3 

25 1\"" 
F100 x (5) 
1.61051, (1.1) 


1 1 
Tope 


=> x°- 4%? =0 


c Yes, 4096 is in sequence as n is integer, n = 11 


9 a ar =40= 200p° = 40 
1 1 
p> =+ = logp’ = log (3) 


= 5logp = log1 - log5 = 5logp + log5 =0 


b p=0.725 
10 k=12 


11 n= 8.69, so not is sequence as n not an integer 


12 No, -49152 is in sequence 
13 n=11,3 145 728 


Exercise 3D 


1 a 255 b 63.938 
d -728 e 5465 

2 4.9995 3 14.4 

5 19 terms 6 22 terms 


ce 1.110 
f -1.67 
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3\* 
2a(1 - (2) } ay. 122. By. 2 
7 1 1- 
(:-3) pelle) ape |g) S455 
5 
3 3 log (0.024) 
l l 
: oa(5) < o8(z35) ada ETT) 
b k=8 
8 r=+04 
oe allv3)"- 1] a(243 -1) 
wf ao 3-1 
242a(V3 + 1) 
= = 121a(v3 + 1) 
(v3 -1)(v3 +1) 
a(2*-1)  b(34- 1) 
10 i 5 
15 8 
15a=40b>a = a 30 
2k4+5 k 
11 oA =_*_ = (k — 6)(2k + 5) = k? 
a k re am )(2k + 5) 
k?-7k-30=0 
b k=10 ce 2.5 d 25429 
Exercise 3E 
1a Yes as |r| < 1,2 b Noas|r|>1 
c Yes as |r| < 1, 63 d Noas|r|=1 
e Noas|r|>1 f Yes as |r| < 1,45 
g Noas|r|=1 h_ Yes as |r| < 1, 90 
2 2 1 
2 ¢ 3-4 4 20 5 135 
23 en 
6 39 7 r=-5,a=12 ; 
ah 1 = 
8 a -3<4K<5 b S, er 
9 a 0.9787 b 1.875 
30 1 ¢ 
a eae at le ad aaa ad = 
b 2.51 c 99.3 d 11 
15 
11 =— 
a ar 3 > 
® ~§8sa=8(1-7r) 
1l-r 
15 _ gq —r) > 15 = 64r — 647? 
8r 
=> 64r? - 64r+15=0 
35 
b B88 Cc 53 d 7 
Challenge 


a First series:a+ar+ar?+ar?+... 
Second series: a? + a’r? + a’@r4++ a’r° +... 


Second series is geometric with common ratio is r? and 


first term a’. 


b i 7sa=71-n>@=491 -n -n 
a | 4911 -r)Q -r)_ 
1-r ° Gd-ni+n a 


491 - 7) = 35(1 +1) + 49 - 49r = 35 + 357 r =F 


Exercise 3F 


Answers 


1 ai 4+7+10+13+16 ii 50 
b i 34+12+27+48+75 +108 ii 273 
ce i 1+0+(-1)+04+1 ii 1 
a2 2 2 2 4, 40 
243° 729 2187 6521 6561 
2 ai Di2r ii 20 
r=1. 
bi Y2@x3-) ii 242 
rat 
: (3 2) 
saad py ree me 
3 a i 26 it S(Or+) 
uf. (2 , 
7 SS 
a ? 3(3~ (2) 
16 
c i 16 (17 - 97) 
r=1 
4 a -280 4 194300 
c 9300 dq -i 
5 a 2134 b 45854 ¢ 3 d 96 


6 S2r=24+4464...42na=2,d=2 


r=1 


S,= 54+ a - 192) =F(2 + anansn? 


7 Yeren+n? 


S(@r- i= 5 + (n— 1)2) = (an) =n? 


r=1 
Yer -Y(@r-Y=n+n?-ne=n 
r=1 


8 a S(-2)'-1) b 99k -k? 
c 6k-k?+27 

25 
98304 


a a=11,d=3 
Tae Fat) k= DGS at + 3k) 


10 


3k? + 19k — 754 =0 = (3k + 58)(k - 13) =0 


b k=13 

6 684 1) 
a=6,d=3;S,= 3-1 
=> 3(3* — 1) = 59046 = 3* = 19683 


log 19683 
l = log 1968 = 
=> klog3 = log 19683 =k 1033 


b 4723920 
12 a 


1l a 


= 33*- 1) 


jx] <¥ b 


aIR 


Challenge 
Sa + (r - 1)d] 
r=1 

io = 5(2a + 9d) 


14 


¥ [a4 (r - Dd] = Yla + (r—1)d] - Mla + (r - Dd] 


r=11 


= [7(2a + 13d) — 5(2a + 9d)] = 4a + 46d 
4a + 46d = 10a + 45d > 6a=d 
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Answers 


Exercise 3G 5, = 10 + 51(10) = 520 
1 a 1,4,7,10 b 9,4,-1,-6 u,=520+11 
¢ 3,6, 12,24 d 2,5, 11, 23 Uz = 531 + 11 = 542 
e 10,5, 2.5, 1.25 f 2,3,8,63 c £42198 
2 Unc =U +2, =3 Db Un. = Uy — 3, Uy, = 20 8 a 500m is 10 terms, 
- 4 4 ar Sio = (1000 + 9(140)) = 11 300 
C Uns = CU, Uy = Uns = a? uy = b 1500m 
@ Uj =-1 xu, U,=1 f Un. = 2U, + 1,uU, =3 9 a £2450 b £59000 ec d=30 
u+2 10 59 days 11 20.15 years 
Boy =U,) +1,u=0 Bb ty..=— 5, ty = 26 12 11.2 years 13 2 -1=1.84x 10” 
14 a 2.401m b 48.8234m 
$B Uy = Uy + 2,0 = 1 Do Uni. = Un + 3,0 = 5 15 a 26 days b 98.5miles on 25th day 
C Uy.) = Uy + 1, Uy = 3 do ty = Uy t 5% = 1 16 25 years 
@ Uy, =U,t+2n+1,u,=1 f u,,,=3u,+2,u,=2 
4 a 3k+2 b 3k? + 2k+2 c -4 
5 p=-4,q=7 Mixed exercise 3 
6 a x,=%,(p - 3x) = 2(—p - 3(2)) = 2p - 12 1 a ar =27,ar=8> 
x = (2p - 12)(p - 3(2p — 12)) = (2p - 12)(-5p + 36) r= & sr =3 
= —10p* + 132p — 432 b 60.75 © 182.25 d 3.16 
b 12 € —252288 2 a ar=80,art=5.12 
7 a 16k +25 8 2 
_ _ r r 0.4 
b a,=4(16k + 25) + 5 = 64k + 105 125 5 
1 -4 
Ya, =k+4k+5 + 16k +25 + 64k + 105 a C2203, <a eoea 
r=1 
= 85k +135 = 5(17k + 27) 30a oe b 0.876 c 367 d 380 
a l.3zng 
Exercise 3H do * (3(2)'-1) _ $3 (2)'- 84 
1 a i increasing v=1\ \3 v=1 \3 rel 
b i decreasing 15 
an f 2 
c i increasing fai" (1 - (5) 
d i periodic ii 2 3(2) == =5.9863 
2 ai 17,14,11,8,5 ii decreasing — = 
b i 1,2,4, 8,16 ii increasing 15 
ce i -1,1,-1,1,-1 ii periodic Xi=15 
iii 2 
d i -1,1,-1,1,-1 ii periodic a aa _— 
iii 2 2\" 2\"_ 2 2\" 
: w= 3(G)” -1=3((3) 5) -1=2(3) -1 
e i 20,15,10,5,0 ii decreasing pee 3 3) *3 3 
f i -15, 20, -15, 20, -15 ii periodic 5 a 08 b 10 c 50 d 0.189 
iii 2 
6 £8874.11 b after 9.9 
| 2k 4k 8k 16k a after 9.9 years 
ot gg on et 7g P2g+2)_ pg -1) 
ii dependent on value of k p3qt+1) pl2q +2) 
3 O0<k<1 4 p=-l (2q + 2)? = (2q - DBq +1) 
5 a4 bo 4q°+8q+4=6q?-q-1 
Challenge 0 = 29q?- 9q-5=(q-5)(2q + I > q=5 or-5 
_1+b _a+bel _at+il - _ b 867.62 
us qs ab Us b Ug =a, U7 = 6 8 a S,=a+(a+d)+(a+2d)+...+(a+(n- 2)d) 
Order is 5 as us = u, and Uz = Uz +(a+(n-1)d) (1) 
S, =(a+(n-1)d) + (a+ (n - 2)d) +... (a + 2d) 
. +(a+d)+a (2) 
os b £(3800 + 200m) asine eel 
a + m = nh 
2 a £222500 b £347500 2x S,=n(2a + (n- 1d) > 5S, = 72a +(n- 1)d) 
ec Itis unlikely her salary will rise by the same b 5050 
amount each year. 9 32 
3 a £9.03 b 142 days 10 a a=25,d=-3 b -3810 
4 a 220 b 242 c 266 d 519 11 a 26733 b 53467 
5 57.7, 83.2 12 45cm 
6 a £18000  b after 7.88 years _ 2n _ _ 
7 a £13780 13S, = “> (24) + (2n — 1)4) = n(4 + 8n) = 4n(2n + 1) 
b Let a denote term of first year and u denote term of 14 a u,=2k-4,u, = 2k?-4k-4 
second year b 5,-3 
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15 


16 


17 


18 


19 


20 


21 


22 


oe 


a0 


a+ 4d = 14, 3(2a + 2d) =-3 
3a + 3d =-3, 3a+ 12d = 42 


9d = 45 
59 

a+ 3d = 3k, 3(2a+5d)=7k+9=> 
6a+15d=7k+9 

6a + 15(2£=4) - 7k +9 


6a+15k-5a=7k+9>a=9- 8k 
ue? © 15 d 


a,=Pp .Q, 


d=5>a=-6 


415 


ix? p 


a, = a3 > Sequence is periodic, order 2 
1 
500( 5) 
D+5 


a,=k,a,=2k+6,a,= 2(2k + 6)+6=4k +18 
a,<a,<a,>k<2k+6<4k+18Sk>-6 
a,= 8k + 42 

a,= 8k + 42 


Ya, =k +2k+6+4k +18 48k +42 


- = 15k + 66 = 3(5k + 22) 
therefore divisible by 3 


a= 130 
s ee 650 > 130 = 650 - 650r 
-520_ 4 
-520 = -650 
0 650r>r 650 75 
6.82 
513.69 (2 d.p.) 
130(1 — (0.8)") 2.12 
a5 > 600 + 1 - (0.8)"> 55 
log 13 
(0.8)" < re = nlog(0.8) < -log13 >= n> ae 
25000 x 1.02? = 26010 
25000 x 1.02" > 50000 
10's D=4 pion ODS iepeansa 
; nlog1. og2>n jog 1.02 
2048 
214574 


People may visit the doctor more frequently than 


once a year, some may not visit at all, depends on 


state of health 
2n+1 b 150 


i 5,=£2@)+- 12) =4q+¢ 


S,=p>qt+2q-p=0 
ii 39 
ar = -3, 


a — 
T = 6.75 


-r 
3 1 
“Ee 1-r 
6.75r -— 6.757? +3 =0 
27r? - 27r-12=0 
-+ series is convergent so |r| < 1 
6.78 


= 6.75 = 3. =6.75 
r-r 


Challenge 
Aa Un. = SU = 6u,,. 


= 5[p(3"4) + gl2")] — 6[p(3” + q(2”)] 


= 5(p(2) an + a3) en] 


= (2 = Spar + (3 q- Salar 
= p(3"*) + q(2”) 


q 
= 2 n 3 n _ n-1 n-1 
b u,= (Zs ) + (2) ) or €.g. Uy = 2(3""1) + 3(2”-1) 
C Uj = 3.436 x 10* (4 s.f.) so contains 48 digits. 


CHAPTER 4 
Prior knowledge 4 


1 


a 14 35x + 525x? + 43752 
b 9765625 - 39062 500x + 70312 500x? 


— 75000000? 
c 644 128% + 48x? -— 80x 
«te 3 i... 
1+2x 1-5 1+2x (1+ 2x)? 
é 8 56 


ee fH 
3x-4 (3x - 4)? 


Exercise 4A 


1 


a i 1-4%+ 10x? - 20x°... ii [a] <1 
b i 1- 6x 4+ 212? - 56x’... ii |xj<1 
2 3 
ec il ao eae xl <1 
2 3 
dil ae ae ii |x|<1 
A 2 Noa 
4% 4 Oe 1 
nn ae Mee, aca 
f i 1-32, be _ 35e ii |aj<1 
a i 1-9x + 54x? - 27023... ii |xl<4 
2 3 
bi 1-384 28 - 228 sae ii |x| <2 
2 3 
cil 3232 a li al <5 
2 3 
di 1 - 33% , 350 ~ Lote 7 ii Ix <i 
3 
ei 1 - 4x + 20x? - S297" ii al < 
f i 1420 4 x? , 55x83 ii |x| <4 
4 4 48 3 
a i 1-2x+3x?- 4°... ii [a] <1 
b i 1-—12x + 90x? — 540x°... ii a] <4 
2 3 
c i Leta “a6 al<1 
3 
di 1-2-2 SE ii al <4 
2 3 
e i 1- £430 _3e ii |x| <2 
2 3 
f i 14485 20 oe see ii al <4 


Answers 
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Answers 


a Expansion of (1 — 2x) =1 + 2x + 4x? + 8x? + 
Multiply by (1 + x) = 1+ 3% + 6x? + 12x° + 
b |x|<$ 


By Weg UT 
{eee 2 yea 
is alk ae 


103/103 103 
. fe) = 159 = Yi00. 10 
© 3.1% 106% 
a a=+8 b 


+160x° 


For small values of x ignore powers of x* and higher. 


2 
(lta}e1+5-F 4... (1- rie+ee3hy.. 


14+e_4,%_ 8 ew Br 
1-x 2 8 2 4 8 
2 - 42x + 1142? 
0.052% 
c The expansion is only valid for |x| <t =. |0.5| is not 
less than 4. 


2 
=1+x+% 
2 


le) 


97/97 
1000 


3 
b 0.97! = (87) 2 
© 9.84886 


Challenge 


1 


380 


al i 
(5) °= (is) =e" to 


1,4 _ 32°, # 
256 256 

x? x 

~ 216 | 3888 


v2 v2 wo, 52, 
ae 6h” 565 
10. 20., 40., . 3 


5 
f 37 9% to7" ~ B12 i |al<> 


i eee ii 2 
pega eae ii [xl< 
: 3V2. 15/2 51V2 
2 v4 3 
v2 + Pe as” Yaog? 
i. 2 48, 256 


25.125 625 3125 


2 
a 2-22.25 


ale 


_ [35 _V35 _ V35 

b m(x) = c° @ 3 

c 5.91609 (correct to 5 decimal places), 
% error = 1. a x 10°*% 


i 
a a=,,0= -2 


5 For small values of x ignore powers of x? and higher. 


a 3 
(4-x)l= gta 
P 3,4 Xx 3x x? 3x 
Multiply by (3 + 2%- a) =7+ 5-7] 1° SGA 
3,11, 5 ye 
4 16 64 
6 a 14,3” 1, 1x _ 23x? 
* 18 8/5 SiS V5 5V5 50V5 
7 a 2- oe - a? b 1.991 
& w 3.3, 3x 3x* 2. _ 2 10% | 50x? 
4-2x 4 16°3+5x 3 9 27 
eee Ope rem 
4-2x 34+5x 12 72 432 
b 0.0980311 
c 0.0032% 


Exercise 4C 
4 4 
1 = 
e l-w 24+ 
c valid |x| <1 
2 4 
2 = pan Se 
2 2+x +x) 
c |x| <2 
3 2 3. 4 
l+x l-x 24% 


c |x|<4 


6 a A=3,B=-2andC=3 


28 
7 a A=—,B= 
9 3 


c 0.33% 


8 
dC= 
an 9 


Mixed exercise 4 


1 a i 1-12x 4+ 48x? - 642° 
2 3 
bi 442-2 ,_"“_ 
"=" 3" 312 16384 
ce i 1+2x 44x? + 8x3 
Fi 9x2 27x3 
2374" 
d i a0 + 5 4 
, et 5a 
2 
e i + 312 
f i ie 
g i 1+40 + 8x? 4+ 122° 
h i -3 - 8x — 18x? — 38x? 
2 yi 2 BP 
4 32 5128 , 
2 2 12a es 
2 8 16 
4 a c=-9,d=36 


b 245x440? 


9 5 
b 34+ 2x4 =%? 4+ +23 
+ n+ oui + oe 
b -14+ 11x + 5x? 
p 2_ 67 407 2 


10 200° 4000 
5 19. 97 5 
Boe 36° B16 


b 114+ 38x 4+ 116x? 


i 
a 


1145 
512 
b 1.282 


ec calculator = 1.28108713, approximation is correct 


to 2 decimal places. 
5 a a=4ora=-4 
b_ coefficient of x? = 


4, coefficient of x? = —4. 


' Online ) Full worked solutions are available in SolutionBank. 28 


a 1-3x + 9x? — 27x 

b (14+) - 3x + 9x? - 27x) 
=1- 34 + 9x? — 27x? +x - 3x? + 9x3 
=1- 2x + 62x? — 1823 

c x =0.01, 0.98058 


a n=-2,a=3 b -108 
c |xl<¥ 
For small values of x ignore powers of x° and higher. 
ee 
1, * , 3 42 1,17, , 35 42 
oO dG 256 Do te * B56" 
13,92 _ 27,3 1x 342 _ 94s 
m2 ae ae DS ae ie 
1 2 Bae ox 
- - b 0.6914 
a 2°16 256 2048 
1 4, 32, 640.5 
27 27 81 729 
3 51. 477 
A=l1 B=-4, =3 == a Ze ye 
= D3 ga" aia” 
a A=3andB=2 b 5 - 28x + 1442? 
Goi. Dg 5 me 
a 10 = 2a + 5 q 780 B= 5 and C= 4 


b Percent error = 0.0027% 


Challenge 
1 — 3x? , 27x* _ 135x° 
2 8 16 


Review exercise 1 


1 


Assumption: there are finitely many prime numbers, 

Pi, Pz, Ps up to p,. Let X = (p, x py x psx... xX P,) +1 

None of the prime numbers p,, pz, ... p, can be a 

factor of X as they all leave a remainder of 1 when X 

is divided by them. But X must have at least one prime 

factor. This is a contradiction. 

So there are infinitely many prime numbers. 

Assumption: x = Z is a solution to the equation, 

where a and 0 are integers with no common factors. 
ay? _ a? 2 2 

(5) 2=0= = 25 a?=2b 

So a’ is even, which implies that a is even. 

Write a = 2n for some integer n. 

(2n)? = 2b? = 4n? = 2b? => 2n? = b? 

So b? is even, which implies that b is even. 

This contradicts the assumption that a and b have no 

common factor. 

Hence there are no rational solutions to the equation. 
4x -3 

x(x - 3) 


a f(x)= 


(x+2)?-3@+2)+3 x? +441 
(a + 2)? (a + 2)? 
b («+}?+2>0 


ce «24+%x+1>0 from b and (« + 2)?>as « #-2 


x- * Ox —3 
P=2,Q=-1,R=-1 
2 2 2 

A=%,B=5,C=3 


§ Ax=s. Bei,.cs-2 
9 d=3,e=6,f=-14 


5 


10 px) = 6 - 4 


—x 1422 


11 x>Zorx<-5 


12 a Range: p(x) = 4 


Answers 


b 
13 a 
a=-5,b=-18,c=1,d=4 
39 
b x =—-79 
c rig) = BTS wer, x 2-5 
14 a YA 
1 y =f) 
> 
XO x 
x+2 
b ( x ee. Satie ewe 
(*+2) x+2 x+2 
x 
ec In13 dgigj="*? rer 
15 a 3(1 - 2x) =1- 2(3x+0),b=-5 
tga) 8X +2 4,7) 1-2 
b pl) 94 (x) 5 
e pl(@q'a) = q'(x)p (x) = ett 
a=-3,b=7,c=18 
16 a Vy b Yy 
(2, 7) 
(2, 4) 
y = f(x) +3 y = |f)| 
T 0 ee 
= O 5 | 5 


381 


Answers 


17 a uN 22a 
y=h@) 19 
-5 -1 
Ox b 
23 a 
b 
(-3, -8) 24 a 
b i (-5, -24) ii (3, -8) iii (-3, 8) 
Cc YA 
y =hClx) 
b 
25 a 
b 
> 
x 
(-3, -8) (3, -8) 
18 a i 
c 
26 a 
b 
27 a 
ii b 
28 a 
b 
c 
29 a 
b 
c 
d 
30 a 
b 
31a 
bi 6 ii 4 
19 a b=-9 b A(9, -3), B15, 0) 
¢ #£=15,4==21 
20 a f(x) <8 b 
b_ The function is not one-to-one. 
32 8 32 a 
C -p<4uK<s 
d k>4 
21 a k=0.6,k=-4 b a=16,d=8 c 
382 


Solve a + 3d = 72,a + 10d = 51 simultaneously to 
obtain a = 81,d=-3 


1125 = plte2 +(n - 1)(-3)) 


2250 = 165n - 3n? 
Therefore 3n? — 165n + 2250 =0 


n= 25,n = 30 
a=19p - 18,d=10 - 2p, 30th term = 272 - 39p 
p=12 
6.225 Ge (=) _ (222) - 
ig 64 Inré=In 64 6lnr—-In 64 0 
64 
> 6Inr + In( 2 =() 
r=1.23 
60 
5 
210, 7= 2 
a fF 6 
k 
ro(1 (8) 
6 55 1-(2) 11 
4-2 6 12 


k=14 
44+4r+4r=7=> 4r+4r-3=0 


r=torr=-3 c 8 


2 
x=1,r=3andx=-9,r=- 

243 ce 182.25 

a,=k,a,=3k+5 

a3 = 3a,+5=9k + 20 

i 40k +90 ii 10(4k + 9) 

2860 

2400 x 1.06""! > 6000 = 1.06"! > 2.5 

= log 1.06""! > log 2.5 = (n - 1)log 1.06 > log 2.5 
N= 16.7..., therefore N = 17 

— 2400(1.061° — 1) 
zs 1.06 -1 
Total donations at 5 times this, so £158,000 over 
the 10-year period. 


1 
3 


= 31633.90... employees. 


1 
lt] <Z 


6 _ 24 1 
1+4e% 5 


36. 2 
aS ae 
360 

f<a<d 


' Online ) Full worked solutions are available in SolutionBank. oe 


33 a 1+ 6x + 6x2 - 4x3 
3 3 3 aay 3S 
b [1+4/ 3 ))* = (42)? = i12) = (422) 
100 100 100 10 
_ 112/112 
~ 1000 
c 10.58296 d 0.00047% 
1 x 2x? 56x 
34 57 a7 * BT 243 
ie 2x) = 9 Ril 
35 a (4- 9x) ali a" 2 qe Gat 
1 391 _ 391 
A = ss 
by lead (35 10 
c Approximate: 1.97737 correct to 5 decimal places. 
3 3 
=2,b=-1,c=2 2 
36 aa b Cc 8 b ri 
37 a A=1,B=2 b 3-x4+112x?-... 
38 a A=-3,B=4 b -1-x+473+... 
-2 B= - 25 25, , 25.2 
39 a A=2,B=10,CH=1 b 9 a7 t+ 9% to. 
40 a A=2,B=5,C=-2 
b 245(44+ x)! - 2(3 + 2x)! 
5, Df, , ey 2 FAt 
24 3(1 +3) 31 + 32) 
5( x _ 2( 2. 4 
=24°(4 = S4(qe 2 
"a a te) a 
_31, 19. 377.5 
12 144 1728 
Challenge 
1 oa (x+2)?+(y- 3)? =25 
b 15 
2 a, =n, d,=n+k,a3=n + 2k,... 


6n + 45k = 4n + 50k > 2n = 5k n= 3k 
3 pega I PaEL 5nd: i ADEE 
4 3 4 
CHAPTER 5 
Prior knowledge 5 
1 v2 v3 
1 a “9 b “> Cc V3 d ~~? 
2 al b -tan’é c {sind 
3 a (sin2@+ cos 26)? = sin? 20 + 2 sin 20 cos 20 + cos? 20 
= 1+ 2sin26 cos 20 
ib 2 des 22 2sin*6 Al = sin? 6) _ 2 cos 
sind sin@ sin@ sing 
4 a 75.5°, 284° b 15°,.75°; 195°,.255° 


19.7°, 118°, 200°, 298° d- 75.5°, 132°, 228°, 284° 


Exercise 5A 


1 


a 


on 2 O 


9° b 12° c 75° d 225° 

270° f 540° 

26.4° b 57.3° c 65.0° d 99.2° 
0.479 b 0.156 ce 1,74 d 0.909 
-0.443 


8 


an T T 
oa » a8 os 
50 4n 30 
° 8 3 ane 
, ie 
6 
a 0.873° b 1.31° @ 175° 
e 4.01° f 5.59° 
a Ya 
(x, 0) (27, 0) e 
(0, 0) x 
b 
> 
x 
a UA 
(x, 0) 
> 
(rr, 0) = (0, 0) x 
b 


Answers 


Q 


ia 
als an 


d 2.79° 


Cc UA 
ew) (5.0) 
> 
x 
ae 
(0, 1) 
| (22,0) 
(0.-0.5) 
(7529) (- (5.0). (Fo) 


383 


Answers 


Challenge 
a 2nn,neEeZ b 


30 


a c ztmnez 


Exercise 5B 


P nm _ V2 (1 __ v3 
1a sin(m - 7) = 5 b sin (3) = 5 
my __1 _m)__1 
c sin (2x ~ 7) = 5 d cos(m a 5 
al T v2 
2n -Z)\ a= f T)\ 2-1 
e cos ( 7 4 5 cos (x +7) 5 
TT a, = TY eS 
g tan (m - 7) = 1 h tan (a + 1 
n)_\3 
1 tan (x +7) = 3 
V3 v3 V3 
2 Mit Vit se: 
a 5 b c 5 
aq 2 e -\/3 foe 
3 Aac-—2—- #3 
sin(3) 3 
: 26\" , (4v3\" 
DC = AD? + AC =( ; +( 3 =8 
DC = 2V2 
Exercise 5C 
1 ai 2.7cm ii 2.025cm iii 7.57cm 
bi cm ii 1.8cm iii 3.6cm 
c i ¢ ii 0.8 iii 2 
2 rem 3 27cm 4 5V2 
5 a 10.4cm b 1.25 
6 7.5cm 7 0.8 
8 a 40 b 6+ 30cm 
9 68m 
10 a R-r 


b sind = "> (Rn sind =r (R sin - rsin@) =r 


>Rsind=r+rsind>Rsind=r(1+siné). 


ce 3.16cm 
11 2 
12 a 36m b 13.6km/h 
13 a 3.5m b 15.3m 
14 a 2.59 b 44mm 
Exercise 5D 
1 a 19.2cm? b 27 cm? c 482 7 cm? 
d 25.1cm? e 6r-9V3cm? f Sr + 9/2 cm? 
2a 46 7 cm? 5 cm? 
3 a 4.47 b 3.96 c 1.98 
4 12cm? 
18.65? — 10? — 10? 
5 O= = 0.739 ... 
at 2(10)(10) 
@ = cos! (0.739) = 0.739 cm? 
b 37cm? 
6 402 cm 
7 a 12 
b A=$r6=4 x 12? x 0.5 = 36 cm? 
c 1.48 cm? 
384 


10 
11 


12 


13 
14 


15 
16 
17 


& 
3 
~ 


TT 
(124) a 2 (144i) _ 6F 
2\ 0/127 24 7 
c 60cm 


12 
b 57cm 
ACOB = 5r? sin® 


Shaded area = 5r2(m - 6) — Sr? sin(a - 0) 


= $r’n - iro - tr*(sinm cos 6 — cosm sin 0) 
2 Ayo 2 Ton: det 
=5I'n ar? af sing 


Since ACOB = shaded area, 
Wl 93 1,2 Ten 1 p2aa 
ot sin @ = gl *n — of 0 at sin @ 


sind =7 -6-sin@é 
6+2sind=7 
38.7 cm? 
8.88 cm? 
a OAD = 5r°0, OBC = Hr + 8)0 

ABCD = 3(r + 8)0 - 5720 = 48 

Mr? + 16r + 64)6 - $r°9 = 48 

(r2 + 16r + 64)6 — r20 = 96 

96 6 
16r + 64 =— =—-4 
r+ r =>r 9 

b 28cm 
78.4 (6 = 0.8) 
a 147=12?+10?-2x12x10cosA 

196 = 144 + 100 - 240 cos A 

-48 = -240 cos A 

0.2 =cosA 

A = cos"!(0.2) = 1.369438406... = 1.37 (3 s.f.) 
b 34.1 m? 
a 18.1cm b 11.3 cm? 
a 
4 


98.79 cm? b 33.24cm? 


Challenge 
Area = $r°6, arc length, / = r@ 


Area = $71 


Exercise 5E 


1 


2 


a 0.795, 5.49 
1.37, 4.51 
0.848, 2.29, 3.29 
1.08, 4.22 

1.16, 5.12 
0.896, 4.04 


3.34, 6.08 
T 

0.142, 3.28 
0.886, 5.40 
3.61, 5.82 
0.421, 5.86 


0.201, 2.94 


c -5.39, -0.896, 0.896, 5.38 
d -1.22, 1.22, 5.06, 7.51 

e 1.77, 4.91, 8.05, 11.2 

f 4.89 
a 
b 


eonpanea 
averes 


2 
| 
| 
| 
lw 


0.322, 2.82, 3.46, 5.96 

1.18, 1.96, 3.28, 4.05, 5.37, 6.15 

mw Tx 13” 19% 25n 310 37n 437 
24’ 24’ 24’ 24’ 24’ 24’ 24’ 24 
d 0.232, 2.91, 3.37, 6.05 


b 5m 2m mn a a m Qn 5m Ta 4a On 11d 
6’ 3° 3 6 6 3'3°6’ 6’ 3° 3’ 6 


Online ) Full worked solutions are available in SolutionBank. oe 


ce -—5.92, —4.35, -2.78, -1.21, 0.359, 1.93, 3.50, 5.07 
d -2.46, -0.685, 0.685, 2.46, 3.83, 5.60, 6.97, 8.74 
3x 5a 7x 
7 fk, on ee , 2.82, 7, 5.96, 2 
a Pa aa b 0 wT, 5.96, 27 
Cc Tt d 0.440, 2.70, 3.58, 5.84 
8 ar b 0.501, 2.64, 3.64, 5.78 
c No solutions d 1.103, 5.180 
9 at Aln b 7x 11m 197 230 310 357 


3° 6 18’ 18’ 18’ 18’ 18’ 18 
10 a 7 370.412, 2.73 b 0, 0.644, x, 5.64, 27 


11 0.3, 0.5, 2.6, 2.9 

12 0.7, 2.4, 3.9, 5.5 

13 8sin?x + 4sinx -20=4 
8sin?x + 4sinx -24=0 
2sin?x+sinx-6=0 
Let Y=sinx > 2Y*+Y-6=0 
=> (2Y - 3)(Y + 2) =0 
Since Y = sin x, sin x = 1.5 — No Solutions, 
sin « = —2 — No Solutions 


14 a Using the quadratic formula with a = 1, b = -2 and 


c = —6 (can complete the square as well) 
24y(-2)2-4x1x(-6) 
2x1 


tanx = 


tanx = 


So Y=1.5 or Y=-2 


22V4424 _24V28 _ 247 _ i 


2 2 2 
b 1.3, 2.1, 4.4, 5.3, 7.6, 8.4 
15 a_ sinx = 0.1997606411 = 0.200 (3 d.p.) 
b 0.20, 2.94 


Exercise 5F 
1 a bl 4 
sin30_ 30 = 30 3 


2 x 
@sin40 0x40 402 46 
02 02 
j22 a7 == 
b cosé-1 2 ex. i 0 
tan20 20 20 4 
7 tan4d + 6?_ 40+ 0? _40+6?_4 14 
360-sin20 30-26 0 
3. a 0.970379 b 0.970232 
ce -0.015% d -1.80% 


e The larger the value of 6 the less accurate the 


approximation is. 


4 8=sin@ , 199 = 1 = @—siné x 100 = sing 
sind 


= 1006 — 100 siné = sin@é = 1006 = 101 sin@. 


| (36)? 
ae 4cos36- 2+ 5siné _ 


a(1 - 30") 2+ 59 


1 - sin20 1-26 


4(1-22) - 2450 
2 _ 4 - 1862-2 +596 


1-26 1-26 
(1 — 24)(96 + 2) 


=a ne ee 
b 2 


Challenge 
1 a CD=ACO 


2 


b 


a 
b 


If CD = BC then AC@ = AC sin 6. Therefore sin @ ~ 6. 
sind 


tané = ; 
cos @ 


0 
tand=—=@ 
an 1 


1-2 


———— in2 
cosé = /1—sing = 1-5 


62 
becomes cos6 = 1 5 


Mixed exercise 5 


1 


mb wh 


10 


11 


12 


a 


us b 8.56cm? 


3 
120cm? b 161.02 cm? 
1.839 b 11.03 


p 


7 
Area = sr d= sre = spr cm? 


12.206 cm? 

1.105 <@< 1.150 
1.28 b 16 e 1:3.91 
Area of shape X = 2d? + $d?x 
Area of shape Y = 4(2d)0 
2d? + $d?x = $(2d)20 

2d? + Md?n = 2026 
(37 +12) cm 


A, =}x 6? x 0-4 x 6? x sind = 1816 - sind) 
A,=T x 62 -— 18(0 - sin) = 367 — 18(0 - sin @) 
Since A, = 3A, 

367 — 18(6 - sin) = 3 x 18(@ - siné) 

36x — 18(6 — sin @) = 54(@ - sin @) 

367 = 72(0 - sind) 


37 = 0 - sind 


5 TT 

sin@ = 6 - 3 

10? = 52+9?-2x5x9cosA 
100 = 25 + 81 - 90 cosA 
-6 = -90cosA 

t= cosA 
A =cos"{;4) = 1.504 

i 6.77 ii 15.7 
ules los r= 20 
r=/20 = 2/5 

15.7 ce 5.025 cm? 

2/3 cm b 2xcm? 

Perimeter = 2V3 + 2V3 + 2V3 x 2 = BS. 


70? = 447 + 44? - 2 x 44 x 44 cosC 
257 


Cano! 
cos 968 


C= cos(-232) = 1.84 


i 80.9m ii 26.7m 

Arc AB = 6 x 26 = 120 

Length DC = Chord AB 

a’ = 67+ 6? - 2 x 6 x 6 cos 26 = 72(1 — cos 26) 
= 144sin’0 


1+47=0 


iii 22.5 


(x + 6) 


iii 847 m? 


a=12sin0é 


Answers 


if 9 so small that sin @ ~ 6 then cos@ = 1 


, if sin@ = 6 then this 


c (18 +22) cm d 12.9mm 


Answers 


Perimeter ABCD = 126+ 4412 sind +4 =2(74+7) 
1204+ 12 sind +8 =2(7 +7) 
60+ 6sind-3=7 


20+ 2sin0-1=7 
‘ 1 T 
b 2x42 l=1=3 2xo-1= 
x42 sin 4 3 t2X5 3 
ce 20.7 cm? 
13 a O,A=0,A = 12, as they are radii of their respective 
circles. 


0,0, = 12, as O, is on the circumference of C, and 
hence is a radius (and vice versa). 
Therefore, 
O,AO, is an equilateral triangle = 7AO,O, = ra 
2ar 
ZAO,B==+2= 
nr 3°33 


By symmetry, 7BO,0, is ; 


o 


167cm ce 177cm? 
14 a Student has used an angle measured in degrees 
— it needs to be measured in radians to use that 


formula. 
b 5m om? 
15 a -} b 6+1 
2 
7 +2(1 ae 
16a 7+ 2 c0s20 | 2 
tan26 +3 204+3 
a 
7+2(1 2] 9-462 
204+3 ~ 2643 
(3 + 20)(3 — 26) 
ae Nee aD 
204+3 es 
b 3 


17 a 32.0856 + 203 tan106 = 182 
2 

32(1 = ee + 203 (108) = 182 

32 — 16(2562) + 20300 = 182 

0 = 4006? — 20300 + 150 

0 = 4002 — 2030 + 15 


3 
5, a9 
c 5 is not valid as it is not “small”. a is “small” so is 
valid. 
62 
18 1-— 
2 


19 a 0.730, 2.41 


o 


m on d -2.48, -0.667 


° 
| 


20 a UA 


(27, 0) 
> 


R 


T 
(59) 


b 2 solutions c 0.540, 3.68 
21 a 3sind b 0.340, 2.80 
22 7% dm 130 17 

12’ 12’ 12° 12 


23 a Cosine can be negative so do not reject — e Cosine 


squared cannot be negative but the student has 


already square rooted it so no need to reject — 
b_Rearranged incorrectly — square rooted incorrectly 
ce 34, 1 1 3m 
4° 44 4 
a Not found all the solutions 
b 0.595, 2.17, 3.74, 5.31 
25 a Ssinx=1+2cos?x=> Ssinx =1+4 2(1 -sin’x) => 
2sin?x + 5sinx-3=0 
a On 
: 6 6 
26 a 4sin?x+9cosx-6=0> 
4(1 - cos?x) + 9cosx -6=0> 
4cos’x -9cosx+2=0 
1.3, 5.0, 7.6, 11.2 


24 


sin2x 


27 a tan2x =5sin2x 5 sin 2x 
OS2X 
(1 -— 5 cos 2x) sin 2x = 0 
0, 0.7, >" 2.5, 7 
28 a y 
> 
| x 
3) T An 
b (0. ; (3.0). (9] © 0.34, 4.90 


Challenge 
a 6=2o0r0=-3 


d= é is small, so this value is valid. 9 = —3 is not small 


so this value is not valid. Small in this context is “close 
to 0”. 

b 0= -+ or d= + 
Both 6 could be considered “small” in this case so both 
are valid. 

c No solutions 


CHAPTER 6 
Prior knowledge 6 
1 Ya 


y=sinx 


> 
180° © 


a 53.1°, 126.9° (3 s.f.) b -23.6°, -156.4° (3 s.f.) 


2 1 ae 1 _ cosx _ 1-cos*x 
sinx cosx tanx sinxcosx sinx  sinx cosx 


sin’x _ sinx 

sinx cosx COSX 

3 0.308°, 1.26°, 1.88°, 2.83°, 3.45°, 4.40°, 5.02°, 5.98° 
(3 s.f.) 


= tanx 


386 ' Online ) Full worked solutions are available in SolutionBank. <8 


Exercise 6A 


o 
> 
+ 
cs 


—ve 


d 5.67 
h 1.04 


-1.02 c -1.02 
-1.36 -3.24 


b 
f 


a -5.76 
e 0.577 
al 


2 


g 


2 


2 


1 
sinx 


= cosec x 


sin(r — x) 


cosec(a — x) = 


4 


1 
cos30° 


aes 
on 
& 
ale 
a 
D 
fo) 
5 
+ aN 
re | 
5 |e 
| + 
g on 
| I 
as 
& 
| 
ale 
rs) 
o 
a 
+ 
& 
Pate) 
Sale 
3) 
a 
w 
fo) 
5 
N=) 


Challenge 


ill 


a_ Using triangle OBP, OB cosé@ 


=> OB = _ secé 
cos é@ 
b Using triangle OAP, OA sing 


=1 


cosec é 


1 
JA =———_ = 
=e sin é 
c Using Pythagoras’ theorem, AP? = OA? — OP? 


b_ The solutions of sec @ = —-cos@ are the 6 values of the 


points intersections of y = secé@ and y = —-cos 0. 
As they do not meet, there are no solutions. 


-1 


1 
sin? 0 


So AP? = cosec?@ — 1 


E4 
cos?@ _ cot26 


sin?6 


1 -sin’0 


sin?6 


Therefore AP = coté. 


Exercise 6B 


i 


a 


aa 
iT) 
AD AD 
=) Ss 
St Co Lh -------- 
1D a rey 
ee LiS--- L 
+ =) 
ner... Ore ore be secoeeee 
oS = a 
ae Lpvescasees. 2 L 
N a 
7 (=) 
ae ec 
baa! 
ea teas lo. —— ~=«S'!'! L 
nN > 
< T T T 
+> Fl ou > a= |Ca 
=e ae Ley -l------- | 
| r—) 
We heeled @____ = 
oS ‘i, 
Sire eee ere [oes Se L 
Pe REE eles alle = errr 
ae) 
f=) | 
ee | W----- 225 L 
So] | f=) 
a races races lasets | Sige oes 
? i 


ii 
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Answers 


YA . ae 
i\ y= cot(6 + 90) ' y= cosec(@ - 30°) 
141 
' ' , (120°,1) | 
T T > 
0) \\ 90 180\, 270 360 4 38 210° 300° 360°9 
| ! (0,-2)h | : 
\ : / (300°, -1) 
b_ cot(90 + @) = -tan@ 
6 a i The graph ofy= tan(é + a is the same as that  @ 
iz y = 2sec (0 —'60°) 
of y = tan @ translated by — to the left. 2 i 1 
: (60°, 2): 
ii The graph of y = cot(-6) is the same as that of 
y = coté reflected in the y-axis. 
iii The graph of y = cosec(d + al is the same as 
—> 
that of y = cosecé translated by [ to the left. e 150° 330° 
iv The graph of y = sec(é - ql is the same as that 
of y = secé translated by i to the right. 2 | air ay 
™ — cot(—0); We = 
b tan(é + 3) = cot(-0); cosec(é + a sec(é a 
oe Uh 4 imcaaas f ee ae ioe 
“I 1 180, 1) | : Vi iM 
t T t T t T t T = 1 1 1 1 
- 45° 90° 135° 180° 245° 270° 315° 360° 9 (Y5° 1) 195°.) 
—— 
| | | | ee 
G8 40 285s, 4 
(90°, -1) (270°, -1) ee or 
b YA . ¥ =—cosecé | : : 
14 y = cosec(20 + 60°) 
| (270°, 1) | 
T f T lan 
DP] 90° 140° 270° 340°? Boys 
(90°, -1)\ i. ee 
' (45°fo) (225d) ft 
coy . Yds OY G157,0) 
o| [ 9b°[ 1807 2707 360° g 
y=1+sec0 
ees es 
2 | i er oe 
oe ae oe a 
0 im a see etd | ee eae) oe 
i: 270° 360 y ='-cot 20 
" (180°, 0) * 
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Answers 


] 2 In2 
h ys ' 4 a LHS.=cosé+sing 222 — soso + sin’é 
1 1 cos @ cos é@ 
a: 7— secd =R.HLS. 
: y= 1-2secd eos 
! ' b LHS _cosé , sin@ _ cos*@ + sin’?6 
, (180°, 1) | “sind cos@__sin@ cos 
! 2 oe ee 
i 180° H 360° ~ sinécos@ sin@ cosé 
O 1 T 1 T = cosecé secé = R.H.S. 
(0°, =1) 1 1-sin?@ _ cos?0 
1 1 é LHS.= 5 — si — = = 
(360°, -1) . . sing sind sind 
=cosé x oe =cosé coté = R.H.S. 
d LHS. = (1 ~ cos 6)(1 + 1 )=1-cos+— 1 
on cosé cos é 
8 a > b 4a (ns d 2x 2 5 
3 =. _—cosx = Locos x = sin’ x 
9 a ’ yA : ~Ccosx ~"“cosx  ~ Cosx 
A i i : Sa sinx _.. _ 
| | | | = sina x oq = sinx tan x = R.H.S. 
go Sa uaeee e LHsg, = £08 * + = sinx) 
es (1 - sinx) cosx 
1 i i : _ cos?x+1-2sinx + sin?x 
87 — (1 - sinx) cosx 
| 3m 1 on gz i Br} _2-2sinx _ — 2(1 - sina) 
a a a Se ~ (1-sinx)cosx (1 -sinx)cosx 
~2ir a -240 mi ear x = 2secx =R.HS. 
f LHS.= cos? _ _cosé 
| | | : re fant +) 
i i i i tand tan@ 
i F F i cos é@ tan é sing 
' \ f f = = = R.H.S. 
! ! ! ! tand+1 1+ tand Bie 
5 a 45°, 315° b 199°, 341° 
be Ssehes ¢ 112°, 292° d 30°, 150° 
10 a i ya i 1 e 30°, 150°, 210°, 330° f 36.9°, 90°, 143°, 270° 
g 26.6°, 207° h 45°, 135°, 225°, 315° 
i i H 6 a 90° b +109° 
ay Z c -164°, 16.2° d 41.8°, 138° 
Gaia aseed e +45°, £135° f +60° 
1 g -173°, -97.2°, 7.24°, 82.8° 
! ' ' h -152°, -36.5°, 28.4°, 143° 
i i i 5a 117 2a 4n a 30 
f i ' 7 hb. 28 220 pauieds a 2 2 
= 6° 6 "23 4° 4 
; —> 8 a AB = cos8 + AD = 6s0c8 
at O mw ng 3m Qn 0 
‘2 J 12 25 AC 
i -1 f i — 06> AC= 6 
AB cos 6 = AC = 6cos 
CD = AD - AC > CD = 6sec0 - 6 cos 0 
i i i = 6(secd — cosé@) 
b 2cm 
b 6=-1,0, 7, 2x 1 cosx 
c Max = 1 first occurs at 0 = 27 9 a cosecx—cotx _ siny sin _ 1, 1-cosx 
Min=—1. fret occirsit=< 1-cosx 1 - cosx sinx 1-cosx 
= cosecx 
Exercise 6C b 1-250 
1 a cosec?@ b 4cot°@ c $sec?6 6 6 
d_ cot?@ e seco f cosec?@ ie iw sinw tanx _ i= sin? x 7 
g 2 cot? 0 h sec?@ 1-cosx ~ cosx(1 - cosx) 
2 a? b -} ce 4/3 _ sin2?x-—cosx+cos?x__ 1-cosx 
3 a cosé b 1 c sec20 7 cos x(1 — cos x) ~ cosx(1 — cos x) 
d 1 e 1 f cosA 1 
g cosx = Sosx = Secx 
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Answers 


b Would need to solve secx = -t, which is equivalent 


to cosx = —2, which has no solutions. 
11 x =11.3°, 191.3° (1 d.p.) 


Exercise 6D 


1 a sec? ($6) b tan? cl 
d tané el f 3 
g sind h 1 i cosé 
j 1 k 4cosec* 26 
2 av/k-1 
1 v3 
3 a 2 b “> 
5 4 3 
4 a =5 b -5 Cc -5 
7 25 
5 a 3g b “7 
6 a LHS. = (sec?6 — tan? 6)(sec?@ + tan? @) 
= 1(sec?6 + tan? @) = R.H.S. 
b L.H.S. = (1 + cot?) - (1 - cos? x) 
= cot?x + cos? = R.HLS. 
2 
c LH =i GOS" A _ cos? A = 


~ cos?A \sin?A ana 
= cosec?A — 1 =cot?A=R.HS. 
in2 
d RHS. = tan26 x cos?g = Sin“ 
cos’6 
=1-cos?6=L.HS. 
e Lus,-lo a4. cost Al 1 _ - 
sec? A cos?A 
= cos?A — sin?A = (1 — sin? A) — sin?A 
=1-2sin?A=RHS. 


x cos? @ = sin? 6 


f ise 1 1 _ sin?6 + cos?6 
“"""cos?6 sin?@ ~~ cos?@ sin? 
_ 1 = = 
=e sec? 6 cosec? @ = R.HLS. 
in2 
g L.H.S.=cosecA(1 + tan?A) = cosec A(1 + m4) 
cos?A 
1 sin? A sinA 1 
= cosecA + — ; = cosecA + 2 
sinA cos*A cosA cosA 


= cosecA + tanA secA = R.H.S. 
h_ L.H.S. = sec?6 — sin? @ = (1 + tan?@) — (1 — cos2 6) 
= tan?6 + cos?6 = R.HLS. 


v2 
7 aaa 
4 
8 a 20.9°, 69.1°, 201°, 249° b 
3x 30 77 
-153°, -135°, 26.6°, 45° ee 
c 53 35 6°, 45 a ao a 
e 120° f 0m 
0°, 180° h mm Sn an 
8 0 re ae ae 
9 a 14V2 
1 v2-1 
b cosk° = = se = 2 =-1 
14+v2 (J2 -1)V2 +1) 
c 65.5°, 294.5° 
10 a oe 
a 4 2 
b Hts cos? b? (3) 
sin-x 1-0? 1 (4) 
~\a 
_ 16, a — 16 
a (a?-16) a?-16 
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b 


1 1 


secé — tané 


*  secé + tand 


secO-—tand _ 


(secé@ — tan@)(sec 6 + tan 6) 


secé — tand 


(sec? @ — tan? @) 


e+ty2e(r+4) 


1 


= (2 sec 0)? = 4sec?6 


12 p=2(1 + tan’) - tan’@ = 2 + tan’@ 


1 
tan? 6 -2 2 
an Dp cot? a 
-—2)4+1 -1 
cosec?@=1+cot?@=1+ a sR 
p-2 p-2 p-2 
Exercise 6E 
1 a as = a 
a 5 b 5 c 4 d 6 
30 T T T 
on f —= as h Zz 
° 7% 6 e343 3 
2 0 b -= us 
a 3 2 
1 1 
30a 5 b -5 ec -1 d 0 
4 a v3 b v3 ec -1 d 2 
2 2 
e -1 foil 
5 a,mt-a 
6 a O<x<l 
b iv1—-x _* 
V1- x 
c i nochange ii no change 
7 a Yr T . 
Sar y= 9 + 2arcsinx 


RV 


y= —arctanx 


NIA 


Rv 
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YA Challenge 
e a sya b yA 
ins pean en eS: ; al 
y = arccos(2x + 1) 7s 
1 po Lm. 
i +> 
i 0) T! Tw x T > 
es 19) 4 a 
; = 
-1 - Range: 0 S arcsecx < 7, arcsecx # : 
yA Mixed exercise 6 
ee 1 -125.3°, +54.7° 
8 
2 p= q 
oa 3 p’q? =sin’?é@ x 4’ cot? 6 = 16sin?6 x cos*é 
sin’ @ 
Y= —2arcsin (-x) = 16cos?@ = 16(1 — sin? 4) = 16(1 - p’) 
t > 4 a i 60° 
=] 1 x se ° ° ° ° 
ii 30°, 41.8°, 138.2°,150 
b i 30°, 165°, 210°, 345° 
] ii 45°, 116.6°, 225°, 296.6° 
ci Tn 1017 
60° =60 
eee a “7 | re Sn 7a 11a 
6 6’ 6’ 6 
8 
a 0-5 
6 a LHS.= (224 + cost) sing + cos @) 
cos@ sin@ 
in2 2 
ne oe = #) (sin @ + cos 6) 
cos@ sind 
sin 0 Fa cosé 
~ sin@cos@ cosé sin@ 
=secd + cosecé = R.HS. 
1 
b Les 
—— - sinx 
sinx 
' ; athe 
g: x > arcsin 2x,-5 <a" <5 =_Sing___1 ,smt__1 -cee@y=RHS. 
‘ 1s Tope t 1-sin?x sinx cos?x cos?x 
oa > 78nd, —F SSS en a 
Let y = arccosx. x € [0,1] Sy € [°. 3 c L.H.S.=1-sinx + cosecx -1=sinx+ az 
es are 2 eRe 2 
cosy = x, so siny = 1 — cos¢y = V1 - x? a7 SUE = COS" *¥ = cog x 8* = cosx cotx 
sinx sinx sin x 
(Note, siny # -/1 — x? since y € [°. 3 so sin y = 0) =RUS. 
y = arcsiny1 — x? . 
an ta (1 - -1 
Therefore, arccosx = arcsiny/1 — x? for x € [0,1]. d LHs.=@ zi em) upealbusett J 
(cosecx — 1)(1 + sin x) 
TT er 
For x € (-1,0), arccosx € (57). but arcsin is only _ cotx + cosx - cotx + cosx _ 2 cosx 
has range [- a 3° ~~ cosecx-1+1-sinx ~ cosecx —sinx 
2cosx  _ 2cosx _ 2cosx sinx 
A gins (2 es cos? x 
sinx sinx 
= 2tanx=R.H.S. 


Answers 
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Answers 


e LHS = cosec@ + 1 + cosecé - 1 = 2 cosecd 
(cosec? 4 - 1) cot? 


_ 2 sin?@_ 2sin@_ 2 sin@ 
~ sin@’ cos?@ ~~ cos?@ ~+~-cos@  cosé 
= 2secé tanéd = R.HLS. 


f LHS _ sec?O-tan?d_ 1 


= = cos?@ = R.HS. 
sec? sec? 6 
la LHS, = Sa % + (1 + cos x)? 
“(1 + cos. x) sinx 
sin’?x + 1+ 2cosx + cos*x 24+ 2cosx 


(1 + cos x) sinx ~ (1+ cosx)sinx 


= a SED = = = 2 cosecx 
(1+cosx)sinx  sinx 
b —2 _2n 4m Sm 
3 33s 3 
1 ane _ (1+cosé)? _ (1 + cosé)? 
.H.S. = = 
eRe Far * sind sin? 1 — cos’0 
2 
= (1 + cos 6) =1+00s0_yug 
(1 —cosé@)(1+cosé) 1-cosé 
9 a -2/2 
b cosec?A = 1+ cot?A =1 +4=2 
cosecA = + a 4 3v2 
‘i i 3V2 
As A is obtuse, cosecA is +ve, = cosecA = rg 
1 1 k 
10 a = bk’-1 c -—— - 
k VR 1 VRe=1 
11.2 ie ja 220 oe Ate 
12 12 3 3.6 3 6 
14 a (secx — 1)(cosecx — 2) b 0°, 30°, 150°, 360° 
15 2-V3 
16 YA 


Y = arccos x 


y = COSx 
17 a -+ bi -3, ii -1 c 126.9° 
18 pq =(secé = tan 6)(secé + tan 6) = sec?@ — tan? 0 

1 

=1l>p== 

aa 


19 a LHS. = (sec? 6 — tan? @)(sec? 6 + tan? 6) 
= 1x (sec? @ + tan?) = sec? 6 + tan? @ = R.HLS. 
b -153.4°, -135°, 26.6°, 45° 
20 a YA 


392 


Area=1x2=2 
ea NSH 
al 1 2 _ 23 
21 cot60° sec 60° = ——— 
sad = tan60° 7 cos60° 3 3 
22 a 1 1 UA 1 1 
51 1 y=2-3'secx 
-2r 1 1 O I 1 Qn 
a 
2 
b -1<k<5 
23 a YA 
Telatelaiaieieieiete (1, 7) 
T T ed 
Ae. 4. 08 2 1.5 % 
y = 3arcsinxy —-2 
2 
_r- 
3n | 
2 
(-1, -n) #------- =F 
b (3,0) 
24 a Let y=arccosx. So cosy =x, siny =\1—-x?. 
/1 —~ 2 
Thus tany = i r *" which is valid for x € (0, 11. 
V1 = x? 
Therefore arccosx = arctan: forO<x<1. 
b 


Letting y = arccosx, x € (-1,0) ye (5) 


_sing V1-x? 
“COSx Xx 
v1 —x? 


tany 


arctan. 


gives values in the range (- ot a 


so forye€ (>) you need to add z: 


v1 - x2 
x 


y= + arctan 


Therefore arccosx = 7 + arctan 


v1 - x2 
a 
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CHAPTER 7 
Prior knowledge 7 
1 v3 
1 a— bY c V3 
v2 2 
2 a 194.2°,245.8° hb 45°, 165°, 225°, 345° 
3 a LHS =cosx+sinx tanx = cosx+ sin x( 12% ) 
_ cos?x+sin?ex 1 _ _ 
cosx = cosa — SCX = RHS 
_ . _ (COSX 1 sinx 
b LHS = cotx secx sinx = (S#)\(45)( T 
=1=RHS 
c LHS = cos'e+sin’s 1 _ gina = RS 
1+ cot?x cosec? x 


Exercise 7A 


1 


a i (a-8)+B=a.So ZFAB=a. 
ii ZFAB = ZABD (alternate angles) 
ZCBE = 90 -a,s0 ZBCE = 90 - (90 - a) =a. 


iii cos3 = 4B = AB = cos 
iv sin = 56 > BC = sing 


AD 


Be Ape 
b i sina mee sina cos 3 
ii isa = BD = cosa cos 
cos 3 
c i cosa =~ = CE = cosa sing 
sin 3 
ii sina = PE. => BE = sina sinG 
sin 2 
d i sin(a - 8) = "8 > FC=sinla - 9 
ii costa - 3) = “4 FA = costa - 8) 


e i FC+CE=AD,s0 FC =AD-CE 
sin(a — 2) = sina cos 8 — cosa sin 8 
ii AF=DB+BE 
cos (a — 3) = cosa cos 3 + sina sin B 


sin(A-B) _ sinA cosB - cosA sinB 


tan (A - B) = , : 
cos(A-B) cosAcosB+sinA sinB 
sinA cosB _ cosA sinB 
cosAcosB cosAcosB_ tanA-tanB 
~ cosAcosB. sinAsinB 1+ tanA tanB 
cosA cosB cosAcosB 


sin(A + B) =sinA cosB+cosA sinB 
sin (P + (-Q)) = sinP cos (-Q) + cosP sin (-Q) 
sin (P — Q) = sinP cosQ - cosP sinQ 
Example: with A = 60°, B = 30°, 
sin(A + B) = sin90° = 1; sinA + sinB = 8 + 5 #1 
[You can find examples of A and B for which the 
statement is true, e.g. A = 30°, B = —30°, but one 
counter-example shows that it is not an identity.] 
cos (6 — 0) = cos@ cos@ + sind sin@ 

=> sin’?@+cos?@=1ascos0=1 


a sin(5 - 6) = sin cos 6 - cos 5 sin 


= (1) cosé — (0) sin@ = cos@ 


c 270° 


b cos(F - 6) = cos~ cosé - sing sind 


2 
= (0) cosé — (1) siné = sind 
7 sin (x +2) =sinx cos? + cosxsin® =" sinx +} cos 
8 cos(x +5) = cosxcos® - sinxsin® = Leos -“Ssinx 
9 a _ sin35° b_ sin35° ce cos210° d tan31° 
e cosé f cos70 g sin30 h tan50 
i sinA j  cos3x 


10 a sin (x +7) or cos(x ~ 7) b cos (x +7) 


c sin (x +3) or cos (x ~ F} d sin (x - 7) 


11 cosy =sinx cosy + siny cosx 
Divide by cosx cosy > secx = tanx + tany, 
so tany = secx — tanx 


tanx - 3 
42 tanx-3_ 13-2 

3tanx+1 

84+ 5V3 

14a b V3 . -( 11 
45 tanz+V3 _1_, 24 /3)tanz=1-2V3,50 

1-v3tanx 2 

tan 17 2V3 _ (1 - WBI2- V3) _ gag 


24/3 — 1 


16 Write 6 and 6+ = as (0 + Zn) + 2 


= and use the 


addition formulae for cos. 
Substitute for cos@ and cos(9 + =) and simplify. 


Challenge 


Answers 


a i Area =4ab sind = 5a(y cos B\(sin A) = Zxy sinA cosB 


ii Area = 4ab sind = $y(x cos A)(sin B) = $xy cosA sinB 


iii Area = $ab sind = jxy sin (A + B) 


b Area(T; + T2) = day sin(A + B) 


= jxylsinA cosB + cosA sin B) 
esl i 
= 5xy sinA cosB 


+ say cosA sinB = Area T, + Area T> 


Exercise 7B 


4 V2W3 +1) 4 Y203+D) , 203-D 4g g_y 
4 4 4 

v3 v2 v2 

ft g n 3 i1 ji 2 


tan 45° + tan 30° 
1 - tan 45° tan 30° 


3 a tan(45° + 30°) = 


143 

b : 3 3473 (84+V73)84+ 73) 

tan 75 
1 v3 3-V3 (3-V3)8 + V3) 
3 
_ 124 6/3 _ 
=a.g ete 
4 -§ 
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Answers 


5 a cos105° = cos(45° + 60°) 


= cos 45° cos 60° — sin 45° sin 60° 


= om 1 13 _1-v3 _ v2 -v6 
v2 2 V2 2 22 4 
b a=2,b=3 
é 34+ 4/3 ij 44 3/3 10(3V3 - 4) 
10 10 11 
3 4 3-4/3 1 
7 ae b= To d = 
77 36 36 
8 a 35 b 35 Cc a7 
36 204 325 
9 a —395 b 353 Cc — 36° 
10 a 45° b 225° 


Exercise 7C 
1 sin2A =sinAcosA + cosAsinA = 2sinAcosA 
2 a cos2A=cosAcosA —- sinAsinA = cos’?A — sin?’ A 
b i cos2A =cos?A — sin?A = cos?A — (1 — cos?A) 
= 2cos’A - 1 
ii cos 2A = (1 - sin’? A) - sin?A = 1 - 2sin’A 
tanA+tanA  2tanA 


3 tan2A= 
1-tanAtanA 1-tan2A 
4 a sin20° b_ cos 50° ce cos 80° 
d tan 10° e cosec49° f 3cos60° 
lg ° mt 
g zsinl6 h cos (3) 
v2 v3 1 
5 Me: v¥o 1 
a 5 b 5 z d 1 
6 a (sinA + cosA)* =sin?A + 2 sinA cosA + cos2A 
=1+sin2A 
4 = 
b (sing + cos) =1+sint=1+2 22402 
7 a cos6é b 3sin40 c tand 
d 2cosé e 2cosé f 4sin? 26 
g sin4¢ h -}tan 20 i cos? 26 
p? 
=i _] 
79 
9 a y=2(1-%) b 2xy=1- x? 
cy? = 4x2(1 - x’) d y- 2 
7 1 
10 -2 11 +1 
24 ss 24 7 336 
ait ii = iii 55 b a 
13 a 1-2 ai 272 we 
9 3 8 
b tan2A = Sin2A _4v2 9 _ v2 
cos 2A 9 i 7 
14 -3 15 mn 
324+6%-52 20 5 v2 
16 20= = = 
mee 2x3x6 36 9 DS 
(3) 3.16 24 
3 
17a = b m=tan20= me 2° 7 
1- (7) 
4 


18 a cos2A=cosAcosA — sinAsinA = cos?A — sin? A 
= cos?A — (1 — cos? A) = 2cos?A - 1 
b 4cos 2x = 6cos?x — 3sin 2x 
cos 2x + 3cos 2x - 6cos*« + 3sin2x =0 
cos 2x + 3(2cos?x - 1) - 6cos*x + 3sin2x =0 
cos 2x —-3+43sin2x=0 
cos 2x + 3sin2x-3=0 


19 tan2A = 


sin2A _ 2sinAcosA 


Exercise 7D 


1a 
c 


2a 


w 
-") 


cos2A ~~ cos2A - sin2A 
2 sinA cosA 
cos?A 2tanA 
~ cos2?A-sin?A 1 -tan2A 
cos?A 
51.7%, 231.0% b 170.1°, 350.1° 
56.5°, 303.5° d 150°, 330° 


sin (6 + al = sin@cos it cos @ sin 7 


=1 sind + u cosé = u (sin @ + cos @) 
v2 v2 
G2 0,2, 
5 7 c 5 20 
30°, 270° b 30°, 270° 
3(sin x cosy — cosx siny) 


—(sinx cosy + cosx siny) = 0 

=> 2sinx cosy - 4cosx siny = 0 
Divide throughout by 2 cosx cosy 
=> tanx - 2 tany = 0, so tanx = 2 tany 


b Using a tanx = 2tany = 2 tan45° = 2 
so x = 63.4°, 243.4° 
5 a 0,5, 3, Qn b +#38.7° 
c 30°, 150°, 210°, 330° d 2,2 50 30 
12 4 12 4 
e 60°, 300°, 443.6°, 636.4° f zon 
a On 
: es 2n Tr 5 
h_ 0°, 30°, 150°, 180°, 210°, 330° i 2 42, Om 
2 Se Ge 
j  -104.0°, 0°, 76.0°, 180° 
k 0°, 35.3°, 144.7°, 180°, 215.3°, 324.7° 
6 51.3° 
7 a 5sin26=10siné cos6, so equation becomes 


b 
8 a 


10 a 


b 


10sin@ cosé+ 4sin6 = 0, or 2sin0(5cosé + 2)=0 
0°, 180°, 113.6°, 246.4° 
2sin@ cos@ + cos?@ - sin? 6 = 1 

=> 2siné@ cosé — 2sin?@=0 

=> 2siné (cosé — sin@) =0 

0°, 180°, 45°, 225° 

L.H.S. = cos? 26 + sin? 20 — 2 sin 20 cos 20 
=1-sin40=R.H.S. 


a lin 
24’ 24 
2tan (3) sin (§) cos? (5 
i R.HS.= a 2 A x 7 
2/0 o 
sec (3) cos (4) 
= 2sin (3) cos (3) = sind 
1 - tan’ (6) 1 - tan? (3) 
ii R.H.S. = a i 
1 2{2 2{ 0 
+ tan’ (3) sec (§) 
=o (21-1 («0 ()-si 
= cosé = L.H.S. 
i 90°, 323.1° li 13.3°, 240.4° 
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3(1 + cos2x) (1 — cos 2x) 


1a LHS.= 5 ; 
=1+2cos2x 
b y 
. 
NA 4 1NAon ot 
a a ee 3° 3 


Crosses y-axis at (0, 3) 
Crosses x-axis at (- ar 0), (3 0), (3 0), (=. 0) 


3 3 3 3 
12 a 2cos? (5) - 4sin’($) = 2( ud sos 8) - 4(? — os 
2 2 2 2 


=1+cosd-2+42coséd=3cosé-1 
b 131.8°, 228.2° 


13 a (sin?A + cos?A)? = sin’A + cos*A + 2sin?A cos?A 
] 2 
So 1 =sin‘A + cos*A + Cees sins cos 

> 2 = 2(sin*A + cos*A) + sin? 2A 


sin A + costA = 3(2 - sin? 2A) 
b Using a: sin‘A + cos*A = 4(2 — sin? 2A) 


=i{2-© = eos 44} (4-1+cos4A)_ 3+4cos4A 
=2 


2 4 ~— 4 
¢ 2,5 tm In 
12°12’ 12’ 12 
14 a cos36= cos(20 + 0) = cos 26 cosé@ — sin 26 sin@ 
= (cos’@ — sin? 6) cos @ — 2sin@ cos@ sin@ 
= cos*0 — 3sin?@ cosé 
= 4cos* 6 — 3 (sin? 0 + cos? 6) cosé 
= 4c0s?6 — 3cosé 
a On 7 
b 9° and 9 


9 
Exercise 7E 
1 R=13;tana=% 2) 35,3" 3 41.8° 
4 a cos — V3 sin # = Ros (0 + a) gives R= 2,a=7 


b y = 200s (8+ 3) 


Y 
2 
1 
O 


5 a 25cos(6+ 73.7°) b (0, 7) 

© 25,-25 di2 wo iit 
6 a R=/10,0=71.6° b 6=69.2°, 327.7° 
7 a V5cos(20 + 1.107) b @=0.60, 1.44 
8 a 6.9°, 66.9° b 16.6°, 65.9° 

c¢ 8.0°, 115.9° d -165.2°, 74.8° 
9 a 3sin30-4c0s30= Rsin(30 — a) 


= Rsin 30 cosa — Rcos 36 sina 
So Rcosa=3,Rsina=4=>R=5, 
tana = 4s0 a = tan! $= 53.1° 
b Minimum value is —5, 
when 36 — 53.1 = 270 => 6= 107.7 
c 21.6°, 73.8°, 141.6° 


10 


11 


12 


13 


14 
15 


a 


a 
c 


Answers 


3(2 = p28 = 3(2 + p28) + 3sin 26 


= 1+ 3sin20-4co0s20,soa=3,b=-4,c=1 
Maximum = 6, minimum = —4 c 14.8°, 128.4° 
R=V10, a = 18.4°, 6 = 69.2°, 327.7° 
9cos?6=4-4sind + sin?@ 

=> 9(1 - sin?0) = 4 - 4sin@ + sin?¢ 
So 10sin?@ - 4sin@d-5=0 
69.2°, 110.8°, 212.3°, 327.7° 
When you square you are also solving 
3cos@ = -(2 — sin@). The other two solutions are for 
this equation. 


wee x sind + 2sind = 


1 r x sind => cosé 
+2sind=1 

6 = 126.9° (1 dp.) 

V2 cos cos 7 + V/2sin0 sin7 + /3sin0 sind = 2 
=> cosé + sind — sind +/3sind = 2 

= cosd + V3sin@ = 2 
vis 

3 

R= 41, a =77.320° 


R=13,a = 22.6° 
a=12,b=-5,c=12 


b i z ii 77.320° 


b 0=48.7°, 108.7° 
d minimum value = -1 


Exercise 7F 


1 


a 


LHs, = S08 A=sin’A _ (cosa +-sizrA)(cos A — sin A) 
“""" cosA + sinA cosa +.sinA 
= cosA -sinA =R.H.S. 


a2 F ‘ 
R.H.S. = —=——_ BcosA - BsinA 
wan A coud {sin B cos cosB sin A} 
sinB cosB 
= 7 - ——— = LHS. 
sinA cosA : 
1 -(1 - 2sin?@) 2<in? 0 
L.H.S.= = =tan@=R.H.S. 
2sin@ cosé 24in @ cosé si 
sin? 0 
LHS. = 1+tan?6 _ cos’ é 
1 - tan?¢ _ sin®@ 
cos? 6 
cos? @ + sin?@ 1 
= = = 26 =R.H.S. 
cos?@—sin?@ cos26 eer 
L.H.S. = 2 sin @ cos @(sin? 6 + cos? 4) 


= 2sin@ cos@ = sin 20 = R.H.S. 


sin 30 cos@ — cos30 sin@ _ sin (36 — 0) 


LHS. = 
sin@ cos@ sin @ cosé 
sin 20 2sin@ cosé 
= =2=R.HS. 
sind cos@ sin@ cos@ 
LHS. = 1 _2cos2écosé_ 1 2cos 20 cost 
“sind sin 20 sind 2sin@ cest 
—(1 — 2sin2 
~Necosat TSU = tan) 5 ind BS, 
sin@ sind 
si 1 - (1 - 2sin?$) 
LHS. = cos é _1-coséd_ 2 
144 1+ cos@ 1+ (2cos?$ ~ 1) 
cos @ 2 
2sine? 9 
9 tan’5 R.H.S. 
2 cos’ > 
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Answers 


1-tanx _ cosx-sinx 


L.H.S. = : 
1+tanx cosx+sinx 


me 


_ (cosx — sinx)(cos x — sin x) 
cos*x — sin? x 


_ cos?x + sin?x -2sinx cosx _1-sin2x _ RUS. 
cosx — sin? x cos 2x 

L.H.S. = sin(A + 60) + sin(A — 60) = sinA cos 60 

+ cosA sin60 + sinA cos 60 — cosA sin 60 

= 2 sinA cos60 = sinA = R.H.S. 

cosA cosB - sinA sinB 


b LHS _ cosA _ sinA 


sinB cosB sinB cosB 
cos(A + B) 
= ——— =RHS. 
sinB cosB 
sin (x + sinx cosy + cox sin 
ree 2 2 Z ss 
COS x COSY COS Cosy 
_ sing , siny _ = 
= ‘cosx t cosy = tanx + tany = R.HLS. 
cos (x + cosx cosy — sinx sin 
cine 4. 2 Lod 
sinx siny sinx siny 
_ cosx cosy — sinx siny efit cos x cosy 
sinx siny  sinx siny sinx siny 


= cotx coty = R.H.S. 


f=) 


L.HLS. = cos (6 + 3) + V3 siné =cos@ cos 


1 V3 


— sind sing + V3 sind = 5 0080 es sind + V3 sind 


1 (Cee ee T\ 
5 cos @ + sin @ = sin (0 + _ R.H.S. 
_ _ cos(A + B) 
f LHS. =cot(A +8) = an(4 4B) 


_ cosA cosB - sinA sinB 
sinA cosB + cosA sinB 


cosA cosB _ sinA sinB 
_ sinAsinB  sinAsinB _cotA cotB-1_ 
sinA cosB | cosA sinB cotA + cotB 
sinAsinB  sinAsinB 
g LHS. = sin(45° + 6) + sin%(45° — @) = (sin (45° + 6))? 
+ (sin (45° — @))? = (sin 45° cos@ + cos 45° sin 6)? 
+ (sin 45° cos @ — cos 45° sin 6)? 
_ 2 = _ 2 
7 (2 cos @ + 2 sin‘) + (2 cos @ — 2 sin?) 


= 3-008" + 5-008 4 sin@ + $sin’ + $0086 


- 50088 sin @ + 3 sin? = cos20 + sin?@ = 1=R.H.S. 


h_ L.H.S. = cos (A + B) cos (A — B) 
=(cosA cosB — sinA sinB) x (cosA cosB + sinA sin B) 
= (cos?A cos?B) — (sin2.A sin? B) = (cos? A(1 — sin? B)) 
— ((1 - cos? A)sin? B) = cos?.A — cos? A sin? B 
—sin?B + cos?Asin?B = cos?A — sin? B=R.HS. 


3 a LHS. - Sin@ , cosé _ sin’é + cos’ 


cos@é sind sin@ cos@ 
221 20 cogen de = RTS. 
(5) sin 20 
b 4 
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R.HLS. 


10 


a Use sin 36 = sin(2@ + 6) and substitute 
cos 20 = cos’@ — sin? 0. 

b_ Use cos 34 = cos(26 + @) and substitute 
cos 20 = cos’ @ — sin? 0. 

sin3@ _ 3sin0@ cos?6 — sin?@ 


ec tan3¢= 


cos30 cos @ — 3sin?@ cosé 


= 3 tan dé — tan? 6 
1- 3tan?6¢ 


tand = 2/2 


6v2 -16V2 _-10/2 _ 10/2 


so tan 36 = To 24 33 33 


5 x 
a i cosx= 2 cos’ 5 - 1 


x 1+ cosx 
cor == 
2 2 


> 2cos*s =1+cosx 


ii cosx=1- 2sin’S 


1-cosx 
2 


> 2sin?> = 1-cosx 


2 25 VD eg 
b 
oe 5 2 
A _ [' + cos)! _ 1+2cosA+cos?A 
c cost> = 9 = 4 


a2 5b 
sin?= = 
2 


1+2cosA+ (mses) 


2 


4 
_2+4cosA+1+cos2A _34+4cosA+cos2A 
= 3 = 


cos*@ = (cos? 4)? [1+0826)' 
2 


(1 + 2cos 26 + cos? 26) = f+ 500s 26 


1 

4 

gaia eae 1 1.1 
if 9 = 4 t 700820 + 7 + 5 cos 40 
233). 1 _ 

=3 + 9 008 20 + 3 cos 40 = R.H.S. 

[sin (x + y) + sin (x — y)][sin (x + y) — sin (x — y)] 
= [2sinx cos y][2 cosx siny] 

= [2sinx cosx][2 cosy siny] 


= sin 2x sin 2y 


2cos (20 + | = 2(cos 20 cose — sin 20 sin) 


= 2(cos 205 . sin 203 = cos 20 — V3 sin 20 


4.cos (20 = Z| = 4c0s 20 cos é + 4sin 20 sing 


= 2/3 cos 20 + 2sin 26 = 2/3(1 — 2sin26) + 4sin@ cosé 
= 2/3 - 4/3sin20 + 4sin@ cosé 


a RHS.=V2 {sin 6 cos 7 + cosésin 7 


4 
=/2 {sina + cose} = sind + cosé =LHS. 
v2 v2 
HLS. = 2fsin 20 cos= — cos 26 sin= 
b R.H.S {sin Cos & cos sin tI 


s 2 sin 293 ~ cos 201} = V3 sin 20 - cos 20 = LHS. 


' Online ) Full worked solutions are available in SolutionBank. 


Answers 


halons 2 sinx= a SO COSX = Z 
1 a cos(A +B) - cos(A - B) 7 5” ~ Ale: 
= cosA cosB - sinA sinB - (cosA cosB + sinA sinB) : 2 1. : 
=_2sinA sinB COs WSSU y= ey eas ng 
P+Q = 
b LetA+B=PandA-B=Q. Solve to get A= 5 (51) shy = cony any 2 vo+¢1 
Fe th It fi ‘a 
and B= =o en use result from part a to get + & mde o ears 1 b 45° 
cosP — cosQ = — 2 sin (7 = 4 sin (7 — 2) 4 Use the sine rule and addition formulae to get 
2 2 
io v3 9 1 
-3(cos 6x + cos 4x) 20 Reg ag Oke es 
2 a sin(4+8)+sin(A -B) Then rearrage to get tan 6 = 3V3. 
=sinA cosB+cosA sinB + sinA cosB - cosA sinB 5 675° 
= 2sinA cosB 6 ai 3 ii is 
LetA+B=PandA-B=Q b Use cos{180° — (A + B)} = -cos(A + B) and expand. 
Ae P+Q and B= P-Q You can work out all the required trig. ratios (A and 
2 B are acute). 
= =1-2sin?2 4 
A sin P + sinQ = 2sin ("* 2) cos (? 2) 7 a Usecos2x=1-2sin 2 b= 
2 2 c i Use tanx = 2, tany = in the expansion of 
11m _P+Q5n_P-Q Hane): 
b 24° 2 94 2 ii Find tan (x —- y) = 1 and note that x - y has to be 
92 10 acute. 
S&T ~P+Q,—"=P-Q 8 a Show that both sides are equal to 2. 
24 24 6 
p 3k ¢ 12k 
327 2P = P 16m g 6m 2 4_9k 
aA ee 9 a \3sin20=1-sin26 = cos 20 
_ (167 _ (6r\_ v3 +V2 1 
at 5g | toa 5 = V3 tan 29 =1 => tan 20 =— 
v3 
bp = 
Exercise 7G 12 12 
1 a 0.25m b 0.013 minutes, 0.8 seconds a fae ye ee i = a a ne 
ce 0.2 minutes or 12 seconds a cos (x - ) = cosx cos 3 SUL SH 
2 a 0.03 radians b 0.0085 radians = eos x + V3 sine 
ce 0.251 seconds 2 2 4) 
d 0.0492, 0.2021, 0.3006, 0.4534 seconds a) 1 oy 1 
So {2 - sin x cosx => tanx 
3 a £17.12, £17.08 2 2 Ve 4-V3 
b £19.40, 6.53 hours or 6h 32 min 5 
c After 4.37 hours (4h 22 min after market opens) b 23.8°, 203.8° 
4 a 224.7°C 12 a cos(x + 20°) =sin(90° — 20° — x) = sin(70° — x) 
b 2m17s,5m 26s, 8m 34s Using addition formulae: 
ce 17.6 seconds. cos x cos 20° — sinx sin 20° 
5 a R=0.5,a = 53.13° = sin 70° cosx — cos 70° sinx 
b i105 ii 0 = 143.1° Rearrange to get: sin (5 cos 70°) + cos.« (3 sin 70°) = 0 
c Minimum value is 22.5, occurs at 17.95 minutes feng Sie SST. 3 eye 
d 2.95, 12.95, 22.95, 32.95, 42.95, 52.95 minutes ann = cosy “Seos70°. 5 an. 
6 a R=68.0074, a = 0.2985 b 138.0m ° 
b 121.20 
7 : oe pane d 11.1 minutes 13 a Find sina = 2 and cosa = and insert in 
= Pe oes Os s: 
b i 1950 V/m ii c= 4.41cm, x =16.91cm expansions on L.H.S. Result follows. 
c 2.10 <x <6.71, 14.60 <x <19.21 b 0.6, 0.8 
14 a Example: A = 60°, B = 0°; sec(A + B) = 2, 
Challenge secA +secB=2+1=3 
a 5.86cm <x <10.33cm b LHS _ sind , cosé _ sin’é + cos*é 
b Identifying the exact point of maximum field strength, '  cosé@ sind sin @ cos0 
microwave oven would not work exactly the same every = 1 ~»9 cosec 20 = R.HS. 
time it is used. $sin 26 
: . 15 a Setting 6 == gives resulting quadratic equation in t, 
Mixed exercise 7 7 : 
3 ?+2¢-1=0, where ¢ = tan (2). 
1 ais ii 5 Lg 8 


b 23.8°, 203.8° Solving this and taking +ve value for ¢ gives result. 


b Expanding tan G + a gives answer: V2 + 1 
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Answers 


16 a 2sin(x - 60)° 


b 


Graph crosses y-axis at (0, -/3) 
Graph crosses x-axis at (-300°, —0), (-120°, 0), 
(60°, 0), (240°, 0) 


17 a R=25,a=1.29 b 32 c 6.8°, 66.9° 

18 a 2.5sin(2x+0.927) b 3sin 2x+2cos2x+2 ec 4.5 
19 a a=14.0° b 0°, 151.9°, 360° 

20 a R= 713 ,a=56.3° b 6 =17.6°, 229.8° 
21a LHS.=-—..—! = _1! = 2 cosec29 =R.HS. 


cosé ” sind 1sin 20 
b LHs.-lttanx _1-tanx 
1-tanx 1+tanx 


— (1+ tan x)? - (1 - tan x)? 
(1 + tanx)(1 - tan x) 


_ (14+ 2tanx + tan’ x) - (1- 2 tanx + tan? x) 
= 1 - tan? 

4tanx _ 2(2tanx) 
~ 1-tan?x 1 -tan?x 


= 2tan 2x =R.H.S. 


ec L.A.S.= [cos 2x — cos 2y] = $Icos 2y — cos 2x] 
= $12 cos?y - 1 - (2 cos?x - 1)] 
= $12 cos’ y — 2.cos?x] = cos*y — cos*x = R.H.S. 
d_ L.H.S. = 2cos 26 + 1 + (2 cos? 20 — 1) 
= 2cos 20(1 + cos 26) = 2 cos 26(2 cos? 4) 
= 4co0s?6 cos 20 = R.HS. 
1-(1-2sin’x) _ 2sin?x 


vee 1+(2cos?x-1)  2cos?x 
= tan’?x =sec?x-1 
Tv Tv 
Bas 
23 a L.H.S. = cost 260 — sin* 20 
= (cos? 20 — sin? 20)(cos? 26 + sin? 20) 
= (cos? 20 — sin? 24) (1) 
= cos 40 = R.H.S. 
b 15°, 75°, 105°, 165° 
24 a Usecos26=1 - 2sin’6 and sin 26 = 2sin@ cos@. 
b_ sin 360° = 0, 2 - 2cos(360°) = 2-2=0 
c 26.6°, 206.6° 
25 a R=3,a=0.841 b x =1.07, 3.53 
26 a R=5.772,a=75.964° b 5.772 when é = 166.0° 
c 6.228 hours d 196.7 days 
27 a 13sin(x + 22.6°) b 3.8m/s 
c 168.5 minutes 
Challenge 


cos 20 + cos40 _ _2c0s30cosé _ _cotg 
sin20-sin46 2cos36 sin(-6) 
b cos5x + cosx + 2cos3x 
= 2c0s 3x cos2x + 2cos3x 
= 2c0s 3x (cos 2x + 1) 
= 2cos 3x (2 cos? x) 
= 4cos’ x cos 3x 
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2 a OB=1 
sin 29 = 9B = AB = sin 20 
cos 26 = 74 = OA = cos 26 
: AB * sin 20 
G= O= 
ae 2cosé — 2cosé 
sin 20 = 2sin6@ cos@ 
b (1+ cos 26)? + sin? 26 = (2 cos 6)? 
1 + 2cos 20 + cos? 26 + sin? 20 = 4cos?6 
2 + 2c0s 20 = 4c0s26 
cos 20 = 2.cos?6-1 
CHAPTER 8 
Prior knowledge 8 
Y 
1 t=— b i=2/4 
aca ae “13 
au 1 x-1 
t=e7 d t=-2In(2>4) 
c e 3 5 
2 a 7-3cos’*x b 2cosxv1 - cos2x 
¢ tess. d 2cosx +2cos?x-1 
V1 —cos2x 
3 a y>O b O0<y<2 
ec -6<y<3 d O0<y<il 
4 (4,7) and (-4.8,2.6) 
Exercise 8A 
1 oa y=(%¥+2)?+1,-6<x <2, 1<y<17 
b y=(5-x)-1,%ER y2-l 
c y=3-1,420, y#3 
d 2 
y= pel y>0O 
1+2x 
e =( 7 ) x>0 y>a4 
1 
f y=—*—0 - 0 
47 ag ad 
2 ai y=20-10e"+e%x>0 ii yo il 
A 1 by 1 
b i aera a li O<y<qz 
ec i y=x%,x>0 ii y>O 
3 a y=9r-xt, O<ax<V5, O<y<% 
Y (4,8! 
si ve" 4 
‘ (v5, 20) 
y = 9x? -x! 
4 a 
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bi y=$5lx- 2)x +7) 


ii -13<x<11,-3<y<18 


y = 5(« - 2)(@ +7) 


sme 


RY 


:x=142t,t= 
Sub ¢ into y = 2 + 3¢: 


-1 
= 243(/% |= 
a : | 2 


Therefore C,and C, represent a segment of the 
same straight line. 


Length of C, = 3/13, length of C, = 


x=—+2,¢t=—— 
G 


b 


Sub into y = 2t-3-? 


gett) ey 


_ 6x -12-3424+12"%-12-9  - 3x2 4+ 18x - 33 


= 


(x — 2)2 
_ —Blx? - 6% + 11) 


(x — 2)? 


x =In(t + 3) t=e*-3 Sub into y = 


1. 1 
e*¥-34+5 et+2’ 


1 
f(x) < 3 


x>0O 


y= 


x® = 2x? > 
=——-=—,05 24 5 3V2 
an seal 
dy 
= (3 — 2t, ~ = 302-2 
y dt 
0=3-2 f=£ teat 


6 <f<4 


y=4-st=/4-y 
Sub into x = ¢3 — ¢ = ¢(¢? -— 1) 


Challenge 
> 1-232 5 402 


b 


ue + 


(1 + ¢2)2’ (1 + ¢2)2 


soA=-3,b=-6,c=11 


| . 
on 


(1 — ¢2)2 4t2 1 - 2t?+¢4 


y= 


14202404 (1+ 0°)? © 
(1 + ¢2)2 (1 + t2)2 


Sow+yr=l1 
Circle, centre (0,0), radius 1. 


Exercise 8B 


1 


a 


Cc 
e 
a 


b 
c 


Y= 


25(x + 1)? + 4(y - 4)? = 100 
y= 4x? -2 

— 

x-2 

(x +5)? +(y-2)?=1 


Centre (—5, 2), radius 1 
O<t<2r 


Centre (3,-1), radius 4 
(x + 2)? + (y- 3)? =1 


+2 0+ +22 


y? = 4x°(1 - x”) 


RV 


Answers 


5 a y= Py 2 |t ae ae oe 
_ : x= 16 9 4 1 
_v3 9-% a 
b gS y=e 212.8) 5,4 | 215) -02 
c y=-3%x 
esa a6 t 1 4 
x x= 1 4 9 16 
b 
y y== 0.2 | 16 | 5.4 | 12.8 
Ya 
14- 
12-4 
o! x 104 
7 yas Domain: x > 0 a 
8 a y=9x(1 - 12x") >a=9,b=12 4+ 
b Domain: 0 < « < 4, Range: -l<y<l 24 
=..aa3 T _ . T T T T T ry 
9 y = sint cos (=) cos ¢ sin (F) _S 8 10121416 ~ 
2 -4+ 
a1 = 2 
VB A _ | @) 1 65 
5 Sint — 5 cost 5 a _g | 
-10- 
1 3 Ijao one 
=Alojg 242 — 7) — 372 — -124 
i( | re x) wie 3x2 — x) 
2 = wad 
10 a y?=25(1-—+. b x>5,0<y<1 ei a 
y 4 6 12 
11 a ey a aad x=tant+1|] 0 | 0.423 | 0.732] 1 
y =sint -0.707] -0.5 | -0.259 0 
Challenge 
—— Tv Tv Tv Tv 
y= i fe , (zat t a ; 7 
x=tant+1 | 1.268 | 1.577 2 2.732 
Exercise 8C y=sint 0.259 0.5 0.707 | 0.866 
1 {t -5 -4 -3 -2 -1 -0.5 
x=2t | -10 -8 -6 -4 -2 -1 
y=2 | -1 |-1.25]-167| -25 | -5 | -10 
t 0.5 3 5 
x= 2t 1 2 4 6 10 
¥=F 10 5) 2.5 | 1.67 | 1.25 1 
YA 
10, 
84 
64 
44 
24 
T—1—T T= ¢ Yr 
246 8107 
6 
T > 
-24- 
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d y e y 
6 3 
T > 
O| x 
ol x ee <t 
f 


5 a y=(3-x)?-2 
b y 
it 
ae 
6 a (x+2)?+(y-1)?=81 
b y 


c 67 


Challenge 


Exercise 8D 
1 a (11,0) 
d (1, 0), (2, 0) 


2 a (0,-5) 
d (0,4) 
4 4 4 


ne 


omantnan wo 


a = -1, 0}, (0, cos 1) 
» (2.9), (8.0}.0 


ce (1,0) 
9 a (e+5,0) 


b (In8, 0), (0, -63) 


As t approaches —1 from the 
positive direction, the curve 
heads off in the positive y 
and negative x quadrant. 

As t approaches —1 from 

the negative direction, the 
curve gets closer to 0 from 
the negative y and negative x 
quadrant. 


(7, 0) ¢ 0,0),19, 0) 
(5-0) 
(0.35)  € (0,0), (0, 12) 
(0, 1) 

5 (5 3) 


t= 5 t= —35 (FB, 5), (3-3) 
(1, 2), (1, -2), (4, 4), (4, -4) 


3), (0, 1), (0, -1) 


13 


15 a A(4, 1), BOY, 2) 


b 


Cc 


y = 2x -5 = 4t(t - 1) = 2(20) -5 = 40 - 81+5=0 
Discriminant = 8° - 4x 4x 5=64-80=-16<0 
Since the discriminant is less than 0, the quadratic 


4sin2t+2= 4sin 2t=2 => sin2t=0.5 
5a a On 
ar=4, t=-4, 
6 6 = 12,12 


(65 (73)-9}-(6eoe(33}-¢ 


Answers 


has no solutions, therefore the two equations do not 
intersect. 
14 a cos2t+1=k 


b 


Cc 


max of cos2t=1,sok=1+1=2 
min of cos2¢ =-1,sok=-1+1=0 
Therefore,0 <k <2 
y=1-2sin?t+1=2 - 2sin’?t = 2 - 2x? 
k=2- 2x? > 2x°+k-2=0 

Tangent when discriminant = 0 
Discriminant = 0? — 4 x 2 x (k- 2) =0 
-8(k-2)=0Sk-2=05k=2 


Therefore, y = k is a tangent to the curve when k = 2. 


x-5y+1=0 


16 y+V3x-V3 =0 
17 a A(0, -3), B(3, 0) 


b 


c 


Gradient of J, = 4 

Equation of /, and /,: y = 4x + ¢ 
r-4- MU, 
=l-(8+c)t+4=0 

Tangent when discriminant = 0 

(-(8+c))? -4x1x4=0 

64+ 16c+c?-16=0 

c? + 16c+48 =0 

(c+ 4) (c+ 12)=0>c=-40rc=-12 

So, two possible equations for J, and /; are 
y=4x-4 andy = 4x -12 


(3. -2}, (3. -6) 


e-—4¢t=4t-4+ ct 


Challenge 
(1, 1), (e, 2) 


Exercise 8E 


1 


a 


c 


a 


oe 


sonmn a 


83.3 seconds 


x x 
f= 25.9 
0.9. 4 


b Gradient of / = 5 = 


1. 


4 


which is in the form, y = mx + c and is therefore a 


straight line. 
3.32ms" 
3000 m 


Initial point is when ¢ = 0. For t = 330, y is negative 


ie. the plane is underground or below sea level. 


26373m 

35.3m 

Between 1.75 and 1.88 seconds (3 s.f.) 
30.3 m (3 s.f.) 

10° seconds b 2m 
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Answers 


c t=2 y= -4.9(3)" + 10(5) = -Px + 5x 


2 
Therefore, the dolphin’s path is a quadratic curve 


2 ='12\" 
z\" (2 =15 x2 4(y-12)2 = 144 
12 ~T2 y 


Therefore, motion is a circle with centre (0,12) and 
radius 144 = 12. 

b 24m c 2x seconds, 12 m/s 

4.86 units (3 s.f.) b Depth = 2 


7 a 1B b (0,2), (0, 4) 
_ (tl? - 3t+2 
© a= 2(F a 3+) 


2? =20-6t+4+10tS0=4t+4S5t=-1 
Since, ¢ > 0, the paths do not intersect. 


+10 


8 a 10m 
b k=1.89 (3 s-f.). Therefore, time taken is 1.89 seconds. 
ce 34.1 units (3 s.f.) 
-* 
a ae 18 
7 x \? a AD ee, 2 
y= leva +4(73) + 10= aaa” ae 0 
Therefore, the ski jumper’s path is a quadratic 
equation. Maximum height = 10.8 m (3 s.f.) 
9 a t=2 b (50, 20) 
ce (77.87, 18.19) 
? <1< o which is when sin 2¢ is decreasing, 
hence when y is decreasing, hence the cyclist is 
descending. 
10 a (4.35, 4.33) (3s.f) b 25m 
c 3.47m(3s.f.) d -7.21 
Mixed exercise 8 4 
zB x\?  [y 
1 a A(4,0), 80,3) b C(2/3,3)_—¢ (3) + (5) 1 


3 a y=tinfe-1)-54+m2,e>e7+1 


b y>1+mn2 
4 y=-In(4)-2Inw,0<x<3,y>0 
5 a y=1- 2x? b ee 
6 t=4-1 
Sub into y= ay 
y= L =! 
(beget taped) Gl24) 
He x? _ x 
Ag) 
402 


7 a 
c 
8 a 
b 
9 a 
b 
c 
10 a 
b 
ll a 


(x + 3)? +(y-5)?=16 b YA 


> 
(0,5 +7), (0,5 -v7) a . 


a1+0=2-3tS 40+ 3t=2-x>5Ux+3)=2-4 
_2-% 
ere 
: 34+ 2t 
ub into y = ——=— 
Sub into y ee 
2-%x 
a), aie Beasts 
_ + (2-3) H+342-X 5 
x+3 
_—x+13 


pun get 

This is in the form y = mx + c, therefore the curve C 

is a straight line. 

4/26 

5 

y= 2x42 

Domain: —2 < x < 2, Range:0 sy < 4 
Ya 
4 4 


a 
~2 O 2% 


+5 


Mo U] 
cost ==, sint =——— 
2 2 


ay e(GA) = 

x? +(y + 5)? =4 

Therefore, the curve C forms part of a circle. 
Ya Cc 2r 


T > 
2 x 
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12 


13 
14 


4-P=40-3)+2050=0+4t+4 
Discriminant = 47-4x1x4=16-16=0 

So, the line and the curve only intersect once. 
Therefore, y = 4x + 20 is a tangent to the curve. 


a 


a A(0, -4), BU, 0) 


(5, e° — 1) b k>-1 


b x-2y-1=0 


15 x«+yln2-n2=0 
x : 
16 a t= 380° sub into y = 3000 — 30¢ , 
x 
y = 3000 - 30(s55) y = 3000 - sex 
This is in the form y = mx + c, therefore the plane’s 
descent is a straight line. 
b k=99 c 8458.56m 
17 a 1022m 
b 1000 = 50/2¢=> ¢= 10/2 
Sub into y = 1.5 - 4.972 + 50/2¢ 
y = 1.5 - 4.9(10V2)? + 50/2(10/2) 
y=21.5m 
21.5 > 10, therefore, the arrow will be too high 
ec 12m 
18 a 976m, 2 hours b 600m 
19 a 10m b 80m 
20 a 10m b 1 minute ec 0.9m 
Challenge 
a kei b (4.3) 


Review exercise 2 
i, (_ 7m _ 3a T 5a 
1 x-axis: =, 0), ( 0}, .0), .0| 


Bm we 


NS 


F 1 
-axis: |0, — 
( z) 


4 


b_ y-axis at (0, 0.5). x-axis at (=. 0) and (He. 0) 

ce x=2.89,x%=5.49 

a 1.287 radians b 6.44cm 

12+ 27cm 

a yr + 10)76 - $r?0 = 40 > 20rd + 1000 = 80 
>16+50=457r=2-5 

b 28cm 

a 6cm b 66.7 cm? 

a 119.7 cm? b 40.3 cm 


Split each half of the rectangle 


as shown. 
Ar =, 
ea S ao" 
Area T= 318 

1 v8 x, 
AreaR=(=-2- |p 
aa (3 a 42 


Answers 


3sin?x +7 cosx +3 = 3(1 — cos2x) + 7cosx +3 
=-3cos?“ + 7cosx +6 =3cos** - 7cosx - 6 
b x= 2.30, 3.98 

For small values of 0: 
sin 40 = 46, cos 40 = 1 - 5(46)? = 1 - 86°, tan 30 = 30 


2 
sin 40 — cos 40 + tan 30 ~ 40 - (1 -S") +30 
= 802+ 76-1 
b -1 
lla y = 4- 2cosecx 
“2n xO 7 ani x 
b 2<k<6 
llc 5r 
1a b k=2 aiken. 
3 ar aes 
12 & cos x 1-sinx _ cos2x + (1 —sin«x)? 
1 -sinx cos x cos x(1 — sin x) 


_ cos¢a+1-2sinx+sin’x 2-2 sinx 


cos x(1 — sin x) 


ae 
= Gogg = 2 SeCX 
3a 5x 11m 137 
b «=>, 
Ba a 
14% sin@ _ cos@ _ sin? @ + cos? 
cos@é sind cos@ siné 
T i + 2 cosec 20 
1 ginog sin20 
2 
b ya ; ; 
|S VY : 
i> 
: 90° 180° 270° 360° 8 
y = 2cosec 20 


ce 20.9°, 24.1°, 200.9°, 204.9° 


15 a Note the angle BDC = 0 
cos = 2B& = BC = 10c0s6 
10 
: BC 
6=— => BD=10 7] 
sin BD cot 
10 q T 
b 10 coté =—= cotd =—,0 
v3 v3 3 
1\/1 5 
DC = 10 cos cotd = 10(5)(33) opis 
2/)\V/3) V3 


cos x(1 — sin x) 


Answers 


16 a sin?0+cos?6=1 


in2 2 
sin’? , 00s" @ _ 1 tan?6+1=sec?6 
cos?@ cos?@ cos?é 
b 0.0°, 131.8°, 228.2° 
2 


17 a ab=2,a=— 
b 


4-b? 4-4sin?x _ 4(1 -sin?x) 


b 
a2-1  cosec?x-1 cot? x 
2 
4 cos" 4sin2x = b2 
cot?x 
18 a 2-y=arccosx b= 
ae 2 


1. ad 
19 a arccos > = p => COsp => 
Use Pythagorean Theorem to show that opposite 
side of right triangle is /x? - 1 


eS] _ v"e2—1 
=> p =arcsin— 


b Possible answer: cannot take the square root of 
a negative number and for 0 < « <1, x? - Lis 


sinp = 


negative. 
20 a (-1,32) y 
2 
=2 2h 
y = 2arccosx 5 
x 
us 
(1,-5) 
1 
b (0,— 
(°-5) 
| " tanx +3 1 
21 tan(x+ a 
6 . 1 - 3 tanx o 
v3 
6tanx + 2/3 =1 ~-g tanx 
(8 £3) tanx = 1-2/3 
3-6/3 18-Vv3_72-111V3 
tanx = x —= 
18+V3 18-3 321 


22 a sin(x + 30°) = 2sin (x — 60°) 
sin x cos 30° + cos x sin 30° 
= 2(sinx cos 60° — cos x sin 60°) 


v3 1 1 


F v3 
=9) = 
sinx + > cosx (2 sin % — “> cosa 


V3 sinx + cosx = 2 sinx — 2/3 cosx 
(-2 + /3) sinw = (-1 - 2/3) cosx 
sing _-1~- 2/3 _-1~2V3 , -2-v3 
cose _24/3 -24+V3 -2-/3 
24+ 4/3 +/3 +6 
= — =84+5/3 
44 2/3 - 2/3 -3 
b 8-5/3 


23 


24 


25 


26 


27 


28 


29 


30 


31 


a sin165° = sin(120° + 45°) 
= sin 120° cos 45° + cos 120° sin 45° 


By eal ed _V¥3-1_ V6-Vv2 
2 V2 2 V2 22 4 
1 
b 165° = ———_ 
ee sin 165° 


4 V+ _ WH _ Eg 


V6 -v2) (v6 + v2) 6-2 
a cos = 3 sina = VE 
sin 2A = 2sinA cosA = 2(= 7)(3) - =F 
b_ cos2A = 2cos?A - 1 =+ 
en, 
. 8 _ 
tan2A sin 2A _3V7 
he cos 2A () : 
8 
a -180°, 0°, 30°, 150°, 180° 
b -148.3°, -58.3°, 31.7°, 121.7° (1 d.p.) 
a 3sinx + 2cosx =V13 sin(x + 0.588...) 
b 169 
Cc =x = 2.273, 5.976 (3 dp.) 
a cot —tané cosé _ sind _ cos*0 — sin? 
sin@ cosé sin 6 cosé 
_ cos20 _ 2 os! = 2 cot20 
3 sin 26 sin 
b u=-2.95, -1.38, 0.190, 1.76 (3 s.f.) 


a cos36 = cos(20 + @) = cos 26 cosé — sin 26 sin@ 
= (cos?@ — sin? 6) cos@ — (2 sin@ cos@) sin@ 
= cos?@ — 3sin?@ cosé 
= cos?6 — 3(1 — cos?@) cosé 
= 4cos?6 — 3 cosé 


-27 _ -27/2 
b sec3@ =—“—= 
19/238 
sin49 = (sin? 6)(sin? 0) 
520 21 dent eae sZt 


E _ (1- cos 2e\f — cos 20) 
49 
sin a : 


sint@ = 4a — 2cos 26 + cos? 26) 


sin*@ = 41 — 2co0s20+ 1st) 


2 


sin*6 = 3 - ¥cos 26 + 5008 40 


a /40 sin(6 + 0.32) 

b i V40 ii 9 = 1.25 

c Minimum of 2.68°C, occurs 16.77 hours after 
9am ~ 1:46am 


d ¢=2.25,t=7.29.So 11:15am and 4:17 pm 
a x#1,y>-1.25 


b t= =4 3 4. 


x-1 1-x 


404 ' Online ) Full worked solutions are available in SolutionBank. 28 


32 a 


b 


33 x= 


y= 


34 a 


35 a 


y=(4) a) 


_ 16 = 121-2), Ad -4)? 
_ (l-x)? (-—-2)? (1-2)? 
_ 16-12+12%+1- 204+ x? 
# - x 
oe PI 88 os ged P= 10,025 
(1 — x)? 
t=er*-2 
jogs Hb 
t+3 er4+1 
t>4>e%-2>4>e%>65x>I1n6 
X3-0,Yy>-6,% 5 ~, y > 3,-6<x<3 
1 poi 
1+t x 
1 _ x Li 
y-i1ee x-(1-x) 2x-1 


y = Cos 3t = cos (2¢ + t) = cos 2t cost — sin 2¢ sint 
= (2 cos?t — 1) cost — 2sin?¢ cost 
= 2cos*t — cost — 2(1 — cos? #) cost 
=4cos*t-3 cost 


x=2 cost 


x 
cost = 
2 


vag) -2(8) =a 
O<x<2,-1<y< 


a: TT * vie . Tv 
=sin{(t+ = sint cos + cost sin— 
7 ( 6) 6 3 


V3. 1 


= — sint+—cost 
2 2 


13 LG 


=-—~ sint+=/1 - sin?t 
2 2 


Brine 


-l<sint<1ls,-l<xax<1l 


b A=(-0.5, 0), B = (0, 0.5) 
36 a y=2(2) -1 -3<x<3 
3 ; 
b 
y 
vealsf 
I 1 3 
I if 
I i 
I 1 
I i 
I i! 
t > 
-3 3% 
v2 -1[ v2 
37 y=3x+ce> 8t(2t- 1) = 3(440 +¢> 160 - oe 
(-20)* — 4(16)(-c) < 0 so 64¢ < -400 = ¢< -P 
Qn 4r 
8 2 1=0,t=—, — 
38 a 2cost+ t 3° 3 
_ oo: [40 3v3 ac (8x\ _ 3V3 
x 3sin(*) 5 and x 3sin (5) 5 
b 3sin2¢= 1.5 > sin2e= 5 


a Sr 130” 172 
6 6° 6° 6° 
130 177 


fa 228 ek 


~ 12° 12 


2t= aes : , 
12, 12 12 12 


_ m Sa 130 177 


Answers 


39 a -4.91? + 2514+ 50=0 
p= 725. #125" = 464.9150) 
2(-4.9) 
t#-1.54,t=6.64s = k = 6.64 
b t=— 
25/3 
2 
= 25(—* )-4.9( gg +50 
z aa 25/3 
x 49 , 
a 0 
7318750" *> 
t = 6.64 x = 25y3t = 25/3(6.64) = 287.5 
Domain of f(x) is 0 S x S 287.5 
Challenge 
m-2., 1 
243° 
2 a sinx b cosx c cosecx 
d cotx e tanx f secx 
3 a sin?t+cos¢t=1 ? 
2 
(2) + (444) =1=>(-3)?+(y+1)?=16 
y 
(2V2 + 3, 2V2-1) 
0 > 
H,=1 | * 
b 220 x 4) = 30 
CHAPTER 9 
Prior knowledge 9 
2 1 
1 = a 8x — 1623 
a 6x-5 b DE c 8x- 16x 


2 y=-6x-19 
4 0.588, 3.73 


3 (0, 2), (0, 42), 41.1, 0) 


Exercise 9A 
1 a fwe lim (2+ — ho 
(co! +h)- ce 


= fa) 


im( £05 a — sinx sinh — cast) 
h 
= fim( 24 cosh — 1 — sinx sinh) 


im( (e842) 1) - (m4) F 
—— h 


b Ash—0O,cosh 1, 80 ( 
a (224) 1 
an a 


So f(x) = lim((S84=1) cos x — (4) sins) 
h—0 h 


cosh — +) 0 


A 
= 0 cosx - sinx =-sinx 
2 a -2sinx b cos (4x) 
c 8cos8x d_ 4cos (2x) 
3 a -2sinx b -5sin (2x) 
ce -2sin ($x) d -6sin 2x 


405 


Answers 


-8sin4x + 4sinx - 14sin 7x 


4 a 2cos2x-3sin3x b 


ce 2x-12sin3x d -+ +10 cos 5x 
x 


5 (0.41, -0.532), (1.68, 2.63), (2.50, 1.56) 
6 8 7 (0.554, 2.24), (2.12, -2.24) 
8 y=-5x+ 507-1 
d 
9 ae 4x - cosx 


dx F| 
Ata =, y= 2n?, 2 = An cosm = 4 +1 
x 


Gradient of normal = — 


4r+1 
Equation of normal: 
1 
= D_2 ae (x — 
a 7 4r +1 ome 


(4n + Dy - 2n*(4n + I =x 4+ 0 

x + (40 + Dy - 873 - 2n? - 7 =0 

x + (40 + Vy - (87? + 27 + 1) =0 
10 Let f(x) = sinx 


ray lim +h) - fix) — sin(x + A) - sinx 
~ hoo h ~ h 
=n sinx cosh +cosx sinh — sinx 
ho0 h 
= li n (see—t +) sinx + (24) cosx 
cosh-1 


Since 


> O and ans 1 the expression 


inside the limit — (0 x sinx + 1 x cosx) 


So lim sin (x + h) - sinx 


= COSx 
h—0 h 


Hence the derivative of sin x is cos x. 


Challenge 
Let f(x) = sin (kx) 
fn = tim(™ +h)- fe) 7 tim ( (kx + kh) + sin ts) 
h-0 h h—0 h 
lim(S™ kx coskh + sinkh — sin te) 
=) h 


= jim (o8#R 1) sin kx + (=) cos ke) 
h—0 h h 


sinkh 
h 
So fw) = 0 sinkx + k coskx =k coskx 


Ash— 0, ( > 0 as given, 


) band (weet - 1) 
h 


Exercise 9B 


7x x 1)\* A 1 
1 a 28e b 37In3 cc (5) mj d Ge 
eee 3 be 4 Qo-3e ee 
e 4(5) Ing f 7 g 3e*+3e h -e*+e 
3\"5,,3 
2 a 34In3 b (3) 2In2 
a n ; nS 


ce 2*4In2+4%2In4 d 2*3iIn2-2*In2 


3 323.95 4 4y=15 In 2(x-2) +17 
dy ed dy 5 
5 aie MES Yee G = ee St 


Equation of tangent: y — e? = (2e? - 1)(x - 1) 

=> y =(2e?- 1x - 20 +14+0 > y= (2e?-1)x-e? +1 
6 -9.07 millicuries/day 
7 a P,=37000,k =1.01 b 1085 

c The rate of change of the population in the year 2000 
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8 The student has treated “In kx” as if it is “e*” - they 
have applied the incorrect standard differential. 
Correct differential is: u 

9 Lety=a* > y= ele = ektina 
d 
© ~ Ina ebm = k Ina e™" = ak Ina 
dx 

10 a 2e%-= 
b 2-2-2 = 2ae*- 2 = 2a = ale" 1)=2 

11 a 5sin(3 x 0)+2cos(3x0)=0+2=2=y 

When x = 0, y = 2, therefore (0, 2) lies on C. 
b y= -ix +2 
_ 1 1 
12 y=- u+ + 162 
648 In3 648 In3 

Challenge 

y = 3x-2In2+2 

Exercise 9C 

1 a 8x(1+2x)° b 20x(3-2x7)° 
c 23+ 4x)7 d 7(6 + 2x)(6x + x°)6 
a p22) 

(3 + 2x)2 W7—x 
g 64(2 + 8x)? h 18(8 - x)° 

. 3 1 

2 a -sinx e°* b -2sin(2x - 1) c 
2aV/In x 

d 5(cosx — sinx)(sinx + cos x)* 
e (6x - 2)cos(3x? - 2x + 1) 
f cotx g -8sin 4x es h —2e** sin(e** + 3) 

3-1 4 y=-54x +81 5 12e% 

1 1 1 4y 
= 2 
6a 2yt+1 Daa ie ada a eT 
1 16 

7 70 P 8 + 

9 y — Ot 
ae 7 
b y=Inx,e=x 

Differentiate with respect to y using part a 
e= dx 1 — dy 
dy ey dx 
dy 1 
Since x = e’, == 
dx % 
tT) _4fA\_ 
10 a 4.cos 2() =4 (5) =2 
When y ==, x = 2, therefore (2. al lies on C. 
dx : 
b —=-8sin2 
ay sin 2y 
dx ‘ T V3 
At Q(2, 2): = -8 sin 2/2 --9(2) = -4/3 
Q(2.6) dy (6) 2 
d 
50, Y= 1 
dx 4/3 
c 4/3 x-y- 8/3 +7 =0 
11 a 6sin3x cos 3x b 2x + Ie!" e -2tanx 
2 sin 2x iL 1 
qd —2Sinex _ es 2 
(3 + cos 2x)? : x? i (7) 

12 4x+125y-17=0 13 91ln3 

Challenge 
ie b 9esin’Bx+4) cos (3x + 4) sin? (3x + 4) 
4x sin Vx 
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Exercise 9D 
1 a (3x4 1)4(18x« + 1) b 2(3x? + 1)?(21x? + 1) 

c 16x?(x + 3)3(7x + 9) d 3x(5x - 2)(5x - 1)? 
2 a -4(x - 3)(2x - 1)* e* 

b 2cos2x cos 3x — 3sin 2x sin 3x 

c e(sinx + cos x) d 5cos5xIn(cosx) - tanx sin 5x 
3 a 52 b 13 c 3 

1 343 5r* 

4 (0,0), ee *) 256 
6 V2n (nr — 4x + By - mia(*2e A) =0 


7 = 6x(5x — 3)? + 3x7[3(5x — 3)°(5)] = 6x(5x - 3)? + 45x?(5x - 3)? 
= 3a(5x — 3)?(2(5x” — 3) + 15x) = 3x(5x - 3)°(10x — 6 + 15x) 


Answers 


= 3x(5x — 3)°(25% -6) > n=2,A=3,B=25,C=-6 
8 a (x + 3)(3x + 11)e*" b 85e° 
9 a (3sinx + 2cosx)In(3x) + esinx — 3 cose 
b x(7x + 4e™*-3 
10 21.25 
Challenge 
a -e*sinx (sin? x - cosx sinx — 2cos? x) 
b -(4x - 3)°(4x — 1)§(256x? — 148% + 3) 
Exercise 9E 
5 4 5 
1 ee: ee 
* ee D2 Bx — 2)? (x + 12 
‘ae a 6x 15x +18 
(2x — 1)8 (5a + 3) 
2 e“(sinx + 4 cos x) 1 Inx 
a. Gesu ae COS) = 
cos2x alx+1 (x +1)? 
‘ e*((2xe** — 2x) Inx — e* — 1) 
a(n x)? 
d (ex + 3)4((e* + 3) sinx + 3e* cos x) 
cos2x 
e 2sinxcosx _ sin*x 
Inx ac(In x)? 
—* f= 5 (0.5, 2e4) 
16 25 ; 
18V3 - 6 In(= 
6 y= le 7 Peery) 
3 30 
8 a (5,0) b 3x+8ly-1=0 
9 x3(3x sin 3x + 4 cos 3x) 
cos? 3x 
(x — 2)2(2e2*) — e*[2(~ — 2)]  2(w — 2)2e2" — 2e2*(x — 2) 
10 a = 
(x — 2)4 (x — 2)4 
_ 2x — 2)e2*- 2e?* — 2e*(x- 2-1) 2e?(x - 3) 
(x — 2)3 (a — 2)8 (x — 2)3 
A=2,B=1,C=3 
b y= 4ex - 3e? 
iia 2x % 6x _— 2xlx + 2) 6x 
X+5 (x4 5e+2) (w+ 5e+2) (x + 5)lx 4+ 2) 
_ 2x(u+2+4+3) 2alv+5) 2x 
(w+ 5a+2) (w+ 5)a+2) (x4 2) 
b + 
25 
12 a f'(x) =-2e*-? (2sin 2x — cos 2x) =0 


1 


2sin2x — cos2x =0 => tan2x=5 


b 0.271 < f(x) < 6.26 


Exercise 9F 
1 a 3sec?3x b 12tan’x sec? x ce sec? (x - 1) 
1 1 il 1 
d 5x’ sec? 5x + 2x tansx + sec?(x - 3) 
2 a -4cosec? 4x b 5sec5x tan 5x 
c —4cosec4x cot4x d 6sec? 3x tan 3x 
2” (2 -1 
e cot3« — 3x cosec? 3x f werent 
g -6cosec* 2x cot 2x 
h -4cot(2x - 1) cosec? (2x - 1) 
30a p(sec xy tana b —Ucotx)? cosec? x 
c —2cosec?x cotx d 2tanx sec?x 
e 3sec’x tanx f -3 cot? cosec? x 
4 a 2xsec’x + 3x*sec 3x tan 3x 
bi 2xsec?2x — tan 2x 2x tanx — x’sec2x 
aS Cc ee Se 
x? tan2x 
= 2 
d_ e*sec3x(1 + 3 tan 3x) e tanx — xsec?x Inx 
xtan? x 
f e™*secx (tanx + sec? x) 
5 es b 2 
cos?’x sin? x 
c 24x - 9y + 12V/3+ 87 =0 
6 y= 1 dy _ cosx x O-1x-—-sinx _ sinx 
COS X” dy cos2x cos2x 
1 =secx tanx 
7 y=—— 
tanx 1 
d os 2 2 2 
¥Y_tanxxO-1xsec*x_— sec*x _ cos m2 eager? 4 
dx tan2x tan2x — sin?x 
cos2x 
: dz. 
8 a Lety=arccosx>cosy=x=> dy -siny 
ee 1 =. 
dx siny  /1-cost4y 1-22 
b Let y = arctan x 
Then, tan y =x 
dx 2 
—= sec 
dy y 
dy 41 14. 4 
dx secty 1+tan’y 1+? 
2 2 
9 a — b —— 
V1 4x 44a? 
3 -1 
cc — d 
V1 — 9x? 1+ x? 
a ¢ ==! 
ava? — 1 ava? — 1 
g -1 h —2%x 
(a -— 1)v1 - 2x vil-<xt 
A 1 . cos x . . 
i e*(arccosx - j - sinx arcsinx 
( 1- 5) v1 -2# 
retan x 
k x(2arccosx -—* 1 = 
v1 = =) 1+2x? 
ji xx 2 arctan 2x 
10 a 2a _ 
dx x? 
ae arctan 2x 
_14+4x? _ 2 _ arctan 2% 
x? x(1 + 4x?) x2 
v3 
=—, th 
x 5 en 
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Answers 


v3 
dy 7 9 arctan (3 
" F0C3)) (2) 
2 2 2 
_ 2 42 _V3_ 4m _ 3V3 - 40 
233 9 3 9 9 
V3 2nV3 
b x=“, y= 
ae 9 
Equation of normal: 
QnV3 9 ( 3) 
y- =m x- 
9 3V3 - 4a 2 
bie py 8 gO 
3V3 — 40 6/3 - 8x 9 
2 
11 or 2 arccosy x — te fog 
dy (1-y¥? {1-y¥? 
dy l-y? __ 1 — cose 
dx 2 arccosy 2Vx 
nee oe ba 
5 cot 5y cosec Sy 5aV/x2—-1 
Exercise 9G 
2t-3 60 4 158 
1 —= 
2 va: eee 
2t 2 
-30 f wi-t h — + 
i ) 8 ?-1 (t? + 20)e! 
i -3tan3¢ j 4tant k cosect 1 cote 
1 1 1 
ie! "22 © ee 
2 =. = 
a ya-—yttyot b 2y + 5x = 57 
3 a x=1 b y+V3x=V3 
4 (0, 0) and (-2, -4) 
5 a yY=R 
dy 1, 
oon te (0) to 
i: 9° e 0 
No solution, therefore no stationary points. 
6 y=x+7 
7 a —4sect cosec?t b 8x+V3y-10=0 
8 a 
"3 
d 
b oe -—4 cot 2t cosec 21, dx _ 4cost 
dt dt 
dy -4cot2t cosec2t _ —cot2t cosec 2t 
dx 4cost cost 
dy 2 
Ata=2,—=-£ 
3'dx 3 
Gradient of normal: 3 
Equation of normal: 
— = 3x - 2/3) > 9x - 6y - 103 = 
9 a aoa b y=2x+41 
e @-100+5=2(? +t) +41 
—10¢4+5 = 20? + 2¢+ 41 
O0=+12t+ 36 
Discriminant = 12?- 4x 1 x 36=144-144=0 
Therefore the curve and the line only intersects once. 
Therefore it does not intersect the curve again. 
408 


10 a -2/2sint 


b x-v6y- 2/3 =0 
ce 2sint—-V12 cos2t - 2/3 = 

sin t — /3cos 2t - V3 =0 

2/3sin2t + sint - 2V3 =0 

(2sin ¢ — V3)(V3sin t + 2) = 


sint= "3 (sinte 2) + 1=Z or 2 
Bis when t = 27: (2sin 2, V2 eos) = (V3, - ) 
3 3 v2 
Same point as A, so / only intersects C once. 
11 a sense! b y=-0+ 3 
sint 
c y=-xandy=-x+ 23 
Exercise 9H F 
1 Letting u = y", $4 ny"! 
etting u=y ay ny 
d (yr) = Se Be Y= yn Y 
dx dx dy dx dx 
d d 
2 Fey = rly +S my axe eixy-sery 
2x x -6 - 2x 
3 eae aot: 
a By? ae © Toy -8 
4 - 6xy e 3x? - 2y f 3x? -y 
3x? + 3y 6y —-2+4+ 2x 24+ 
4(a-y)?-1 h ety — eY -2/%y -y 
1+4(4-y)3 xe — e* 4y/xy + x 
7 23 
4 ys-4o4+22 5 y=2x-2 
yagt y = 2x 
6 (3, 1) and (3, 3) 7 3x+2y+1=0 
8 2-3ln3 9 44+ 3In3) 
cosx a 20 na 20 
ma siny , (5 3) and (5. - 4 
-3x 
tia 3 + 3ye 
e ex — 2y 
dy 3-0_ 
b AtO, — 
dx e°-0- 
So the tangent is y — 0 = 3(x — 0), or y = 3x. 
Challenge 
dy dy dy x-y-3 
a Oty Pay eer ee dn +k 


dy 
So—=0 -y=3 
0 ox-y 


Substitute: 6x + (x -— 3)? + 2x(4 - 3) = 
So 2x7 - 6x +9=0 
Discriminant = —36, so no real solutions to quadratic. 


d 
Therefore no points on C's.t. L =0. 
b (0, 0) and (3, -3) 


Exercise 9] 


1 ai (1,°%) ji (—09, 1) 
b i (-~, 0)U (3, =} ii (0, 3) 
c i (x, 2m) ii (0, 7) 
d i nowhere ii (—, ©) 
e i (In2, ~) ii (—0, In 2) 
f i nowhere ii (0, ©) 


' Online ) Full worked solutions are available in SolutionBank. oe 


10 


11 


f'@) =—*— 
ie = x2" (1 — x?) 

f"(x) = 0 > x < 0, so f(x) concave for x € (-1, 0) 
b f(x) <0=> x= 0, so f(x) convex for x € (0, 1) 
c (0,0) 
+ 2) Ef 

6 4/\6’ 4 

b (1,-1) c (0,0) d (0,0) 
f'(x) = 2x + 4x Inx = 2x(1 + 21n 4), f'(~) =64+4Inx 
fx) =0>4Inx=-6>Inx=>x=0€° 
There is one point of inflection where x = e? 


a f'(x)= 


2 


a (0, 2), point of inflection 


1 ata 
a (-1, -1), minimum 


Cc 


A i negative ii 

B i zero ii positive 

C i positive ii negative 

D i zero ii zero 

f'(x) = sec? x, f"(x) = 2 sinx sec*x 

f"(x) =0 = sinx = 0 (as secx #0) 6 x =0 

So there is one point of inflection at (0, tan 0) = (0, 0). 
dy = 4 5 

oe 15x(3x - 1)4 + (3x - 1) 

oe = 30(3x — 1)4 + 180x(3x - 1)8 
dx? 


» (5~ats7} (5-9 


d2 
a Although po 0, the sign does not change, so there 
x 


i positive 


a 


is not a point of inflection when x = 5. 
b (5, 0); maximum 


d d2 
ae = Seine + 5x2, Ying 


dx? 3 
d’y 


Gz oe gnre-loxrse! 


Challenge 


1 


A general cubic can be written as f(x) = ax? + bx? + cx + d. 


f"(x) = 6ax + 2b. f"(x) = 

Lete >R,e>0: 

f(- 2+.) = babe > 0, f(- 2 -«} =-6abe <0 
3a 3a 


Osex=- 


3a 


So the sign of f"(x) changes either side of x = -2, and 
this is a point of inflection. 7 
a f(x) = 12ax? + 6bx + 2c is quadratic, so there are at 
most two values of « at which f"(«) = 0 
d2 
b ee 12ax? + 6bx + 2c 
dx2 
Discriminant = 36b? - 8ac < 0 = 30? < 8ac 
d2 
So when 30? < 8ac, <3 = 0 has no solutions. 


Therefore C has no points of inflection. 


Exercise 9) 


1 O67 2 15e? 


3 
dy 4 

8 
we 7 780 8k =5 16 


6 a = kxy; at (4, 2) 


dy xy 
Therefore — 
enehony = 16 
dV. 


- rate in — rate out = 30 - T 
So -15o = 2V- 450 
dQ _ 
‘dt =e m dt” x? 
10 a 


Circumference, C, = 27r, so « =2rx 0.4 


= 0.87cms"! 

25 om 

Tv 

b 20.5 cm? 


2 2 V3 eh Veh he kv 
‘dt dt 


dh _dh . av 7) pp. [i 
dt ay * ate =k» x (- kV) = skal 


—-k,k = 
= ke. ih 
ky : 


wa vals gy 


a SAY ot Ap 2)2 
dt dA dt 4\6 

= heap a Wy 2p — 7 ps 
14 V= gr h 34 tan 30°)*h gilt 


b 87cm’s"'! c 


11 a 0.070cm aa second 


c 


dh _dh  dV_1,aV_ 1 gy __ 
dt dV dt dh dt Zp wh? 
dV 3 


dh 1 


eo ae 


Mixed exercise 9 


1a 2 b 2xsin3x + 3x? cos 3x 
d 
Qe va 22 =1- sinx-4 (cos) - (sina) cosx 


=1+4sin’«x - cos?x = 2sin’?« 


dy 
So—=si 2 
0 = sin*x 


» (BF 3) Pa) 


3 aq 2cosx —sinx bp -—2% 
x2 x24+9 
4 a k=/2 b (0,0) 
5 a x>0 b (256, 32 n2+ 16) 
a 5 5a 5 
6 (5a) (oF ae “) 


7 Maximum is wie! =0 
a 


_ 2sinx +x cosx 


ay sinx + x(cosx x 1 
dx 2V/sinx 2V/sinx 
So 2sinx + xcosx =0 => 2sinx =-xcosx => 2tanx 


-2tanx+x=0 
8 a f'(x) =0.5e°* — 2x 
b f'(6) = -1.957... < 0, f"(7) = 2.557... > 0 
So there exists p € (6, 7) such that f’(p) = 


Answers 


2 dv 
V = 15— = 450 -2V 
5 dt 


=0 


—Xx 


.. there is a stationary point for some x = p.(6, 7). 
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Answers 


rs (aed 
8 V2} \8 V2 


b f(x) = 2e?*(-2 sin 2x + 2 cos 2x) + 4e*(cos 2x + sin 2x) 
= 4e?*(-sin 2x + cos 2x + cos 2x + sin 2x) 
= 8e** cos 2x 


ae 
37 e 7x C4 
c is a minimum; | -—, — —] is a maximum. 


cared 8° 2 


3x 
Ded 
VlaP\4’ 2 
10 y-2x-4=0 
11a x=} b y=-3a+15 
12 a f'(x) =e*(2cosx — sinx) 
2cosx -sinx =0 => tanx=2 
1 
13 2y 1 a 
a yt+2ylny b 36 
14 a e*(-x? + 3x? + 2x - 2) 
b f’(0) = -2 > gradient of normal = $ 
Equation of normal is y = = 
(x3 - 2x)e*= tx = 2x3 - 4x = xe" > 2x? = et + 4 
15 a 14+4+(14+2x)Inx 
b 14+x+(1+2x) Inx=0S x50" 


dy _ 4 
16 ~~ =-— b y=2x-8 
. dx a ae 
17 3y+x"=33 18 y=2x+4 
dx : dy 
19 a —=-2sint + 2 cos 2t; — = -sint - 4cos 2t 
dt dt 5/5 
bi c y+ 2x== 
dy dx _.» dy _ 32-4 
20 = 30? - 4, 2, 
a dt nee 2 
Y 1 
Att re “5% ly=3. 
Equation of lis 2y+x«=7 
b 2 
dv dM dP 
21 —=-kV 22 ——=-kM 23 —=kP- 
dt dt dt " 
dr_k dé 
24 —== 25 —=-k(0-90 
dt or ooo 
26a = b -3 cosect 
c oH 3. gradiont of normal = 
y-3- 3a - 2) > by - 16x + 23 =0 
123 
a 64 
27 a -tsect b 4y+4x=5a 
Tangent crosses the x-axis at x = Sa, and crosses 
the y-axis at y = 3a. 
5 ) 25 5, _ 25 
So area AOB (20 16° * 16 
28 y+x=16 29 4 
=2 2x 
po 31 (1, 1) and (-V-3, \-3). 
20 — x 
2x-2-y 41 
et l+x-2y Mos 
(B+ 2/18 4+ 18) an a (3-2 213 4 - 8) 
37° 
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33 


34 


35 


36 


37 


38 


40 


41 


dy dy dy -7x -24y 
14x + 48y + 48 -14 =0 7 
lalla is vax 4x dx 24x -7y 
-7x-24y 2 
ae i -77x — 264y 
= 48x -14y>x+2y=0 
d 
Iny=xInx fae xf (ns) + A@yinx = 14Inx 


So oo y(1 + Inx) = x*(1 + Inx) 


a Inat=lIne*>xalna=kxlne=kx >k=lna 
dy 
b = elln2)x —= In 2 elm)x = 2*|n 2 
y=e > a e 
dy 
c 2?In2 = 41n2 =In2*=1n16 
dx 
InP - InP, 
a nos. b 8.04years c 0.172P, 
d Z 2 
yY_ 2 aresin x dy 2 FY 2x aresin x 
dx /1—y2 dx? 1-2? 1x2)” 
d’y dy d’y dy 
So (1-22) =2 1-23)—4-1-2=0 
of ore ae Wl “ae 
2 2 
or ee = 2x( S41) 
dx 1+a2 dx? (1+?) dx 
39 i 
eed 
TT 
a (5-9) 
d’y 
a" —cosec’x. cosec?x > 0 for all x, 
d2 
hence —cosec?x < 0, so ae < 0 for all x. 
dx? 
Thus C is concave for all values of x. 
a 40e°!8 = 33.31.. b -9.76e°°?44# 


42 


c The mass is decreasing 
a. fe 2 sin a Cos 2% 
f(x) = 0 = 2sin 2x + cos2x =0 = tan 2x = -0.5 
b Maximum (6.91, 12.6); minimum (5.34, —49.2) 
to 3 sf. 
ec O0<x <0.322,1.89 <x<7 


Challenge 


ig 


4cos 2t 


“5sin(¢+ 4) 


G2). (5 


-2), i 2 2); (3 2) 


Cuts the x-axis at: 

(4.83, 0) gradient -3.09; (-1.29, 0) gradient 0.828 
(-4.83, 0) gradient 3.09; (1.29, 0) gradient 0.828 

Cuts the y-axis twice at (0, 1) gradients 0.693 and —0.693 
(—5, -1) and (5, -1) 


' Online ) Full worked solutions are available in SolutionBank. oe 


CHAPTER 10 
Prior knowledge 10 


1 
2 


3 


a 


a 


Cc 


3.25 b 11.24 
3 15 


5 
f(x) =e pay f'(x) = —2-~ - 7e-* 
(x) ar + 8x + a b f'(x) e 


x+2 
f(x) =x? cosx + 2x sinx + 4 sinx 


Gy = 2, 0y.= 2.5, Uy = 2,9 


Exercise 10A 


1 


a 


b 


Cc 


f(-2) = -1 < 0, f(-1) = 5 > 0. Sign change implies 
root. 

f(3) = -2.732 < 0, f(4) = 4 > 0. Sign change implies 
root. 

f(-0.5) = -0.125 < 0, f(-0.2) = 2.992 > 0. 

Sign change implies root. 

f(1.65) = -0.294 < 0, f(1.75) = 0.195 > 0. 

Sign change implies root. 

f(1.8) = 0.408 > 0, f(1.9) = -0.249. Sign change 
implies root. 

(1.8635) = 0.00138... > 0, f(1.8645) = -0.00531... 
< 0. Sign change implies root. 

h(1.4) = -0.0512... < 0, h(1.5) = 0.0739....>0. 
Sign change implies root. 

h(1.4405) = -0.00055... < 0, h(1.4415) = 0.00069... 
> 0. Sign change implies root. 

f(2.2) = 0.020 > 0, f(2.3) = -0.087. Sign change 
implies root. 

f(2.2185) = 0.00064... > 0, f(2.2195) = -0.00041... 
< 0. There is a sign change in the interval 

2.2185 <x < 2.2195, so a = 2.219 correct to 

3 decimal places. 

f(1.5) = 16.10... > 0, f(1.6) = -32.2...< 0. 

Sign change implies root. 

There is an asymptote in the graph of y = f(x) at 


t= 7 x 1.57. So there is not a root in this interval. 


Alternatively: ; +2=0 


a 
b 


c 


1 


- -2>%x “3 
f(0.2) = —0.4421, f(0.8) = -0.1471. 

There are either no roots or an even numbers of 
roots in the interval 0.2 < x < 0.8. 

f(0.3) = 0.1238... > 0, f(0.4) = -0.1115... < 0, £(0.5) 
= -0.2026... < 0, (0.6) = 0, f(0.7) = 0.2711... >0 
There exists at least one root in the interval 
0.2<«<0.3,0.3<«<04 and 0.7 <x <0.8. 
Additionally « = 0.6 is a root. Therefore there are at 
least four roots in the interval 0.2 < « < 0.8. 


y 
y=x 

y=e* 
O x 


One point of intersection, so one root. 
f(0.7) = 0.0065... > 0, f(-0.71) = -0.0124... < 0. 
Sign change implies root. 


Answers 


b 2 


RV 


y=Inx 


c f(x) =Inx -— e*+ 4. f{(1.4) = 0.2812... < 0, 
f(1.5) = -0.0762... < 0. Sign change implies root. 
h’(x) = 2cos2x + 4e*. h’(-0.9) = -0.3451... <0. 
h’(-0.8) = 0.1046... > 0. Sign change implies 
slope changes from decreasing to increasing over 
interval, which implies turning point. 
b_ h’(-0.8235) = -0.003839.... < 0, 
h'(-0.8225) = 0.00074... > 0. Sign change implies a 
lies in the range —0.8235 <a < -0.8225, 
so a = —0.823 correct to 3 decimal places. 


10 a 


ll a 


ce f(1) =-1, f(2) = 0.4 
12 a 


d p=3,q=4 e 4 
f(-0.9) = 1.5561 > 0, f(-0.8) = -0.7904 < 0. 

There is a change of sign in the interval [-0.9, —0.8], 
so there is at least one root in this interval. 

b (1.74, -45.37) to 2 d.p. ce a=3,b=9%andc=6 


d y 
J 
~0.9\ 2 _ 
(1.74, -45.37) 
Exercise 10B 
Fi w24+2 
1 ai «-6%+2=05 64=%77+2>% 73 
ii x2-6x4+2=05322=6x-25x=V6x-2 


iii x? -6x+2=0-%-64+2=05%=6-4 


b i x=0.354 ii x = 5.646 iii « = 5.646 
c a=3,b=7 
2 ai x#-5x%-3=05> 2? =544+3>5>x=V5x43 
ii x?-52-3=0522-3=5232-2%23 
b i 5.5(1 dp.) ii -0.5 (1 d.p.) 

3 a x2-6x4+1=05x2=64-1s>x=V6x-1 
c The graph shows there are two roots of f(x) = 0 
b,d 

Ya y=x 
y =vox-1 
> 
O 2 x 
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Answers 


4 a xe*-x+2=05€e7 e* 
x 
x-2 
b x, = -1.10, x, = -1.04, x; = -1.07 
5 ai x84542-2-05%3=2-5x2 54-252 


+ x=In| 


ii x34 522-2=034+5-4=052=-4-5 
x % 

_~ 3 

iii 13 + 5x2 - 2-05 5x2=2-23 > x2 24 

2-%3 
S>x= 
oan an 
b x=-4.917 ec x*=0.598 


d_ It is not possible to take the square root of a 


negative number over R. 


6 a x4 — 323-6 =0 + ont 23-2 =0 


ee _ 314 eles 
3° 25% x 3° 2=>p 39 2 


b x, =-1.260,x, =-1.051,x%3 = -1.168 

ce f(-1.1315) = -0.014... < 0, f(-1.1325) = 0.024...>0 
There is a sign change in this interval, which 
implies a = -1.132 correct to 3 decimal places. 

-%x 

3 


Ye 
53] 
arccos 3 


b x; =1.109, x = 1.127, x3 = 1.129 

ce f(1.12975) = 0.000423... > 0, 
(1.12985) = -0.0001256... < 0. There is a sign 
change in this interval, which implies a = 1.1298 
correct to 4 decimal places. 

8 a f(0.8) = 0.484..., (0.9) = -1.025.... There isa 

change of sign in the interval, so there must exist 
a root in the interval, since f is continuous over the 


7 a 3cos(*4)+x-2=0 cos(x2) = 2 


254 


X= 


“= arccos ( 


interval. 
b 48082 _ g743=0> Bx = 20082 43 
sinx sinx 
cosx 3 
S4= = 
2sinx 8 


x1 = 0.8142, x» = 0.8470, x3 = 0.8169 

(0.8305) = 0.0105... > 0, f(0.8315) = -0.0047... < 0. 

There is a change of sign in the interval, so there 

must exist a root in the interval. 

9 a etl4+2e-15=05 e*1=15 - 2x 
=>«x-1=In(15 - 2x) 
=>x=I|n(15-2x)+1 

b x; = 3.1972, x» = 3.1524, x3 = 3.1628 

ce (3.155) = -0.062... < 0, f(3.165) = 0.044... > 0. 
There is a sign change in this interval, which 
implies a = 3.16 correct to 2 decimal places. 

10 a_ A(O0, 0) and Ain 4, 0) 

b f(x) =xe*+e*7-4=e7(44+1)-4 


mo 


c f'(0.7) = -0.5766... < 0, f’(0.8) = 0.0059... > 0. 
There is a sign change in this interval, which 
implies f’(x) = 0 in this range. f’(x) = 0 at a turning 


mee ene 
x+1 x+1 


d e(«+1)-4=05e* 
e «1 = 1.386, x. = 0.517, x3 = 0.970, x, = 0.708 


Exercise 10C 
1 a f(1) =-2, f(2) = 3. There is a sign change in the 
interval 1 <a < 2, so there is a root in this interval. 
b x, = 1.632 
4 


2 a f'(*=2x+ = 6 b -0.326 
x 


a It’s a turning point, so f’(x) = 0, and you cannot 

divide by zero in the Newton—Raphson formula. 

1.247 

f(1.4) = -0.020..., f{(1.5) = 0.12817... As there is a 

change of sign in the interval, there must be a root 

a in this interval. 

b x,=1.413 

f(1.4125) = -0.00076..., f(1.4135) = 0.0008112.... 

5 a f(1.3)=-0.085..., f(1.4) = 0.429... As there is a 
change of sign in the interval, there must be a root 
a in this interval. 


3 


b f(y=% 1.328 
@=S+z ce 1; 


6 a f(0.6) = 0.0032... > 0, f(0.7) = -0.0843... < 0. 
Sign change implies root in the interval. 
f(1.2) = -0.0578... < 0, f(1.3) = 0.0284... > 0. 
Sign change implies root in the interval. 
f(2.4) = 0.0906... > 0, f(2.5) = -0.2595... < 0. 
Sign change implies root in the interval. 
b It’s a turning point, so f'(x) = 0, and you cannot 
divide by zero in the Newton—Raphson formula. 
ce 2.430 
7 a £(3.4) = 0.2645... > 0, f(3.5) = -0.3781....< 0. 
Sign change implies root in the interval. 


b f(x) = — 2x c 3.442 


os 


i] 


3 
3x -4 
Challenge 


a From the graph, f(x) > 0 for all value of x > 0. Note 
also that xe* > 0 when x > 0. So the same must be true 


1 
for « >—. 

v2 , 
f(x) =e (1 — 2x2)-0 Sx == 
v2 
So f'(x) < 0 for x > 2 


v2 
f(x) 


Xn =Xy- f@ is an increasing sequence as 
x 
f(x) > 0 and f’(x) < 0, for x > = Therefore the 


Newton-Raphson method will fail to converge. 
b -0.209 


Exercise 10D 
1a eae=01 sin , if Fis a root then f(4) = 0 
E-O1sinE-k=05£2-0.1 sinE=k=> F=k 
b 0.5782... 
ce £(0.5775) = -0.00069...> 0, £(0.5785) = 0.00022 < 0. 
Change of sign implies root in interval [0.5775, 
0.5785], so root is 0.578 to 3 d.p. 
2 a A(O, 0) and B(19, 0) 


iy). 10 _(In@+1) 1 
aera ( 2 +4) 
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ig 


10 In (5.8 + 1) 1) 
(5.8) = = = 0.0121...>0 
ae ( a Pg) Oe a 
veg ..10 _ (InG.9+1) Oe. 
15.) ==> "5 ( =~ + 5) =- 0.0164...< 0 


The sign change implies that the speed changes 


from increasing to decreasing, so the greatest speed 


of the skier lies between 5.8 and 5.9. 
' 10 In(@t@+1) 1 
Pi) 38 -( 2 +3)=9 
In@+1)+1_ 10 

2 t+1 
(¢ + Dn (t + 1) + 1) = 20 

20 
In(¢+1)+1 
pees 4! eee 1 

In(¢+1)+1 

t; = 6.614, ty = 5.736, ts = 5.879 
d(x) =0 > x? - 3x =0 
a(x-3)=0S>%=0,4=3 
The river bed is 3m wide so the function is only 
valid for 0 <x <3. 


d'(x) = 2xe-0.6x — Sxto-Ose _ 


t+1= 


3e-0.6x + I pe-0.6 


He) — p-06x(_ 3,2, 19 - 2) 
d'(x) =e (- 217+ De 5 


d'(x) =- Se (32? — 19x + 15) 
Soa=3,b=-19andc=15 
-te-06 0 so d'(x) = 0 > 3x?- 19x - 15 =0 
i 3x2-19%+15=0-> 3x2=19x-15 

2 - 19% = 15 z= EB 


3 3 
ii 342-19" +15=0 5 3x2+15=19% 
3x2 415 
Sua T9 
iii 342 - 19% +15 =0=> 3x2 = 19x - 15 
spe l9e-15 
3x 


Part i and iii tend to 5.408... which is outside the 
required range. Part ii tends to x = 0.924. 
1.10 m. 
A(t) = 0 
inf) _ =e ie Qie 
40 sin(55) 9c0s(+5} 0.517+9=0 


40 sin (so) -— 9cos (so) +9=0.50? 


in) = t =72 
80 sin (55) 18.cos (75) + 18 t 


- safe) e tb 
+ t= 18 + 80sin(-4) 18.cos (+5) 


t, = 7.928, ty) = 7.892, ty = 7.882, t, = 7.876 
(f) = to in{—\ _ 
h'() = 4.cos (35 + 9sin (55) t 
7.874 (3 d.p.) 
Restrict the range of validity toO <t<A 
a = —5e-% x 1 
c'(x) = -5e +2cos(5) +5 
i x x i = 
i —5e + 2cos(5)+5=0 


Q 


Answers 


x = 2 arccos [Be - | 


4 
4 cos (3) +1 


10 
4 cos (5) +1 


1 


—5e* + 2cos (5) + 5 =0>Se7= 


_ 10 
>er= 


_ 10 
5 ue sale) 


1 = 3.393, x» = 3.475, x3 = 3.489, x4 = 3.491 

x1 = 0.796, 4 = 0.758, 43 = 0.752,"4 = 0.751 

The model does support the assumption that the 
crime rate was increasing. The model shows that 
there is a minimum point 3 of the way through 
2000 and a maximum point mid-way through 
2003. So, the crime rate is increasing in the interval 
between October 2000 and June 2003. 


Mixed exercise 10 


1 


a 


x3 -6x-2=0> 23 =6x+2 


2 2 
2 A 
x?=6+ x= +/64 


b x1 = 2.6458,x» = 2.5992, x3 = 2.6018,x4 = 2.6017 


mao 


f(2.6015) = (2.6015) 3 — 6(2.6015) — 2 = - 0.0025... < 0 
f(2.6025) = (2.6025)3 — 6(2.6025) — 2 = 0.0117 > 0 
There is a sign change in the interval 

2.6015 < x < 2.6025, so this implies there is a root 
in the interval. 

£(3.9) = 13, f(4.1) = -7 

There is an asymptote at x = 4 which causes the 
change of sign, not a root. 


Ya 
13 
CS 
| 
f(x) 
—— Sk hate at ie 
3 1 
| 
| 
1 
1 
> 
O 4) x 
i] 
1 
YA 
2 roots — 1 positive and 1 negative 
weter-4=05 x2 =4-e¥ > x=4(4- ee)” 


x, = -1.9659, x2 = -1.9647, x3 = -1.9646, 
X4 = —-1.9646 
You would need to take the square root of a 
negative number. 
g(1) = -10 < 0, g(2) = 16 > 0. The sign change 
implies there is a root in this interval. 
g(x) =O x%°-5x-6=0 | 
w= 5e+6> x4 = (5x + 6)' 
x, = 1.6154, x» = 1.6971, x3 = 1.7068 
g(1.7075) = -0.0229... < 0, g(1.7085) = 0.0146...> 0. 
The sign change implies there is a root in this interval. 
g(x) =0 > «2 - 3x -5=0 
x? = 383x455 x"=V3N45 
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Answers 


b,c => -0.8x = In(3 - 2x) > x = -1.25In(3 —- 2x) 
p=-1.25 
d x, = -2.6302, x, = -2.6393, x; = -2.6421, 
y =V3x +5 root = -2.64 (2 d.p.) 
7 q dy _ 1 
11a Iny=xInx=> Gdns (1) (nx) + w(t) 
d d 
ii Inx +1 = y(Inx + 1) = x*(1 + Inx) 
b (1.4) = -0.3983... < 0, {1.6) = 0.1212... >0. 
: Sign change implies root in the interval. 
x c x, = 1.5631 (4 dp.) 
d (1.55955) = -0.00017... < 0, 
d YA f(1.55965) = 0.00014... > 0. Sign change implies 
root in the interval. 
12 a f(1.3) =-0.18148..., f(1.4) =0.07556..... There is a 
sign change in the interval [1.3, 1.4], so there is a 
root in this interval. 
y=x b (0.817, -1.401) 
C x, =0.3423, x, = 0.3497, x; = 0.3488, x, = 0.3489 
d x, =1.708 
e f(1.7075) = 0.000435...., f(1.7085) = -0.002151.... 
There is a sign change in the interval [1.7075, 
1.7085], so there is a root in this interval. 
> 
0 1 a Challenge 
-— 6 3 2 

6 a f(1.1) = -0.0648... < 0, f(1.15) = 0.0989... > 0. sade las AN ae 
The sign change implies there is a root in this cami . ee 
interval. oe 7 cae =. a Pea 

F = pes "(x) =O => 15x44 3x-7= 
b 5x —e ee i 15x4432-7=0 5 34=7-15x¢5 x= 27 15%" 
Sax=esinn+5>p=2,q=5 7 : ; 3 
© = 1.113, x2 = 1.118, x3 = 1.119, 24 = 1.120 BPRS ES hae ae 
7 os y=x+3 b2 = (1529+ 3)=7> 2-77 
iii 1544+ 3%-7=0=> 15x4=7 - 3x 
7 - 3x 4l7 — 3x 
4 Ny 
ea V5 
b_ Using formula iii, root = 0.750 (3 d.p.) 
c Formula iii gives the positive fourth root, so cannot be 
used to find a negative root. 
d = -0.897 (3 d.p.) 
c pae+330=04+3-4 let x)= 243-4 CHAPTER 11 
f(0.30) = -0.0333...< 0, f(0.31) = 0.0841... > 0. Prior knowledge 11 
fae change implies root. 1 a 12(2x—7)5 b 5cos5x c Zo! 
d 4435 12=2°4+3x50=474+3x-1 ij 1 
a 2 a y = 18x) — 12%? b ae 
e 0.303 3 3 
8 a g(x) =3x?- 14% +2 b 6.606 7 i 4 6 units? 
ce («-1@?-6x-4) 5 x2-6x-4=054%=34/13 4x-1 «+3 
d 0.007% E ise 11A 
9 a {(0.4) = -0.0285... < 0, f(0.5) = 0.2789... > 0. mENeIse : 
Sign change implies root. 1 a 3tanx+5lIn|a| - & +€ b 5e'+4cosx+ic 
b 0.410 Ng 2 
c f(-1.1905) = 0.0069... >0, e -2cosx-2sinx+x?+c d 3secx-2In|x| +e 
f(-1.1895) = -0.0044... <0. e 5e+4sinx+24¢ f $In|x| - 2cotx +c 
Sign change implies root. « 

10 a esr 1 _ = 0 (8 - 2xje™*-1=0 g Inel-F-s5+e h e*-cosx+sinx+c 
= (3 — 2x)e08t = 1 = 3 - 2x = e-0.8e i -2cosecx - tanx +c jo et +ln|x|+cotx+c 
=> 3-08 = 2x > x = 1.5 - 0.500% 2 a tanx-lec b secx + 2e* +c 

b x, = 1.32327, x, = 1.32653, x, = 1.32698, x : 
root = 1.327 (3 d.p.) c —cotx — cosecx — > + In|] +¢€ 
c e08r 1 0 = e0-8x 1 3 - 2x = 08x d -cotx + In|x| +c e -cosx+secx+c 
3 - 2x 3 - 2x f sinx-cosecx+c g -cotx+tanx+c 
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h tanx+cotx+c i tanx+e"+c 

j tanx+secx+sinx +c 
3 a 2e7- 2e3 b 2 c -5 d 2-y2 
4 a=2 5 a=7 6 b=2 
7 a x=4 b jx? - 4In|x| +0 

ce 31441n4 


Exercise 11B 


1a -tcos(2x+1)+¢ b Ze +0 
c 4e 5 4+¢ d -isin(1 - 2x) +c 
e -Zcot3x+¢ f jsec4x +c 
g -6cos(}x+1) +c h -tan(2-x)+c 
i -jcosec2x +c j 4(sin 3x + cos 3x) +¢ 
2 a he +icos(2x-1)+c b te%+2e%+ x40 
c Ftan2x + Fsec2x +c 
d -6cot ($x) + 4cosec (3) +C 
e -e-*+cos(3 — x) -sin(3-x)+c¢ 
1 1 
3 a gln|2x+1)+e ee | 
3 
c Gre to d 2In|4x- 1) +e 
3 3 
inf -4 a 
e -7ln| xl +C Tae les 
(3x + 2)° 3 
——— +c h ——~— +c 
8 18 4(1 — 2x)? 
4 a -3cos(2x +1) + 2In|2x+ 1] +e 
Linde (1 - x)° 
b -e*— G +¢ 
1 1 1 
c geek eat gies Sa oy 
(3x + 2)% 1 
d = 
9 3x42) °° 
7 2/3 5 
5 al bi c 7s d 5In3 
6 b=6 7 k=24 8 k=4 
Challenge 
a=4,b=-3 ora=8,b=-6 


Exercise 11C 


1 


a 


-—cotx-—x+¢ b $x + fsin2x+¢ 

-}cos 4a +c d 3x -2cosx-fsin2x +c 
+tan3x-x+¢ f -2cotx-—x+2cosecx+c 

1 1 1g 

X—5COS2x + h x -3,sin4x +c 
-—2cot2x+¢ j 3x +4sin 4x — sin2x +c 
tanx-—secx+c b -cotx — cosecx +¢ 
2x —tanx+c d -cotx-x+c 


—2cotx -—x-2cosecx+c 


—cotx —4x+tanx+c g x+tcos2x+¢ 


-3x+4sin2x+tanx+c i -}cosec2x+c 


2/1 


J?sin?x dx = I: (5 - $ cos 2x] dx 


, 


$x -fsin2x|'=F44-240 

2 4 = 8 4. 8 

4/3 18 - 21/3 +7 a v2-1 
, 2 24 Cea 7 a 


b 


Answers 


sin (3x + 2x) = sin 3x cos 2x + cos 3x sin 2x 
sin (3x - 2x) = sin 3x cos 2x — cos 3x sin 2x 
Adding gives sin 5x + sinx = 2 sin 3x cos 2x 


So fsin3xcos2xdx = {F(sin 5x + sinx) dx 
yy eae : ae eal ea 
= 3(-= 60S 5x - COSX) + C= 7p COS 5x — FCOSX +C 


5 sin?« + 7cos*x = 5 + 2cos*x = 6 + (2.cos*x — 1) 
= cos2x +6 


$(1 + 3n) 
1 + cos 22)" 1. 1 
Beg 2y)2 — = 2 
cos* x = (cos? x) 5 4 + 9 cos 2x 
1, o> 1,1 i ess) 
ay Oe ee Deg ooo See 
+ 7008 x at ate 5 


3,1 1 
ae cos 2x + | cos 4x 


sin 4x” + 


psindx+3x+c 


Exercise 11D 


1 


k= 


a 
b 


$In|x? + 4] +¢ b $In|e** + 1] +¢ 

- F(a? +4)? +¢ d -}(e +1)? +e 
3In|3 + sin 2x] +c f 4(3 + cos2x)*+¢ 
te" 4+e h 4(1 +sin2x)> +c 
tan? x +c j tanx+itanx+c 
Gx? + 2x4 3) +e b -jcot?2x+¢ 

qq sin’ 3x +¢ d ce +¢ 

$In|e** + 3) +¢ f 1@2+ +e 

2(a? +4 + 5)2 h 20?+445)?+¢ 
—1(cos2x +3)? +c j -fln|cos 2x + 3) +¢ 
468 b 2m3- cc $n(¥®) d Het-1) 
2 5 O=5 

In|sin x] + ¢ 1 

ftanxdx = -Inicos x] +¢= in| | +¢ 


= In|secx| +c 


Exercise 11E 


1 


a 


Cc 


a 


592 
3 


3 


2 +a) -20 +a)? +0 b -In|1 -sina|+c 


cos? x vx -2 
—cosx +c d In| +C€ 
Vx +2 
2(1 + tanx)? -2(1 + tanz)? +c 
tana +}tan?x +c 
506 392 14 16 11,9 
* b= c¥ d 48- 2/3 e jin? 


(3+ 2x)’ (B+ 2x)? ea 
28 8 


(a+ 4+ 20) 


886 
15 


b 21 +x)?-2 l+x+ec 


x 
"jag 
anal 


b 2+2In c 2-2In2 


u 


In4 e4x 7 v2 2(u2 4 2)3 
i 5 dx / du 


e* — 


16 
u 


= [ (2s 4+12u3 + 24u + 16) du 


= Be" + 3u44+12u2 + 16Ina| 


v2 


vi 


415 


Answers 


= (He. 161ny2) - (2+ 161n 1) 


- 2+ 16In 2=-Orsn2s 


a=70,b=3,c¢ 


a 2 


7 “= cos 0, 2% = -sind 
dé 


{—sin 0) dé 


[ee Fain 


= f[1d0=6+c=arccosx +c 


a 1 i 
8 J? sin3 x cos?x dx = frwa —u*)du = fPat- u’) du 
0 1 1 


at 
[tu Ls 47 


[5 3 «J, «480 
9 2n + 3V3 
96 
Challenge 
dx 


a= 3sinu, 7 = scosu dx = 3cosudu 


(3 sin uw)? + (3 cosu)? =9 


_ 2 
=> «24+ (3cosu)*? = cosu = “32 
1 1 
dx = (3 cos u) du 
lw — x? 9sin2ucosu 
1 2 1 cosu 
= du =—= cot = —COsu_ 
5 | cosec?u u 9 utc Gear” 
9- x2 
_ 3 _ V9-x? 
ae +C oe +C 


Exercise 11F 

1 a -xcosx+sinx+c b xe*-e*+c 
ec xtanx-In|secx|+c d xsecx —In|secx + tanx|+c 
e -xcotx + In|sina|+c 


x ae 
2 a 3xiInx-3x+0e b jinx-Zte 
c -—mz_1l4,, d x(Inx)? - 2xInx + 2x+c¢ 
2x? 4x? 
ia 3 
e qint-Ztsinz-x+0 
3 a -e*x’?-2xe*- 2e* + 
b x’sinx + 2xcosx —-2sinx+c¢ 
2 6 XB +2x)7 | B+ 2x) 
ce 4x°(3 + 2x) 7 + Tp 
d -x? cos 2x + xsin 2x + 4cos 2x +¢ 
e x*sec?x — 2xtanx + 2In|secx| +c 
4 a 2In2-# bl a ae 
d }(1 -In2) e 9.8 f 2V2n + 8/2 -16 
g 3(1-In2) 
5 a t(4xsin4x +cos4x) +c 
b 3(U -8 x°)cos 4x + 4x sin 4x)) +c 
6 a -2(8 - a)? +¢ 
du dv 2, 8 
b -2 1; 8 - -=(8 — x)? 
u=x .° re x=>v > x) 
I=(@- 2)(~218 - ws [-28- a 
=-2- 2)(8 - x)? + 2/18 - x} dx 
416 


= 2x — 218 — yi - 418 — 
= gt 2)(8 — x) 758 xP+e 


= -20¢ — 2)(8 — x)? - AG -ax)(8-ax +e 


= (8 - 2-2 - 2)- 40 - x) +e 


(2% 4), -- 28 _ yi 

=(8 - x) 5 ee 21s xx+2)+e 

c 15.6 

a Jtan3x 4c b Ay tan3x — + in|sec3x| + ¢ 
3 3 9 


5 1 1 
c |, xsec?3x = |—«xtan 3x - — In\sec 3a 
Ie E 9 


3x 1 v3r_ 1, 2 
Le eg en eh 
(3 9 )- te 9 #| 
5V30 1 1 1 
a -=In2 In2-=Inv3 
ex ge tg meg 
5V380 1 _ 5v3 — A 
162 18/"° 162 2844-78 
Exercise 11G 
1 a Infx+1)?@&+2)\/ +c b Inl(x- 2\/2x4+1|+c 
Ky 
re aaa d in? +4) 4¢ 
= 1-x 
2 a x4+Ini(v+1)’*Vv2x-1/+c¢ b F+e+inl te 
2 
c x+Infe—2 eh, d x+infS*2 +C 
3 a A=2,B=2 ni c In2,sok=2 
, 1-2x a 9 
1 1 1 10 
4 a f(x)= a ate +o ap b5+Ing 
5 a A=1,B=2,C=-2 b a=4,b=4,c=4 
8! 1 Sp O 
6 a = Gad b a=% b=s 
_ 3 3 = ae _ 
7 a f(x)=2- a sar ae {7804 2,B=-3andC=3 
3 35 
b kK=5,m= 59 
Exercise 11H 
1 oa 2In2 b In(2+V3) ce 2In2-1 
d v2-1 e & 
2 a Inf b In3-2 c 1 
d a e 4(-In2) 
3 In4 4 2e?-2e+1n2 
5 a A(0, 0), B(x, 0) and C(2z, 0) 
T an 
b Area = [ x sinxdx + [ x sinadx 
0 fa 
=(-xcosx + sina, + (- x cosx + sin«]2” 
=7+3n=47 
6 a 3e8lnx- dtc b 44In2-1) 
T 1 30 
7 a A(- 5.0), B(5.0), | ; .0| and D(0, 3) 


b 2Asinx + 1): c a=32 
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8 a b 2 
T T 5a 
9 a A(-£,3),a(2,3) and (= 3) 
b a=4,b=-4,c=3 (ora=4,b=4,c=-3) 
Sn Sa 
c Ro= ie (-2 cosa + 4) dx — (e (2cosx + 2)dx 
“se : Bia 
- is (-4cosx + 2)dx = [-4sinx + “5 
3 : 
107 
= (23 +20 10) - (-23+2 2) 4/3 + 82 
RiP SAS x St 4/3 % = 334 soe a5 
10 y =sind:Area = [ 2 sin 6 d@ = [-2. cos 4], = (2) - (-2) = 
y = sin 20:Area = | *4 sin 20 d0 = [-2 cos 26) 
= (2) -(-2) = 
1 
1a (4, a 
Car 
b iv2-1 ii 2-2 iii V2 
c Ry:R,>V2-1:2-V/2 
=> (V2 - 12 + v2): (2 - V2)[2 + V2) > V2:2 
Challenge 
Area of region R = weet 
Exercise 111 
1 a 1.1260, 1.4142 b i 1.352 ii 1.341 
2 a 0.7071, 0.7071 b 0.758 
c The shape of the graph is concave, so the trapezium 
lines will underestimate the area. 
d 0.8 e 5.25% 
3 a 0.427 b 1.04 
4 a 1,1.4581 b i 2.549 ii 2.402 
ce Increasing the number of values decreases the 
interval. This leads to the approximation more 
closely following the curve. 
d fxInxdx - tee 
[Lye 1 ; 
= |(d2- 2x} In - ri + 3x ; 
=(- Sing +22) - ()--3m3+4 
4 4 2 
5 a 1.0607 b1337 cp=f,q=3 11.4% 
6 a 4x-5=0,x=2 b 0.3556 
© 0.7313 d n(37) e 2.5% 
7 a 4.1133, 5.6522, 7.3891 b 23.25 


ce t=V2x4+1 i (2x + 12 


= (2x + 1)2dt=dx > tdt=dx 


3 7 
ede | te‘dt > a=1,b=v7,k=1 
d 23.20 


Answers 


8 a 1.03528, 1, 1.03528 b 1.106 
2a 2n 
c peg cosecx dx = [-In |cosecx + cot] " 
= In( =) ~In( 1) =in3 
v3 v3 
d 0.67% 
Exercise 11) 
1 oa y=Aer"-1 b y=ksecx 
4 =1 = r 
© Mo ee d y=In|2e*+c| 
1 _ cos*x ‘ - _ 
2 a 4° ~3 sin2y + 2y =4tanx - 4 
c tany= ;sin 2x+x+1 d y=arccos(e™) 
3 a y=Axe™ b y=-e%xe'=- xe =! 
4 y=/— 5 In|2+e|=-xe*-e* 
y aa |2 + e'| =-xe*-e*+C 
3 3(1 +. 47) 4+1 
6 7 7 epee ees 
aoe 31 +22)-1 
Be = 
8 are 9 tany=x+ > sin2x +2—% 
10 In\jy|=-x cosx+sinx -1 
2 

11 a 3x+4In|x|+c b y= (22+ 2inn|+3 

12 a 5 + Lu 
3x-8 x-2 

b Iny| =3n[3x - 81+ Inlx - 21 +c 
© y= 8x - 2)(3x - 8) 
13 a y=x?-4x+e 
b Graphs of the form y = x? — 4x + c, where c is any 
real number 
1 
14 7 
nee x+2 “i 
b Graphs of the form y = u gt where c is any 
real number 
_ 1 
c y= re +3 
d 
15 a =~ E> Jydy = J-xde 
SY = se? +b Sy? +x =C 
b Circles with centre (0, 0) and radius V¢, where c is 
any positive real number. 
ce y?+x?=49 
Exercise 11K 
1 a y=200e" b 1 year 
c The population could not increase in size in this 
way forever due to limitations such as available 
food or space. 
t 
2 a M=—° b 2 c Mapproaches 1 
1+e! 3 
dx _ k 1 
3 a qe ee 
1 7 
t=O0,ex=l>c=zg>t=20,n=25k=7, 
7 37 
ix? = Ft+ = x= [(Ze+ 1) 
b x=3,t=74.3 days. So it takes 54.3 days to 
increase from 2cm to 3cm. 

4 a The difference in temperature is T- 25. The tea is 
cooling, so there should be a negative sign. k has to 
be positive or the tea would be warming. 

b 46.2°C 


417 


Answers 


: Oe nce] 19 
5 A2dA=1/t2 = = 
a fA2dA=7,ft?dt Ta Tor? © C i0 
-2_-1 199.4 -20t 
VA 10t 10 -1-19t 
20t \° 
A= 
a frac 


b Ast—~,A (20) - 200 from below 


19 361 


v=6000n > 2Y = 6000, 2Y = 12000 - 500h, 
dh dt 


dh_dV.dV_1 
dt dt dh 6000 


60. = 120 - 5h 


(12000 — 500h) 


- 9 
b t= 12In(2} 


(Fa000) , (T0000) 
10000 10000 


Cas 10000 — P 
b p=—10000_., @=10000,b=1ande=3 
1 + 30-50 
c 10000 deer 
dV 1 dV 
8 40-27-48" = V=160 
dt 4 dt 


V= 160 + 4840e™, a = 160 and b = 4840 
c V— 160 


dR 1 
9 a =-kR = | dR = -kfdt 
dt R J 
InR =-kt+c>R=e*re 
R=Ae*'> Ry =Ae°sA=Ry > R=Roe* 
1 
» k= 730 
c ae a ae 
1 
In(0.1) = Inf= =1 
n(0.1) = = n(5)xee 9035 
Mixed exercise 11 
1 a 7(2x-3)8+c b t(4x - 12+ 4a - e+e 
lo al 1 
c 3g sin’ x + ¢ d page +e 
e -iInlcos2xl+c f -4In[3-4xl+c 
2 a —22085 b ir-$n2 c %2_2In4 
v3-1 1 (35) 4 
d q e 4m 19 f (5) 
1 7 1 1\/1 
3 0a Joa nade wnaf-2)- (2) Q)ae 


Inn 1 Inx 1 

= ot Mea 

4 Inx 1)°_/1 1 _ 

[/Amzar =| -3) (-4-4)-0- Y= 
1 _ A B 

Y Grier ei ae 3 


ie 
2 
Pp 1 : 
= a 3a@+1) coe D Jax 
7) 


[—1 4 
1@+1@r-) 


p 
fine +5 inex a], = [Fn (2 w= +) 


-|- 
- (021) -(Bm(2) 


- $n (“2”) - 3 n=) 
p+ 3 p+i1 


aT 
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10 


11 


12 
13 


14 


15 


16 


17 


se Ss S & 


iw 


ao 2 & 


iw 


18 a 


ig 


=2 


5 6=2 
3 
F(a - 2x +1 


-tecos 8x + Lsin 8x +¢ 


8 
+C b 3 


2 a a, 
dx sin 8x + 5% cos 8x OG sin 8x +c 
A=},B=2,C=-1 


1m |x| + 2In|x - 1) ++ 
x- 


+¢€ 
1 


9 1 1)° 
J, fe) de = [> Info| + 2 tm — 1] + 
wl ff i 
= (Find +208 +2) (Find +23 +3) 


=(in3 +In64 +2) -(In2+m9+2) 


=: 5 = in(32\ - 5 
2x9 24 3 24 
x=4,y=20 
oy 3,3 96 
dx? 4 Fa 
d’y 15 . 

when x = 4 2 8 0 => minimum 
@+48in4; p= 92, q- 48,r=4 
grin 2x gree 
bens fo) <m6-8-(0-2) 
gt In2x gt _= (9ln6 3) -{0 75 

215 
= 9ln6- 7 


(1 + sin 2x)? = 1+ 2sin 2x + sin?2x 


1-cos4x _ 3 


4+ 2sin2x - 
2 


=1+2sin2x+ sos 


= AG + 4sin 2x — cos 4x) 
de us 
Zu a A —,4 
ki c ( ; ) 
-xe*-—e* b cos2y = 2e“(~ - e* + 1) 
-}x cos 2x + 4sin 2x 


tany = -}x cos 2x +}sin 2x - 4 


In|1 + 22| #5 


1 
2y - sin2y = In|1 +2 
y —sin2y . + ade = 


4 oe ee 
—e*(x? + 2x + 2) 
y= -4 In|3e*(x? + 2x + 2) — 5| 
1 
17 

lini dinz 


sin’ ie 
i (o% + Idx =| + af’ 
0 2 


=lgeg Nt) ge) 


0 


1 
In7 
"3 


' Online ) Full worked solutions are available in SolutionBank. oe 


19 a A=1,B=5,C=-3 
b x+5In|x -1|-FIn|x + 1] = 2¢-fIn3 
20 a 4.00932 b 2.6254 
c The curve is convex, so it is an overestimate. 
@ SC as8t 2 pag =?  -& 26% 
2e 
dv 1 
21 -kV i dV = f-kdt > nV=-kt 
a P Vv f +C 
=>V=Ae* 
b Va 
A 
V=Ae* 
0 7 


In2=kT 
ky - ty? =4x2 +0 


5A = Ae*? > 1 = et? = 2 = ett 
22 a f(k-y)dy=fxdx 


xe+(y-k)?=C 
b Concentric circles with centre (0, 2). 
23 a 0.9775 b 3.074 


c Use more values, use smaller intervals. The lines 
would then more closely follow the curve. 


d [(he)ms —x + 2dx 


3 


1 | 


= Fran gee at + 2] 
(Tin 35) (aga) ag tag 
e 2.0% 
24 a eee b tan2y = (1 + 2x7) +45 
25 arctanx +c¢ 26 y= 


27 a Aaa "4207 
dr 


dr_ dr dA _ 
dt dA dt 2ar 


es sin (3-) = se sin (3) 


b r’=-6 cos(-) +7 c 6.19 days 
30 
Challenge 
a 15 b -3 
CHAPTER 12 
Prior knowledge 12 
1 a Si b -13i+ 11j 
De Bier 
2 a 34 b ~i-— 
yaa 34" 
3 a -2i-4j b 3i+3j 
Exercise 12A 
1 2/27 2 73 
3 a V14 b 15 c 5Vv2 d 30 


4 k=5ork=9 5 k=100rk=-4 


Challenge 
a (1,-3, 4), (1, -3, -2), (7, 3, 4), (7, 3, -2), (7, -3, -2) 
b 6/5 


Exercise 12B 


11 
ii | -11 
19 


b a-bis parallel as -2(a - b) = 6i- 10j + 18k 
—a + 3b is not parallel. 


Answers 


3 -3 
2 sa ahm9{ 2) 02(-2) 310219 ak Me a} 108 
-1 4 
3 p=2,qg=1,r=2 
4 a v35 b 2/5 ec V3. d V170 e 5v3 
7 -5 14 8 8 
5 afi] b {5 e {-3}] d {4 e |-6 
-1 =) 1 4 10 
6 7i-3j+ 2k 7 6o0r-6 8 V3 or-v3 
9 a i A: 2i+j+ 4k, B: 3i- 2j + 4k, C: -i+ 2j + 2k 
ii -3i+j- 2k 
b i 14 ii 3 
ae 4.3, 12 
10 a -4i+3j-12k b 13 © -7al+ ay ~ 73k 


11 a -6i+4j+ 3k 


3. 4, 2 
y29 29° 29 a 5) 
V5. 2/2. V3 
rer te hater a 


— = — 
AB = 4j -k, AC = 41+ j-k, BC = 4i- 3j 


13 


a 
— _ — 
b JABl =V17, IACI = 3V2, IBC| = 5 
ce scalene 

a 


— _—_ 
14 a AB =-2i- 6j- 3k, AC = 4i- 9j -k, 
BC = 6i- 3) + 2k 
—_ —_ _ 
b |ABl =7, |AC| = 7V2, IBC|=7 c 45° 
15 a i 98.0° ii 11.4° iii 82.0° 
b i 69.6° ii 62.3° iii 35.5° 
c i 56.3° ii 90° iti 146.3° 
16 5.41 


17 (P| = v1, laa = 29, [Pal = /35 
Let 6 = ZPQR. 14 + 29 - 2V406 cos@ = 35 
= cosé = 0.198... > 0 = 78.5° (1 d.p.) 


Challenge 
25.4° 


Exercise 12C 
1 a i lodl-9;loal-9 = lod -loal 


6 


6-2, 4%. 8 
b V61 c -—~i+—j+—k 
v61 A v61 


— 9 — —__ — |\—| —— 
ii AC = ( 4 ) laci = 581; BC = (“) lac| =V581 


22 


Therefore lac| 7 lac 
b OACB is a kite 


=> i> — 
2 a AB = 2i+ 3j - 2k > [ABl = 17 
AC=9l4d=6 
—} _— _— 
BC = -21 + 3) + 2k = lacl = V17 


—| — 

laBl 7 lad, so ABC is isosceles. 
b 6/2 
c (4, 10, 3), (0, 4, 7) or (4, -2, -3) 


23 
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aN 
3 a AB=4i- 10j - 8k = 2(2i -5j - 4k) 
(p==6i< i + 15j + 12k = ~3(2% — 5j ~ 4) 
oo —2AB, so AB is parallel to CD 
AB: CD = 2:-3 
b ABCD is a trapezium 
a=8,b=-1,c=2 
(7, 14, -22), (-7, 14, -22) and (4813, 14, -22) 


a 18.67 (2 d.p.) b 168.07 (2 d.p.) 
Let H = point of intersection of OF and AG. 


— =— — 
OH = rOF= OA + sAG 


— oe 
OF=a+b+c,AG=-a+b+e 
So r(a+b+c)=a+s(-a+b+c) 


— _— — —_— 

5 80 OH = SOF and AH = SAG. 

8 Show that FP = Za (multiple methods possible) 
Show that PE = ta (multiple methods possible) 
Therefore FP and PE are parallel, so P lies on FE 
BPsPR S221 


ND oO 


r=1-s=s=>res 


pagoage 
1 p= a q= 22 r=-4 
4 
2 OM =1a+b+0,BN=a-b+1e,AF=-at+b+e 
— = — — 
Let OM and AF intersect at X: AX = rAF = r(-a+b +e) 


— —+ 1 
OX = SOM = s(fa +bh+ c} for scalars r and s 
o>: ll oOo > 


OX =O0OA+AX =a+rl-a+b+e) 


= s(hat+b+c)=a+r-a+b+e) 

Comparing coefficients in a, b and c gives r= s = 2 
a — — — 

Let BN and AF intersect at Y: AY = pAF = p(-a+b+ce) 

= — 1 

BY = qBN= g(a -b+ $e) for scalars p and q 

Sees ae 2 

BY =BA+AY=a-b+p(-a+b+c) 

= qla-b+ ce) =a-b+pl-a+b+o) 

Comparing coefficients in a, b and ¢ gives p = 4, q =4 

— aed — 

AX = 2AF, AY = AF 

So the line segments OM and BN trisect the diagonal AF. 


Exercise 12D 

1 a (5i-j)+4kN b /42N 

2 2/29m 

3 a Gi-3j+2k)ms? b 1.54ms? 
4 (5i-3j-7kK)N 


5 a a=-2,b=4 b (i-3j-4k)N 
ce Gi-3j-2k)ms? d 4/26ms? 
e 54° 
6 a 1.96ms? b_ Descending, 101.9° 


Mixed exercise 12 
1 22 2 a=5ora=6 
—| 
3 [dbl =5V2 + 9+ e+ 25-505 2-16 5t=4 
oy 
6i - 8j - 2tk = 6i — 8j - 10k = -2(-3i + 4j + 5k) = -2AB 
So AB is parallel to 64 - 8j - 3k 


—_— — — 
4 a PQ=-3i-8j + 3k, PR =-3i- 9j + 8k, QR =-j + 5k 
b 20 square units 


— — — 
5 a DE =4i+ 3j + 4k, EF =-3i- 4j+ 4k, FD =-i- 8j 
— — —_— a 
b |DE| =V41, |EF| = V41, |ED| = V66 c isosceles 
— = — 
6 a PQ=9i-4j, PR =7i+j-—3k, QR = -2i+ 5j - 3k 
— > — = 
b |PQ| =V97, IPR| = /59, |QR| = V38 ce 51.3° 
7 31.5° 
8 183 (3s.f.) 
9 a (2, -7, -2) _»b rhombus c 36.06 
— 
10 PO = = get boos RS = Zea Te 20 b+ce) 
— 
Let PQ , RS and TU intersect at X: PX = rPQ=t riatb-o 
_— = 
ge wale 
TX = (TU = 5 la - b +c) for scalars r, s and t 


oy ee ey ae 


RX = RO + OP + PX= zra+e)+sla+b-o) 


> sta+b+d= zrat+o+Tlat+b—o) 
Comparing coefficients in a, b and c gives r=s = 3 
o> errr ea ae > 


TX = TO + OP + PX=4(-b+ 0) + 


+ Ha-b+o= 


tla +b-c) 
tla -b+o) 
Comparing coefficients in a, b and ¢ gives ¢ = 4 
So the line segments PQ, RS and TU meet at a point 
and bisect each other. 
11 b=10orZ 
12 a Air resistance acts in opposition to the motion of 
the BASE jumper. The motion downwards will be 
greater than the motion in the other directions. 
b (16i+ 13j-40k)N ec 20 seconds 


Challenge 
Statement is untrue if any of the scalars are zero. 


Review exercise 3 


1 OY 2g = Aaing 
dx d ; 
i _t 1 
oa. 2 
md _t 
is <a 3) 
2 
=> 8y(8 - 7) - 16x + alr? - 87 + 8) =0 
dy 3x _ 2 6 dy 6 
2 =3e ~yr=2yqe ae -1 


dx 

y—e° +1n4=(3 e® — 1)(x - 2) 

=> y—(3 e& - Iw -24+1n4+ 5e°=0 
3 8x+36y+19=0 


4a a = A(2x — 3)(e2") + 2(2x — 3)2(e2%) 
= 2(e2*)\(2x — 3)(2x - 1) 
-3 ,_1 
b ae ier 
5 dy (x -1)(2sinx + cosx — x cosx) 
a ; 
dx sin? x 
_t _(m_ 2 dy _ T 
b x=5.y= (5-1) 9725-3) 
2 
1 poay alae 


= y=tr-2u+ (1-2) 
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6 


10 


12 


13 
14 


15 


16 


17 


18 


19 


1 
a y=cosecx = —— 
s 


in «x 
d 
J COS == a x ee =— cosecx cotx 
dx sin? x sinx  sinx 
a 
dx 6x/1 — x 
y =arcsinx > x =siny 
dx _ dy 1 
dy iid dx cosy 
ss oe =e 1 
cosy =\1-sinzy =V1— x2 = 
y=/ y a aoe 
a -2sin3tcost b y=-3x+2 
8 
c y=—— 
y 44x 
x = 0 is the domain of the function. 
a y=-9 8 = # 
y x + b y aE 
7x +2y-2=0 
dy _ COSx 
dx siny 
b Stationary points at > Eon and a =a only in the 
given range. 
d’y F 
“ae e“(x2 — 4x + 2) can show that roots of x? — 4a” + 2 
are x = 24+ /2 which means that f(x) = 0 for all x < 0. 
a WV = any ar 3 
dr dt 7(2t+ 1)’r? 


a g(1.4) = -0.216 < 0, g(1.5) = 
implies root. 

b_ g(1.4655) = -0.00025... < 0, g(1.4665) = 
0.00326... > 0. Sign change implies root. 

a p(1.7) = 0.0538... > 0, p(1.8) = -0.0619... <0 
Sign change implies root. 

b_ p(1.7455) = 0.00074... > 0, p(1.7465) = 
-—0.00042... < 0. Sign change implies root. 

a e*?-3¥+5=05 e** = 3x-5 
=>«-2=In(3x-5)> x =In(x-5)+2 

b x) =4, x, = 3.9459, x» = 3.9225, x3 = 3.9121 


0.125 > 0. Sign change 


a (0.2) = -0.01146... < 0, f(0.3) = 0.1564... >0 
Sign change implies root. 
1 1 
b +4x7=0 =-4x? 
(e- 28 @-2 
-1 af —1 
reread eee 


© xo =1, x, = 1.3700, 75, x2 = 1.4893, 
xq = 1.5170, x4 = 1.5228 
d (1.5235) = 0.0412... 


a It’s a turning point, so the gradient is zero, which 
means dividing by zero in the Newton Raphson 
formul 

Da SBT: 


BD Snes = 2-9 ~ 99" 895.. 
a i There is a sign change between f(0.2) and f(0.3). 
Sign change implies root. 
ii There is a sign change between f(2.6) and f(2.7). 
Sign change implies root. 


= 2.923 


33 i = 3 4342 1 
b io” xe 4=0 10” x3 ree 
_ 10 1 10 2 1 
a Bla +d - Fy a (224+ +%3 5-4)] 


> 0, f(1.5245) = -0.0050... < 0 


20 


21 
22 


Answers 


C Xp = 2.5, X1 = 2.6275, xX» = 2.6406, x3 = 2.6419, 
x4 = 2.6420 


—1.10670714 

d 0.3 ~ 19.02597883 

a R=0.37,a = 1.2405 

b v'(x) =-0.148 sin( nai 2405) 

ce v'(4.7) = -0.00312... < 0, v'(4.8) = 0.002798... >0 
Sign change implies maximum or minimum. 

d 12.607 

e v'(12.60665) = 
-0.0000022... 
or minimum. 

a=1 

a cos7x + cos 3x = cos(5x + 2x) + cos (5x — 2x) 
= cos 5x cos 2x — sin 5x sin 2x + cos 5x cos 2x” + 
sin 5x sin 2x = 2.cos 5x cos 2x 

b 3 sin 7x +sin3x+¢ 


= 0.208 


0.0000037... > 0, v’(12.60675) = 
< 0. Sign change implies maximum 


23 m=3 24 16 
25 1- 3 26 403 +10) 
5x +3 3 1 

27 = b In54 
(2x -3)(x-2) 2x-3 «+2 : 

28 Area = 2 

29 a p=1.350, gq = 1.3818 (3 dp.) b 2.5888 (4 d.p.) 

30 a te? +4 

b |x |0 0.2 0.4 0.6 0.8 1 
y | 0 10.29836]0.89022| 1.99207 /3.96243]7.38906 
c 2.168 (4s.f.) d 3.35% 
2x-1 at 4 
31 = 
* @- Dex- 3) =a 
ib _ A(2x - 3)? _ 10(2x - 3)? 
(x - 1) ~  (x-1) 
3k 9k il* 
32 a Tén275 b r= ita 
33 a ae in = 20, rate out = -kV. So — 20 —- kV 
b A=— 0 and B = 20 
a 
c 108cm:? (3 s.f.) 

34 a ae = —-kC, because k is the constant of 
proportionality. The negative sign and k > 0 
indicates rate of decrease. 

b C=Ae* c k=4In10 
35 k=-4,k=16 36 130.3° 
P é 10, 5s 2 

37 a 10i- 5j- 2k i- - 

, V129 V129° V129 
— —_— 
ce 100.1° d Not parallel: PQ + mAB. 

38 k=2 39 p=-2,q=-8,r=-4 

40 a a=6,0=-7,c=-1 b -6i- 2j+ 4k 

c (-3i-j+2kK)ms? d /14 ms? 

Challenge 

1 a (0,0)and (==. 4 


2 


2 
b 79 y= 20 + 5 5x? + 2ax + T= 0 
b? - 4ac = 4a? - 5a? = -a? <0 
3V3 
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Answers 


Exam-style practice: Paper 1 


dy 2 sec? t 1 
dx 2sintcost sint cos? t 
2 a x>-3 bx<-4,x>-1 
3 a 2xt+y-3=0>y=3-2x 
etke+y? + 4y=4 
x? + kx + (3 - 2x)? + 4(3 - 2x) =4 
5a? + kx -20x+17=0 
5x? + (k — 20)x + 17 > O for no intersections. 
b 20- 2/85 <k< 2042/85 
4 Let f(x) = cos x 


1 


= cosect sec? t 


cx>-l 


f(x) = lim fla + h) = fla) _ im cos(x + h) — cosx 
h—0 a) h 
lim C28 cosh — sinx sinh - cosx 
~ h50 h 
= lim (eae = Neos - (se4)sinx =-—sinx 
h=0 h h 
5 a p=4,p=-4 b_ Use p =-4, -18 432 
49 a 
6. (=z, 2 
| 8 64 
7 a U,=4,u, = 96=ar,S,, = 600 er 
96 
So = = 600 > 96 = 600r(1 - r) > 96 = 600r 
— 600r? and therefore 25r? - 25r+4=0 
b r=0.2,0.8 c a=120 d n=39 
8 a 
B' (-6, 11) (0, 6) 
AY oC i 
(-10, 0) -3,0)90] (4,0) 
b  —-B(6,16) YA 
> 
x 
c A 
ss D (3, 12) 
Coo \F (7,0) 
A(-7,0)\ O x 
B (-3, -22) 
9 «=0.74," =5.54 
10 a -kV 3 InV=-kt +03 V=Vo et 


1,,/5 
b k=4 n(2), Vy = £35 100 
11 a 14.9 miles 
b_ It is unlikely that a road could be built in a straight 
line, so the actual length of a road will be greater 
than 14.9 miles. 


ce t= 11.45 years 
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12 a y=2.79-0.01(x - 11)?, A= 2.79, B=0.01,C 


13 


b 
c 
d 
a 


oO 


-11 


11m from goal, height of 2.79 m. 
27.7 m (or 27.70m) 
x =0,y = 1.58. The ball will enter the goal. 
Surface area of box = 2x? + 2(2xh + xh) = 2x? + 6xh 
Surface area of lid = 2x? + 2(6x + 3x) = 2x? + 18x 
Total surface area = 4x? + 6xh + 18x = 5356 
Sope 5356 -18%-4x%2 2678 - 9x -2 x? 
6x 3% 
V = 2x?h = 2(2678x — 9 x? - 2 x3) 
6x? + 18x - 2678 = 0, x = 19.68 
ave O+>maximum d 22648.7cm* 


e 31.7% 


Exam-style practice: Paper 2 
a=-1,b=-4,c=4 


1 
2 


10 


11 
12 
13 


14 


a 
c 


Y 
a 


ig 


a 


o 


a 


a 


y =-4x + 28 
R(-10, 0) 


b y=4u+3 
d 204 units? 


= tine + 1),4>-1 


Student did not apply the laws of logarithms 
correctly in moving from the first line to the second 
line: 44+4 # 44 + 48 

x= -2.Note x #-5 


-6 <y<18 c a=-7,a=0 

k=4 b x=-2,4=3+V7,x=3-V7 
Area = $ (x - 10)(x - 3) sin 30° = 4( x2 - 13x + 30) 
=11 

So x? -13x% + 30 = 44, and x7-13%-14=0 

x= 14 (x #1,asx-10 and x - 3 must be positive.) 


f=-5. Fa2 c= 36 b 132 
= = Ss _7, 23 2 
A=4,B=5,C=-6 b gt 32% 


— — 
OA =aand OB=b 
aS Ore —_— — 


1 1 Al 1 1 
MN = MB + BN =10B +1BA=1b+1Ub+a)=1a 


— — — —: 
Therefore OA and MN are parallel and MN = $0A as 
required. 


a 
a 
a 
b 
c 
a 
b 


Oo 


2.46740 b 2.922 
£3550 b £40950 
R=0.41, a = 1.3495 
40 cm at time t = 2.70 seconds 
0.38 seconds and 5.02 seconds. 
h'(t) = 3e-0.3(x- 6.4) = 8e0-8(x- 6.4) 


c 3.022 
ec £51159.09 


d 3.3% 


a e-0:3-6.4) = Q0.8(t-6.4) In(3 e306) = 0.8(t — 6.4) 
= 5 In(3 een) =t-64>5t= *In(2 gia) +6.4 


ty = 5, t; = 5.6990, t, = 5.4369, t, = 5.5351, t, = 5.4983 
h’'(5.5075) = 0.000360...> 0, h’(5.5085) = 
—0.000702... < 0. Sign change implies slope change, 
which implies a turning point. 


Online ) Full worked solutions are available in SolutionBank. oe 


absolute value 23 
addition, algebraic 
fractions 7-8 
addition formulae 167-172 
algebraic fractions 5-8 
addition 7-8 
division 6, 14-17 
improper 14 
integration 310-312 
multiplication 5 
subtraction 7-8 
angles between vectors 
340-341 
arc length 118-120 
arccos x 158-160 
differentiation 248 
domain 159 
range 159 
arcsin x 158-160 
differentiation 248 
domain 158 
range 158 
arctan x 158-160 
differentiation 248-249 
domain 159 
range 159 
areas of regions, integration to 
find 313-314 
argument, of modulus 24 
arithmetic sequences 60-61, 63 
arithmetic series 63-64 


binomial expansion 92-102 
(1 + bx)" 92-95 
(1 + x)" 92-95 
(a + bx)" 97-99 
complex expressions 101-102 
using partial fractions 
101-102 
boundary conditions 323 


Cartesian coordinates, in 3D 
337-338 
Cartesian equations, converting 
to/from parametric 
equations 198-199, 
202-204 
CAST diagram 117 
chain rule 237-239, 261-263 
chain rule reversed 296-297, 
300-306 
cobweb diagram 278 
column vectors 339 
common difference 63 
common ratio 66 
composite functions 32-34 
differentiation 237-239 
compound angle 
formulae 167-172 
concave functions 257-259 
constant of integration 322 
continuous functions 274 
contradiction, proof by 2-3 
convergent sequences 278-279 
convex functions 257-259 
cos @ 
any angle 117 
differentiation 232-233 


small angle approximation 
133-134, 232 
cosec x 
calculation 143-144 
definition 143-144 
differentiation 247 
domain 146 
graph 146-147 
identities 153-156 
range 146 
using 149-151 
cosines and sines, sums and 
differences 181-184 
cotx 
calculation 143-144 
definition 143 
differentiation 247 
domain 147 
graph 146-147 
identities 153-156 
range 147 
using 149-151 
curves 
defined using parametric 
equations 198-199 
sketching 206-207 


degree of polynomial 14 
differential equations 262-263 
families of solutions 322-323 
first order 322-324 
general solutions 322-323 
modelling with 326-328 
particular solutions 323 
second order 322 
solving by integration 
322-324 
differentiation 232-263 
chain rule 237-239, 261-263 
exponentials 235 
functions of a function 
237-239 
implicit 254-255 
logarithms 235 
parametric 251-252 
product rule 241 
quotient rule 243-244 
rates of change 261-263 
second derivatives 257-259 
trigonometric functions 
232-233, 246-249 
distance between points 
337-338 
divergent sequences 278-280 
division, algebraic fractions 6, 
14-17 
domain 
Cartesian function 198-199 
function 28-30, 36 
mapping 27-28 
parametric function 
198-199 
double-angle formulae 
174-175 


equating coefficients 9 
exponentials, differentiation 
235 


functions 
composite 32-34, 237-239 
concave 257-259 
continuous 274 
convex 257-259 
domain 28-30, 36 
inverse 36-38 
many-to-one 27-30 
one-to-one 27-30 
piecewise-defined 29 
range 28-30, 36 
root location 274-276 
self-inverse 38 
see also modulus functions 


geometric sequences 66-69, 
70, 83 

geometric series 70-72, 73-75, 
83 


implicit equations, 
differentiation 254-255 
improper, algebraic 
fractions 14 
inflection, points of 258-259 
integration 294-328 
algebraic fractions 310-312 
areas of regions 313-314 
boundary conditions 323 
chain rule reversed 296-297, 
300-306 
changing the variable 
303-306 
constant of 322 
differential equations 
322-324 
f(ax + b) 296-297 
modelling with differential 
equations 326-328 
modulus sign in 294 
partial fractions 310-312 
by parts 307-309 
standard functions 294-295 
by substitution 303-306 
trapezium rule 317-319 
trigonometric identities 
298-299 
intersection, points of 
209-211 
inverse functions 36-38 
irrational numbers 2 
iteration 278-280 


key points summaries 

algebraic methods 21 

binomial expansion 106 

differentiation 271-272 

functions and graphs 58 

integration 335 

numerical methods 292 

parametric equations 224 

radians 141 

sequences and series 90 

trigonometric functions 
164-165 

trigonometry and modelling 
196 

vectors 351 


limits 
of expression 73 
of sequence 66 
in sigma notation 76 
line segments 344 
logarithms, differentiation 235 


many-to-one functions 27-30 
mappings 27-30 
domain 27-28 
range 27 
mechanics problems, modelling 
with vectors 347-348 
minor arc 120 
modelling 
with differential equations 
326-328 
numerical methods, 
applications to 286 
with parametric equations 
213-217 
with series 83-84 
with trigonometric functions 
189-190 
modulus functions 23-26 
graph of y = |f(x)| 40-42 
graph of y = f|x| 40-42 
problem solving 48-51 
multiplication, algebraic 
fractions 5 


natural numbers 63 
negation 2 
Newton-Raphson method 
282-284 
notation 
differential equations 322 
integration 294 
inverse functions 36 
limit 73 
major sector 122 
minor are 120 
minor sector 122 
sequences and series 60 
sum to infinity 73 
vectors 339, 344, 345 
‘x is small’ 97 
numerical methods 274-286 
applications to modelling 
286 
iteration 278-280 
locating roots 274-276 
Newton—Raphson method 
282-284 


one-to-one functions 27-30 
order, of sequence 81 


parametric differentiation 
251-252 
parametric equations 198-217 
converting to/from Cartesian 
equations 198-199, 
202-204 
curve sketching 206-207 
modelling with 213-217 
points of intersection 
209-211 


423 


partial fractions 9-10 
binomial expansion using 
101-102 
integration by 310-312 
period 81 
position vectors 339 
product rule (differentiation) 
241 
Pythagoras’ theorem, in 3D 
337-338 


quotient rule (differentiation) 
243-244 


radians 114-134 
angles in 115 
definition 114 
measuring angles using 
114-118 
small angle approximations 
133-134, 232 
solving trigonometric 
equations in 128-131 
range 
Cartesian function 198-199 
function 28-30, 36 
mapping 27 
parametric function 198-199 
rates of change 261-263 
rational numbers 2 
recurrence relations 79-82 
reflection 44-47 
repeated factors 12 
reverse chain rule 296-297, 
300-306 
roots, locating 274-276 


sec x 
calculation 143-144 


424 


definition 143 
differentiation 247 
domain 146 
graph 145-148 
identities 153-155 
range 146 
using 149-151 
sectors 
areas 122-125 
major 122 
minor 122 
segments, areas 123-125 
self-inverse functions 38 
separation of variables 322-324 
sequences 60-84 
alternating 66, 80 
arithmetic 60-61, 63 
decreasing 84 
geometric 66-69, 70, 83 
increasing 81 
order 81 
periodic 81 
recurrence relations 79-82 
series 60-84 
arithmetic 63-64 
convergent 73 
divergent 73 
geometric 70-72, 73-75, 83 
modelling with 83-84 
sigma notation 76-77 
sin@ 
any angle 117 
differentiation 232-233 
small angle approximation 
133-134, 232 
sines and cosines, sums and 
differences 181-184 
small angle approximations 
133-134, 232 


staircase diagram 278 
stretch 44-46 
substitution 9 


subtraction, algebraic fractions 


7-8 
sum to infinity 73-75 


tand 
any angle 117 
differentiation 246 
small angle approximation 
133-134 
transformations 
combining 44-47 
reflection 44-47 
stretch 44-46 
translation 44-46 
translation 44-46 
trapezium rule 317-319 
trigonometric equations, 
solving 128-131, 
177-179 
trigonometric functions 
143-160 
differentiation 232-233, 
246-249 
graphs 145-148 
inverse 158-160 
modelling with 189-190 
reciprocal 143 
using reciprocal functions 
149-151 
trigonometric identities 130, 
153-156 
integration using 298-299 
proving 186-187 


using to convert parametric 
equations into Cartesian 


equations 202-204 


trigonometry 
acos@ + b sin@ expressions 
181-184 
addition formulae 167-172 
double-angle formulae 
174-175 


unit vectors 339 


vectors 337-348 

in 3D 339-341 

addition 339 

angles between 340-341 

Cartesian coordinates in 3D 
337-338 

column 339 

comparing coefficients 345 

coplanar 345 

distance between points 
337-338 

geometric problems 
involving 344-346 

modelling mechanics 
problems 347-348 

non-coplanar 345 

position 339 

scalar multiplication 339 

in three dimensions 339-341 

unit 339 


y = |f(x)|, graph of 40-42 
y = f]x|, graph of 40-42 


